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THEOREMS OF THE GENERALIZED TAUBERIAN TYPE 
FOR MEASURES 


Bogoljub Stanković 
Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad,ul.dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


A simple proof of Tauberian type theorems for measures is given. 
The used limit is general enough to allows the approach not only to the 
vertex of the cone, but also to any point of the boundary of the conju- 


gate cone. 


1. INTRODUCTION 


V.S. Vladimorov [7] proved theorems of the Abelian 
and Tauberian type for positive measures starting from their 
applications especially in the quantum field theory and also 
in order to solve some convolution equations. Vladimirov^s 
paper opened up much research in this direction. We shall 
mention only the results of Yu.N.DroZinov and B. Zavjalov [2], 
[3]. They proved theorems of the Abelian and Tauberian type 
for tempered distributions and then, as a special case, they 
applied these results to measures improving those of Vladimi- 
rov. 

Our paper [6] relates also to Vladimirov^s results. 
We shall choose another way: we shall prove first same theo- 


AMS Mathematics subject classification (1980): 46F12, 40F05 
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rems for measures and then we shall enlarge themtosge clas- 


ses of generalized functions. In such a way we can start 


with minimum suppositions and with a simpler proof adding 


new suppositions in relation with the larger class of dis- 
tributions. In this paper we shall enlarge the limit pro- 
cess in such a way that we can use it to analyse what hap- 


pens when we approach not only the vertex of cone Г* but any 
point of its boundary. 


2 NOTATIONS 


Let T be a closed and acute cone in R" with vertex 


in zero. Г* = (yen, (у,х) > 0, x €T) be the conjugate cone 
of the cone Г. We know that for an acute cone Г int * # ў 


and we denote it by C; Г* is closed and convex; 


let prC- 
= {eec,|le]=1}. 


ні be the half space {teR", (e,t) > 0); if eer*, 
then гені 5 


5 n 
Jy = (0,2,...,k); I = (ten, О<Е, <1, ied) ; 


n n 
I (u,v)-(teR, Ocu,«t «v, «1, ieJ?) ; 


m 
Dake {xel , "^ хи, 


= m = = = 
D.,k{u,v) = (хет (U,V) Xp = +++ =X -1). 
Ру Бе a regular varying function of the power ү: 


lim p(ut) / p(t) = u” 


, u»0. 
t>ot (œ) 
3. THEOREM ON ASYMPTOTIC BEHAVIOUR OF THE LAPLACE TRANSFORM OF 
A MEASURE 
THEOREM 1. Let us suppose: 
= LOO be linear tndependent elements from the convex closed 


cone Г* ; 
- plr) = ру (51) og Fm; р; (rj) be regular varying functi- 


; =...=а =0, m<n ; 
ons of powers 4 1 «(ok ? ©? M SI mie 
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- g(x) >0 be a bounded semicontinuous funetion over T con- 
tinuous for almost all хє I" and that the point (ШИР 
not an accumulation point of discontinuities; 


- р be а nonnegative measure with support in T, U £O ; 
ces M (У) : * 
- ї(іу) =] e du(t) exists for all yeC-intr*. 
r 


m n 
k E 
ТЕТРА m E MN Piero e иі >0, 


Тед; и; 20, іє Јл’ there exists 
Ves) 
(1) aay Rg [e du(t)-h(y), 
r-o*í(íe F 
then 
M а EM 
lim p(r) e g(Zj,...,Z,)dy(t) = 
rot (œ) r 1 
(2) Es | 
А | ( ис. к> А 
| k y (ee ee vires ‚к>1, 
* Г] (<; ) 
| МО оол ЮЙ з) 5 xc Op 
ne. T (ein тд, р 
where ma oS 7 іє Ју? 1,71; ieJmMJy and 2,=е iu 5 


mma proved Ьу J.Karamata [5]. 


LEMMA 1. If g(x) ts defined over Es. 
almost all xe Dk and bounded over Dak? then pos 
ieJ, 1 «k«m, and c» 0 there exist polynomials p(X., 


and P(x), o5 эх) such that 
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E 
(4) f TOUT 93. a 
(вк 1 k ti (Р(т|,...,т) 


- р(ту,...,т)]ае< € 


where aie 
е, : 
С. = e Cs 
i e ЕЧ: Jk and i T: ET NIL: 

1) гё (еу ©) 85 We shall divide our proof into three 
parts like J.Karamata. First we suppose that g(x) is of the 
form: 

15, xe р (ц,у) 
к , 
(5) g(x) = xd 


In 
(p x9 Ga ND uk (У) à 


For every ш> 0 there exist nonnegative numbers c^, 
Е" and a continuous function h(x), O«h(x) «1, x єт; g (x)= 
zm x - " 
= h(x), x EDak YV) and h(x) =0, X €I о ,k (Ure Vte") and 
such that 
$c 


(6) | Imt: [а (т, ,-- от) 79 (риот ]dt - 


q 
(Rt) k | 

The Stone Weierstrass theorem says that there exists 
a polynomial О„(ху,...,х) such that 


lo (р... ох ) — h(x) | em, хе n. 


We can take now P (хуу...) =0„(х,,...‚х м) +=; and in this 


case g(x) < h(x) < P(x,...,X.), x eI", and 


ai-l 


k 
ifs k 2, 000. ie (Gy cos ont ) -g(r)Jat < £ 
(в) 


k acl 
ys Фдооо [Г ti [Olmi r-et) h CT [at + 
aj-1 
(7) + f cec ti (h(r)-g(r)Jat + 
(в+) К кл @& г, DORIA 


1 1 
Е Ty-+-t,[ |, dt<wt к T)+--T,] |8, dt, 
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А 
я 
In the same way we can find а polinomial p(x,,.--,*,) | 
such that р (хул...) <9(х), xe I" and 
а {71 k 
(8) узд тү-тү [1t,” [9(т)-р(ту,...,т)]4аё& < в+2є Г] Г(а,) - 
(в) 


The same can be proved for а step function with a fini- 
te number of jumps in every coordinate. 
There only remains to suppose that our function g(x) has 


the properties fixed in the lemma. 


We can define 6 and p in such a way that 


ie Gu 
A i 
(9) 2M fet * J тте m ЗЕ 
бт (R ) NPI 
where M=sup|g(x)!, xe I", 
Over the bounded set 1"(6,0) the function 


k 9171 


(10) Tyee Ty Ga ree etu) Г] tr 


has the Riemann integral; so we have ([4] p.69) two step fun- 
ctions with a finite number of jumps,g, (x) and 92 (x), such that 
9, (x) < g(x) < g(x), x € D Qk ($0) and 
d We абыл "mei 
(uy f 
(ng 69 Ге ы 
(6,9) 1 1 2 ш к 


- 91 (Ty, ++ ‚ть ldt < €/6 a 


The functions 91 апа g, can be extended over (CINE 


the constant M. The first part of this RS. o a 


181 


exists too, where 
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k а.-1 


1 
(13) о ti (8; (t)-p(t),---,t, )]dt<e/3 . 


(R ) 


From relations (9), (10), (11),(12) and (13) 


there follows 
relation (4) which had to be proved. 


LEMMA 2. Let g(x) be a bounded, semicontinuous func- 
tion over TS continuous for almost all xe I" and the 


potnt 
QUOD 


›1) not an accumulation point of discontinuities. Then 


for є > 0 there exist polynomials p(xi,...,XQ) and P(x), XJ 


such that p(xi,--.,x4A) «g(x) « P(x 


m 
q]20005 XQ) for xeI and P(1, 
ERODES (S e e 1) < E 


1) 1 © © с From our suppositions it follows that 


A n : А 
there exist an interval I (1-0,1) and a continuous function h(x), 


X е Т“ such that g(x) «h(x), жет", g(x) =h(x), xer1"(1-o,1). 


By the Stone-Weierstrass theorem there exist two polynomials 
P(x) ,..-x>), and Р (хуг...) such that 


0 xp(x,,+++,X ) -h(x) < €/2, x e I” 


0O«h(x)-p(x,,...,X) <e/2, xer” 


These two polynomials satisfy the conditions of our lemma. 


LEMMA 3. 


Let us suppose that САШИ are Linear tn- 


dependent elements from I"; g(x) > 0 ts a bounded and upper (lo- 
wer) semicontinuous function for xe I". 


n 
If for all yeC, y= J 


integral С 


(14) f e Yt) ay (+) 


"TED u20 there exists the 


then the integral 
(15) f e W9 g(z,,...,2,)au(t) 
n 


Ba = coma un y eM ago nut a 
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-u (0,5 t€) 
PIETROO: By supposition on g(x), g(e TAN 
x eir, t) 
-e ), for a fixed ye С, is upper (lower) semiconti- 


nuous in te T and therefore ([4] p. 96) u-measurable on every 
closed and bounded subset E of Г and the integral 


Í e O9 Slane D) due) 
E 
exists for every such E ([4], p. 112). Let us denote by 
m 
m m 
= :04 ; E , 
уз "m p,u,0, We know that ec for all p>0; for 5єС 


ур+Е belongs to C too, because Г* is convex. The integral (14) 
exists for all ye C and 


-(yl, +Е,6) -(y,t) - (уй, t) 
e pr du(t) = fe e P du(t) 
n r 


From this relation it follows that for every polynomi- 
al P(Xj,.- XQ, m«n there exists the following integral too: 


{ ёл, уап) 


-u; (0; t) 


where z,=e с 


Let Р(х и -- Ха) be the polynomial from Lemma 1. then 


Г е (У, ©) - (у, ё) 


оосо) (о) « ff © 
Е І m mur 


P(zj,.-.,z,)du 
for every EST which shows that the integral 


Ј e Yr g(z,,...,2,)ault) 
r 
exists. 
P r o o f of Theorem 1. Case К> 1. Let us suppose 


that P(x,;...,X,) and p(x,,...,X,) are polynomials from Lemma 1, 
then by our suppositions and Lemma 3 we have: 


- (УЕ, 6) - (УЕ, Е 
е Р p(z,,.--.,z,) ан (=) <] е P blz s. oz UIC) 
(16) r EB р 
: -(Ур+Ь®) 


< Je P(z,,...,z,)du(t) , 
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“ph, (o rt) 
where z,-e ; Similarly: 
k a_-1 
JE кт: * Tk [1 ti р{тү,...,т)а& < 
(в) 
cU 
(17) Е ^ Күп Tk [ КЕ g(t)dt < 
(в ) 
k a,-1 
< Je С. еј P(t + (Hg) dt 
(R ) 
-t -t 
where T= (e i k 


p ooo Ub) 


Now, in relation (2) instead of ris ie Jn' we write 
О БЫШЫЛАТ тех, then 
i i m 


This relation shows that for any polynomial P(x 


per X ) 
we have 


m 
) - (УЕ, t) 
lim р(х) fe P(2,,...,2 )dy(t) = 
ко (ә) it 1 2 
(19) = 
t h(y) J А к «;,-1 


i 
® TM pecyP (Туи итд) IE! ti dt 
Г(а.) (в) 
i 


From relations 16-19 it follows: 


асо Un M LO en cee 
k n 11299 кР 17900715 i S 
[]r(o,) (в) a 
f Y Egi )ан (t) 
(20) < lim р(х) ле g Zire 2 w(t) < 
—r»ot(e) 
k ,-1 
h(y) ji 9 


і 
тутр (трут) Г] ti dt 


{тору н 
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Now, it is enough to use the properties of our polyno- 
mials p and P from Lemma 1, and we shall have relation (2) 
that we had to prove. 

The difference of the proof in the case when no a,70 
is onlv in the fact that we shall use Lemma 2 instead of Lemma 
Ча 

Relation (18) in this case becomes 

-(yPtE,t) = л re) 


(21) lim p(r) fe e du(t) = hly) . 
r+of (=) r 


For any polynomial Р(хү,...,х) we have 


- (ур+Е,6) 
(22) lim р(х) fe P(Z,,...,Z,)du(t) = 
ro" (е) Г , 
= Ti Gy) A (ЕЛЕУЛ) , 
== Sorat LL (c nc) 
where Z, =e s 1 A dig 
al m 


Now the proof follows as in the first case. 


ц. THEOREMS OF THE TAUBERIAN TYPE FOR THE LAPLACE 
TRANSFORM OF A MEASURE -— 


THEOREM 2. Let us suppose: 
(c AUT ү are linear independent elements from the convex 


closed cone T* ; 
1 in Pe 
= р(х) = ру (1). - Pm Gra) 5 р; G4) are regular varying M 
tions of powers Ajs -s Ak > 0; 94177779870» respectively. 
Ad" 
- u ts a nonnegative measure with a support tn T, v 
- jil(iy)extsts for all yec. 
If there exists for a fixed y€C, y= 
- (ул НИЕ ) 
(23) lim р(х) lis Е dy 
r+o" (ә) 


n 
where ү? = ay ед aga b= 
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(24) lim p(1/r) Г e Gita = 
гэе (ot) m M x 
Ing ri 5 =: 
уо; | : 
АЯ 
E Гр (a, +1) 
Һ (у) ТОР 


То prove this theorem we shall use our Theorem 1 and 
the lemma as follows. 


LEMMA 4. Let gly) be the function defined on т 
| mm 1 
| Пу, 7 e Сум <1, for all ieJ 
gly) = EE a 
0 5 O<y,<e , for one ieJ, 


then 


Z)+++Zm 9(2у,...,2 0) =ø 


mE + 
rafn ба en 1] 

for е; € pr T*, ied, and te T, where 4 is the characteristic 
funetion of the set F and 


-(e.,q;t) 
AD; NEL о Ga BO c 


PALDEOROSR: By our supposition on g we have: 


И в 0 < (e,,taq,) « 1, for all ед 


Z- гооо g(z pee Z ) - { 
a m 2 m @ alse il « (e,,tq,), for one ied. - 


The inequality 0< (e,,tq,) <1 is equivalent with 
1 12 
0 < (— e,,t)«( =) . 
ПИ о чат 
The first part is always satisfied for ter. For the second 


part we have 
(=> е,, = eR 0 j 
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whence 
1 + + 
— е = сен о Се um e zH . 
eo eT i qi ane, 
It follows that t belongs to Г and to every halfspace ao. -u$ 7 
Ч! і 
P r o o f of Theorem 2. If we take in Theorem l the 


function g as in our Lemma 4, then from relation (2) with гіт 
= l/r; we have: 


lim p(1/r). Lek (2,6), 


.Z g(Z,...2 )ар(е) = 
r(o*) 2 : n 


Zi- 


ко 


apy) f Tyo +t, Jc К ОШ dt 


S MENE) а 


һу) glossy yee 
za » 
euge ium ES 


where 2, =е 2 =е 7 ied, and 1.71, ieJaNJ- 


By Lemma 4 we have: 


lim Чо DIM e Case) = 


r»(o*) ral (=; ur = Ht ›] 
ula! i 


ae je Ne! зе aaa 


= Ге (а; ) nS 
Һ (у), к= 0. 


whence follows relation (24) of our theorem. 


REMARKS. The nonnegativity of the measure yu i 
rem 2 can be replaced by a less restrictive condition as 


lows: d -Es 


pí (r;) of powers а; > о ale Ty: We know that eve: 3 
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Theorem 2 remains valid if instead of the nonnegativity 
of u we suppose that u is with support in Г and that there 
exists р” such that 


a) аксак and 
L— i а 
НОЕ = às 
(25) lim р(х) fe du (t)=h (y) # 0 
root it 
or 
b) а; <а; and 
eet ere) _ b 
(26) lim p(r) fe du (t)=h (y) #.0 
re n 


In case a) in our Theorem 2 we have use the limit only 
with the first value, 


and in case b) with the one which is 
brackets. 


in 


The folloving function shows the interest of our Theo- 


rem 2. The two-dimensional Laplace transform of the function 


1 J, (2Ух+у) is ([1], p.241): ев) =e READ) 


Vary UTE where J, is 
the Bessel function. There is no а > 0 such that 
oul. b 
a (n _ ev 
lim p (=) =h #0 
prot p У 


u,v#0, ufv. 
But we can use our Theorem 2. (See Remarks). We have to 
take that D*- (В?) 20; = (1,0), 0) = (0,1). It is easy to see 


that 


PERS -1 { 
ru v v 
tmi SECT 
rot Kul м У 
pod п Sy Se S 
eu ig СУ e 
TID E ace 


There exists one and only one element t5 which belongs to | 


all hyperplanes 919; ^ Но, а; f Фр at € Ju: because the system 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
^ - 


оов pu nsqne трое" ояр ате еў твои. e 


2 
= € 
(27) (q,0,,t) (qi) Й а; f 0; «лер 
a + 
has one and only one solution t_. The set f (9,0; -Н ) isa 
о i i 94 
cone translated in the point to- To show this let us suppose 


n + n + 
chat = enn (чуо ну then tg-t belongs to П Hot 2 


(904,626) я (994,656) "à (4555 14191 7 to! 


(d,91/d,0, - t)»0, i € Ja c 


In the case Г= (К), с; =е, = (0,...,1,...,0) the set 
n + + п 
па;е, -He is the cone -(R ) translated in the point (q,, 
i 
314) + 
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REZIME 
GENERALISANE TAUBEROVE TEOREME ZA MERE 


Dat je jednostavan dokaz Tauberove teoreme za meru ko- 
ja je nenegativna ili zadovoljava dodatni uslov. Graniéni pro- 
ces je opStiji i dozvoljava da se ispituje Sta se deSava kada 
se približimo ne samo vrhu konjugovanog konusa, 


veé i bilo ko- 
joj tački njegovog ruba. 
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MULTIVALUED MAPPINGS IN TOPOLOGICAL VECTOR SPACES 
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Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuricica br.4, Jugoslavija 


ABSTRACT 

In [3] a fixed point theorem for multivalued mappings in not ne- 
cessarily locally convex topological vector spaces is proved. Here we ob- 
tain, by using this fixed point theorem and the dual result, two theorems 
on the coincidence point, a result on the equilibrium state in a special 
noncooperative game and three existence theorems for some classes of equ- 


ations. 
1. NOTATIONS AND DEFINITIONS 


Recently some fixed point theorems for multivalued map- 
pings in not necessarily locally convex topological vector spa- 
ces have been proved ([3], [4], [5], [8], [9], [30] , (111, (13)). So- 
me applications in the theory of optimization are given in [6] 
апа [12]. This paper contains some further applications of fi- 
xed point theorems from [3] and [11]. The following notations 
and definitions are taken from [15] and [6]. In this paper it 
will be assumed that all topological vector spaces are Haus- 
dorff. If X is a topological space, by 22 we shall denote the 


family of all nonempty subsets of X and by 2 the family of 


AMS Mathematics subject classification (1980): 47H10 р 
Key words and phrases: Multivalued mappings, fixed point 
theorems, topological vector spaces. 
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all nonempty closed subsets ot X. The family of all nonempty, 


closed and convex subsets . of X will be denoted by R(X) . If 


X is a topological vector space and Ac X then co A denotes the 
convex hull of A. 


Let £:X~+Y, where X and Y are topological spaces. Then 
for every ASX, ВСУ: 


#(А)= 0 f(x), £f (m-ix|xex, f(x) N BF) . 
ХЕА 


The mapping f:X+Y is upper semicontinuous if and only 


if for each closed set Ве ү, the set #1 (в) is a closed subset 
of X. 


DEFINITION, Let E be a topological vector space, U be 


the fundamental family of neighbourhoods of zero in E and KSE. 
We say that the set K is of Zima’s type if and only if for eve- 
гу Vel there exists Ч є И so that co(UN (K-K)) Sv 


Some examples of subsets of Zima s type in not necessa- 


rily locally convex topological vector spaces are given in [6]. 


Let Е be а vector space and || || *:E+ [0,®) so that the follo- 


wing conditions are satisfied: 


Т8 = 0<=> х= о. 

2. |[xl * = || -x|| * , for every xeE. 

3. ||x+tyll *< || xl] * Il vl] *, for every x,y €E. 

Зо амаи || XX *+0 and A, * Ay, when n+ then || Ax) - 


- хх || * +0. 


Then (Е, || ||*) is а paranormed space. This is a topological 
vector space in which the fundamental system of neighbourhoods 


of zero in E is given by the family И = (У), , where: 


v = (ix|x € E, ПСА 332 с 


In (16) Zima proved a generalization of the Schauder 
fixed point theorem for the mapping f:K-K, where К is a subset . 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Some applications of a fixed ... 5t 
of E and (E,|| ||") is a paranormed space and there exists C» 0 
so that 
(1) | tx|| *<с tl] x|| * , for every te [0,1] and xe £(K)-£(K). 


It is easy to see that the inequality (1) implies that 
f(K) is of Zima^s type. In [6] an example of E and K is given, 
where KC E and (E,|| |l*) is а non-locally convex paranormed spa- 


ce so that : 
|| exl] *«c t|| x|| * for every te [0,1] ana x e K-K . 


An example of K and E is given in [9] and [16]. 


In (3] the following fixed point theorem is proved. 


THEOREM A. Let E be a topological space, U the fun- 
damental system of neighbourhoods of zero in E, K a closed 
and convex subset of E, £:K*+R(K) an upper semtcontinuous map- 
ping such that £(K) ts compact and #(К)їв of Zima’s type. Then 


there exists ХЕК so that xe f(x). 


2. TWO THEOREMS ON THE COINCIDENCE POINT 


Using the same method as in [15], we shall prove the 
following coincidence theorem. 


THEOREM 1. Let E be a topological vector space, Sa 
nonempty closed and convex subset of E, K a compact subset of 
S, H a topological space..and ф:5 +25, ф:К > 2a upper semicontinu- 
ous mappings such that 41 ($(5)) ts of Zima’s type. Let for 
every XES : 


(i) ф(х) NW(K) # Я . 
(ii) v (6(x)) be convex. 


If H ts regular or H ts Hausdorff and у(х) ts compact for eve- 
ry X€K, there exists x,€K such that ф(х.) n р(х.) ЕЯ. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


18 Olga Hadžić 


ee 


Proof. Let us define, as in [15], the mapping 
$:5 > a in the following way: 


ф(х) = y 1($(х)), xes. 


It remains to be proved that $ satisfies. all the conditions of 


Theorem A. Since y l($(S)) is of Zima s type, we shall prove 
that $ is upper semicontinuous and $ (x) e R(K) for every хе 5. 
Since (ii) holds, the relation $(x) e R(K) follows from the 
upper semicontinuity of y and the closedness of the set ф(х). 
The upper semicontinuity of ф follows as in (15), since 

$ la) 


{x|xeS, àóG0n А#Й} = 


{x|xeS, v! (6G0)n A79) = 


(x|xeS, ф(х) П v(A) #9} 


where A is a closed subset of K. 


COROLLARY 1. Let X be a topological vector space, L 


a nonempty, closed and convex subset of x, f:L*R(X) an upper 
semicontinuous mapping such that £(L) is compact, and С a li- 


near one to one mapping from X onto X such that G and ©“ аге 


continuous and #(1)= G(L). If £(L) ts of Zima s type, there 


extsts x€L such that G(x) € £(x). 


Proof. ‘Let H=X,S=L, K=G !f(L), ф= f and p=G. 
From the compactness of f(L) , it follows that K is a compact 
subset of L. Since G^! is a linear mapping and f(x) e R(X) for 
every хе1, it follows that G l£(x)eR(X). 


From f(L)&G(L) it follows that (i) is satisfied. Let 
us prove that c-! (£(8)) is of Zima s type. By U we shall deno- 
te the family of all neighbourhoods of zero in X and let ve и. 
We shall prove that there exists Ue U so that: 


со(о n (c 1#(5) -c t£(s))) Sv. 


Since e is continuous and linear, there exists V’ e€ U so that 
c (v^ cv. Further, the set f(L) is of Zima^s type and so 
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there exists U 'e U such that: 
CO (U SZN" (ft (S) Ема 


From the linearity of the mapping cu we have that: 
С ! (co(U^n (£(S)-£(S)))) = co(G l (U~ n(£(S)-£(S)))) 
This implies that: 
-1 ЕЗ -1 = 2 
(2) co(G (U7) NG (E(S)—£(S))) = СС 


Further, the mapping С is continuous and so there exists ueU 
=l 

such that GUS U^ . Hence USG (U^), and from (2) we obtain 

that: 


co(un (G !£(s)-a ! £(S))) Scola | (U~) N (a 1=(3)-6 1 £(S))) EV. 


Using the method of duality and Theorem A,in [11] the follo- 


wing fixed point theorem is proved: 


THEOREM B. Let L be a nonempty compact subset of Zi- 
ma's type of a topological vector space E, £:L+ 2" an upper 


semicontinuous mapping such that LEf(L), f(x)- f(x) for every 
хе, cof (x) af (x) , for every xe£(L) and £(L) = со £(L) 
be compact. Then there exists x, € L such that Хо € (хо). 


Applying Theorem B we shall prove the following coinci- 


dence point theorem. 


THEOREM 2. Let S be a nonempty, compact and convex 
subset of Zima 's type of tolopogical vector space E, К а com- 
pact subset of E such that SE КСЕ, H a convex subset of a 
topological vector space, ф:5 >27 a ф:к > 28. (all convex sub- 
setsof Н) upper semicontinuous mappings such that for every 
xeS: 

ф(х) П v(K) # Я, у(х) П $(5) # Ø 


and v 1($(5)) =соф 1($($)) - If for every Xi1;X5 € S and every 
а,В>0, а+В=1, аф(х, ) + BO(x,) < ф (аху *8x5) tt follows that the- 


re exists х 65 so that $ (x) П v Go) 5. 
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РКО Koy L. Let, as in Theorem 1: 
-1 
ф(х) = y (ф(х)), xes 


From the condition ф(х) П w(K) #9, for every xeS it follows 
that ф(х) £9 for every xe S. It is obvious that $(S) EK. Let 
us prove that all the conditions of Theorem B for L- S are sa- 
tisfied. 


First, let us prove that Lcó(L) . Since: 


V ($(S)) = (x|xeK, ф(х) П $(5) # Йй} 


from у(х) П ф(5) Я В for every xe S, it follows that sejte(9) 
and so Hee). Furthermore , $(x) is closedand j is upper se- 
micontinuous and so ф(х) is closed for every хє S. It is obvi- 


ous that $(S) = соф (S) and so it remains to be proved that: 
м ^-1 ^ 
cop (x) = ф (x), for every xe $(S) 


and that $ is upper semicontinuous. The upper semicontinuity 
can be proved as in [15]. Since Е is Hausdorff, {x} closed 
and $ upper semicontinuous, we conclude that $5 1({x}) is closed. 


We shall prove the convexity of Ac (x), xe $(S). Let u,,u, € 
€ ЕЭ), a,8>0, а+В = 1. This means that $(u,) nN w(x) #8, 
$(u5) n y(x) ЯВ. If у, ё $ (u) П w(x) and Y, € $ (u) N w(x), then 
ay, +ВУ, € w(x), since w(x) is convex and ay) +BY, е aġ (u) аг 

+ Bọ (u5) = ф (au) +Bu,). 


So, we conclude that ay, + Ву, є $ (au, + Bu.) Nn w(x) . 


3. EQUILIBRIUM STATE IN A SPECIAL NONCOOPERATIVE GAME 


In this section we shall use Theorem A in order to ob- 
tain, similarly as in [12], a theorem on the equilibrium 


state in a special noncooperative game, 
THEOREM 3. Let (Ест be a family of topological 


vector spaces,for each iel, к; a closed and convex subset of 
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Ei, K- Г] к; ‚ E= []E,, for each 1 ЕТ, $;:K>R(K,) be upper 
ier ier * ^ 


semicontinuous and фу KECE к; (ТЕТ) where с; ts а compact 
set for each і є I. If, for every іЄєІ, >, (К) ts of Zima 8 ty- 


pe, there exists an XEK such that Xi € $, (X) where X, = projy x 


тет. 
LEIA Ps a rs 
Proof. The proof is uires to DA = Leg РЕ 
be defined by: = SA 


ф(х) = [| $, (х), хек. $7 х Lene 
ТЕТ № >: 


JF? - 


Then,$(x) is compact, since it is the product ми. Y compact sets 

$; (x), (ie І). Furthermore, ф(х) is convex aa so $ (x) е R(K) 
for every xeK. Since $(K)<f | Ci the upper semicontinuity 

iel 

of » follows from the closedness of the graph of $. This can 

be proved as in [15]. It remains to be proved that $(K) is of Zi- 
ma^s type. Let us denote by И the fundamental system of neigh- 
borhoods of zero in E and by A the fundamental system of ne- 


ighbourhoods of zero in Ej (ieI). Let VeV. We shall show 
that there exists UeU so that со(0 П (ф(К)-ф(К))) = V. Since 
VeV, there exists a finite set J& I such that V= | | Vi 
iel 
Ei; ie І\Ј 
where WF = and VieUi, ieJ. 


Since ф; (К) is of Zima s type, there exists Ui eU, (ieI) so 
that: 


соо, fl (ф; (K) 7$, (K))) Evy, LEW c 


Let 02 = (ieI). Then it is easy to 
Ei і е 1\Ј 


prove [12] that for U = Г |Uf we have that co(UN(9(K)-9(K)) Sv. 
ієІ 
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As in (15] we can formulate the following theorem on the equi- 
librium state in a special noncooperative game. 


THEOREM 4. Let (Ei) еї be a family of topological 


vector spaces, for each ieI let Ci be a nonempty convex sub- 


K 
set of Ei, C= [ 16, у $,:C22 i be a continuous funetion for 
іеї 


every i6 I, where Ki ts a nonempty compact subset of Ci and 


l Р ; 
£,:C>R be a continuous function for every ie I. If the set: 


(3) Ф; (x) = tylvy e $; (x), f; (y,x{) = max £i (X, ,x1)) 
XE, (х) 
ts convex for each хе С where, Xií7projc,X,Cí- | [x] С. (ie I) 
E jer,jzà 
and $; (С) is of Zima's type, then there exists an хек = [ 1K; 
ier 
such that: 
cU "LED g у. 
(4) fi(x) = , мах _ fi(X,,X1) and x, єф, (х) . 
x; eb; (x) 


P ro o f. The proof follows from Lemma 5 in [15] 
and Theorem 3. 


COROLLARY 2. Let {(E,, || || fer be a family of para- 


normed spaces, C=[ |с 
ієІ 
for every і є І where Ki ts a nonempty compact subset of non- 


empty convex subset ch of Ei, £,:C>R be a continuous fune- 


tion for every і є І so that $, (x) (хє С), defined by (3), is 


K 
i? $4:C€ 72 i be a continuous function 


convex. If there exists м; (ie I) so that: 
Пе £ «M;tll xl] +, te [0,1], xe 4, (С)-Ф, (С), 


then there extsts an SO аку such that (4) holds. 
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4. EXISTENCE THEOREMS FOR SOME CLASSES OF EQUATIONS 


Using Corollary 1 we shall prove the following theo- 


rem. 


THEOREM 5. Let X be a topological vector space, U 
the fundamental system of zero in X, К a compact and convex 
subset of X, G a linear one to one mapping from X into X such 
that G and ca is continuous, T € L(X,X) and S an upper semti- 
continuous mapping from K into R(X) such that the following 


two conditions are satisfied: 


(i) For every y € CO(S(K)-S(K)) there exists a unique 


x(y)e G(K) such that х(у) = Тх(у) +y. 


(ii) Oe G(K)N S(K) and for every VeU there exists 
UeU so that co(Ufl (S(K)-S(K)))GV . 


Then there exists ХЕК so that G(x) e TG(x) + Sx. 


PELrZOMORfS: Let us define the mapping R:CO(S(K)-S(K))- 
> G(K) in the following way: 


Ry=TRy+y, for every yeco(S(K)-S(K)) . 


We shall prove that the mapping R is continuous. Let fy PA 


be a convergent net from co(S(K)-S(K)) and lim y, = Y€co(S (K)-S (K). 
aeA 


Since {Ry} |G(K) and G(K) is compact, there exists а 


аЄА 
subnet (Y, 5) вев such that z= саш Rya Then from Ryo 7 TR * 
+ у we have 1 Ry. = lim TRy. +lim y and so z=Ry. From 
ag P ов ME СВ ЭВ tas 
this it is easy to conclude that Ry = lim RY, . Furthermore, 
8 B 


from MES(K)-S(K) it follows that coR(M) = R(coM). Indeed, if 
u € coR(M), then: 


n n 
а = ў t,u,, ui € R(M), Ce 0 (ае аа ў Е, = 1. 


Tel ina. + 
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ЕЕЕ. 


Since чү e R(M) (ЗЕ 027 53570) ), there exists vj; ем (Ав ДШ 
2-м) such that ui = КУ; (ie {1,2,...,n}) and we have that: 
Rv; = TRv, tv, (ie {1,2,...,n}). Hence: 
n n n n 
} СТЕУ ЕШ Е ВУ.) + } tv. ў t;v,ecoM 
aaa NE EE Numi. S 1 


я n n 
which implies that R( j t_v;) = ) t,Rv,. So, we have that 
izl = 


R(COM) = coR(M). 


Since OeS(K), it follows that S(K) < co(S(K)-S(K)) 
and so we can define the mapping R* in the following way: 
R*x= U Ry, for every xe К. Since T is a linear mapping from 

yeSx 
X into X and for every ye со(5(к)-5(к)) there exists one and 
only one element x(y) є G(K) such that Ry=TRy+y, it follows 
that R(O) =O. 

So, for every Vel there exists У“ є И such that: 


R(V~ N co(S(K)-S(K)))&v. 


The rest of the proof is similar to [3], but we shall 
repeat it here for completeness. Namely, we shall prove that 
the mappings G and R* satisfy all the conditions of Corollary 
1 and that there exists xe К such that G(x) e R*(x). 

It is obvious that R* is an upper semicontinuous map- 
ping from K into R(X), since R is continuous and S is an upper 
semicontinuous mapping from К into R(X) and M=S(x), хек im- 
plies that R(M) is convex. Furthermore, there exists (“ЕЙ 


such that: 


со(0 П (S(X)-S(K)))&e V~fNco(S(K)-S(K)) . 


Since R(co(U~f (S(K)-S(K)))) = co(R(U~ 0 (S(K)-S(K)))) it follows 
that co(R(U Й (S(K)-S(K)))) = V. We have that REDIT for 
every z € R(co(S (K)-S (K))). Hence, R` is continuous,and so there 


exists U eU such that: 
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в (UN R(S(K)-S(K))) = U^ N (S(K)-S(K)) . 


Hence, со(0Й (R*K-R*K)) CV, since for every x,y € S(K), В(х-у) = 


= Rx-Ry. From Corollary 1 it follows that there exists хек 
such that G(x) e R*(x). 


This means that there exists u €Sx)such that G(x) = Ru. 
So, we have that G(x) = Ви = TRu*u- TG(x) tue TG(x) * Sx) 


REMARK. From the proof it is easy to conclude that it 
is sufficient to suppose that K is a nonempty closed and con- 


vex subset for X, that the set (x (by eso(s(K)-s (К) ) is com- 


pact and S such that the set S(K) is compact. 
That is, in this case we can also prove that the map- 


ping R is continuous. 


COROLLARY 3. [3]zet X be a topological vector space, K 
a compact, convex subset of X, ОЕК, Te L(X,X) and S:K > R(X) 
an upper semicontinuous mapping. Suppose that the following 
two conditions are satisfied: 
(i) For every y e CO(S(K)-S(K)) there exists one and only 


one element х(у) ЕК such that x(y) =Tx(y) + y. 
(ii) OeS(K) and S(K) ts of Zima s type. 


Then there exists х є К such that xe Tx + 5х. 


Px oo Е. It is enough to take inTheorem 5 that Gx = 


= х, хех. 


COROLLARY 4. Let (х, || || *) be a complete paranormed 
space, K a closed and convex subset of X, S:K+R(X) an upper 
semicontinuous mapping, TEL(X,X), S(K) compact, Oe S(K)fl K 
so that the following conditions are satisfied: 

1. || Tx|| *«al| х|| *, for every хех, where qe [0,1) 

Pe T(K) + CO(S(K)-S(K)) € K 

3. There exists C>0 so that || tz|| *<Ct || 2|| * for every 
te [0,1] and every zeS(K)-S(K). 


Then, there exists ХЕК such that xe Tx + 5х. 
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12) 39 (e) (0) £S It remains to be proved that for every 
Y € co(S(K)-S(K)) there exists one and only one element x(y) ЕК 


such that x(y) = Tx(y) +y and the set {х (у) } zeco (S (K) -S (K) ) is 


compact. Since || Tx-Ty|| *<q|| х-у|| *, for every x,y eX and 


T(K) + cO(S(K)-S(K)) SK 
it follows from the Banach fixed point theorem that for every 
y € CO(S(K)-S(K)) there exists X(y) ЕК so that x(y) =Tx(y) + y. 
From the inequality: 
ВЫ 
1-q 
for every y;;Y, € CO(S(K)-S(K)) follows the continuity of the 


Il x ) - х(у2) || * < 


mapping у њх(у) (уе co(S(K)-S(K))). The rest of the proof is si- 
milar to the proof of Theorem 5. 


THEOREM 6. Let K be a nonempty, compact, convex sub- 
set of topological vector space E, F a topological vector spa- 
ce, g а continuous mapping of КХК into F, and C a closed sub- 
set of F. Suppose that for each x in K the set: 


(v|y e EK, g(x,y) ЕС} 


ts nonempty and convex. If К is of Zima’s type, there exists 
an element ЧЕК such that g(u,u)eC. 


Proof. As in [1] for each x in К, we define T(x) 
in the following way: 


Tx = {ylyeK, g(x,y) eC ). 


Since T(K)=K and К is of Zima s type, it follows that T(K) is 
of Zima "s type. Furthermore, the mapping T:K > 2X satisfies 
the condition T(x) =coT(x) for every хеК, since C is closed 
and g continuous. The upper semicontinuity of T follows as in 
[1], and so from Theorem A it follows that there exists хє К 
such that x € Tx. This implies that g(x,x) eC. 

As in [1], from Theorem 6 we obtain the following Co- 
rollaries. 
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COROLLARY 5. Let K be a compact, convex subset of 
topological vector space E, F a topological vector space,and 


g a continuous mapping of KxK tnto F. Suppose that g(x,t,y, + 
*tjy) = tig (x,y,)*t4g(x,y5) for all X,Yi:Y2 6 K and 6176,2 0, 


t, +t, = 1 and there exists, for every x€K, ує К such that 


g(x,y) =0.If Kis of Zima’s type, there exists ЧЕК such that 
g(u,u) =0. 


P rorot: For C= {0}, the set (у|уєк, g(x,y) ЕС } 


is nonempty and convex for every x € K. 


COROLLARY 6. Let K be a compact, convex subset of 
Zima ^s type of topological vector space E, C a nonempty, clo- 
sed, convex subset of E such that £(K) [K+C. Then there ext- 
sts an element МЄК such that f(u) е utc. 


Ih be {е} fo} tH Let in Theorem 6, F=E and g(x,y) = £(x)-y 


for every х,у EK. Then 
(yly eK, g(x,y) ec) = K f (£(x)-C) 


and so the set {у|уек, g(x,y) ЕС} is nonempty and convex 


for every x є К. 


REFERENCES 


[1] F.Browder, Fixed point theory of multivalued mappings in topological 
vector spaces, Math.Ann. 197(1968), 283-301. 

[2] 0.Hadzié, On multivalued mappings in paranormed spaces, Comm.Math. 
Untv.Carolinea ,22, 1(1981), 129-136. 

[3] 0.Hadzié, Some fixed point and almost fixed point theorems for multi- 
valued mappings in topological vector spaces, Nonlinear 
Analyeis,Theory,Methods & Applications, Vol. 5, No. 9 
(1981), 1009-1019. 

[+] 0.Hadzié, A generalization of Kakutani‘s fixed point theorem in para- 
normed spaces, Zbornik radova Prirodno-matematiékog fakul- 
teta u Novom Sadu, serija za matematiku, knjiga 11(1981), 
19-28. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Olga Hadžić 


EE Eee Е 


[5] 0.Hadzié, 


[6] = 0.Hadžić, 


[7] 0.Hadzié, 


[8] 0.Hadžić, 


[9] 0.Hadzié, 


[10] 0. Hadžić, 


[11] 0.Hadžić, 


[12] 0.Hadžić, 


[13] S.Hahn, 


On Kakutani ‘в fixed point theorem in topological vector 
spaces, Bull.Acad.Polon.Sci.Sér.Sci.Math., Vol. XXX, Но.3-4 
(1982), 141-144. 


On equilibrium point in topological vector spaces, Comm.Math. 


Untv.Carolinea (1982), 727-738. 

Fixed point theorems in not necessarily locally convex spa- 
ees, Lecture Notes in Mathematics, Springer Verlag, 948, 
(1982), 118-130. 

On almost continuous selection property, Math.Sem. Notes, 
Kobe University, Vol. 10(1982), 41-47. 

A Leray-Schauder principle for multivalued mappings in to- 
pological vector spaces, Zbornik radova Prirodno-matematié- 
kog fakulteta u Novom Sadu, serija za matematiku, knjiga 

12 (1982), 19-29. 

Lj.Gajic, A fixed point theorem for multivalued mappings 

tn topological vector spaces, Fund.Math. CIX (1980), 163-167. 
Lj.Gaji¢, Some fixed point theorems for multivalued mappings 
tn topological vector spaces, Zbornik radova Prirodno-mate- 
matiókog fakulteta u Novom Sadu, knjiga 10 (1980), 49-53. 
Lj.Gajić, Some applications of fixed point theorems for 
multivalued mappings on minimax problem in topological vec- 
tor spaces, Math. Operationsforsch.y.Statist. ser. Optimi- 
zation, 15 (1984), 2, 193-201. 
A remark on a fixed point theorem for condensing set-valued 
mappings, Technische Universitat Dresden, Informationen, 
Sektion Mathematik, 07-10-77. 


[14] S.Hahn, T.Riedrich, Der Abbildungsgrad kompakter Vektorfelder in 


nicht notwending Lokalkonvexen topologischen Ratimen, Wiss.Z. 
Techn.Univ. Dresden 22(1973), 37-42. 


[15] А. 1921к, Remarks on Himmelberg s Fixed Point Theorems, Bull. Acad. 


Polon.Sei.Sér.Sei.Math.Astp.Phys., Vol. XXVI, No. 11,(1978) 
909-912. 


[16] K.Zima, On the Sehauder s fixed point theorem with respect to para- 


Received by 


normed space, Comm.Math., 19 (1977), 421-423. 


the editors December 10, 1983. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri í 


Some applications of a fixed ... 


REZIME 


NEKE PRIMENE TEOREME O NEPOKRETNOJ TAČKI ZA 
VIŠEZNAČNA PRESLIKAVANJA U VEKTORSKO TOPOLOŠKIM PROSTORIMA 


U ovom radu su dokazane teoreme o koincidenciji za vi- 
šeznačna preslikavanja a data je i primena teoreme o nepokret- 
noj tački iz rađa [3] u teoriji igara. Dokazane su i tri teo- 
reme o postojanju reSenja nekih klasa jednaéina u vektorsko 


topoloákom prostoru. 
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ABSTRACT 


Using a similar method as in [7] we prove in this paper a generali- 
zation of Fisher^s fixed point theorem in quasi-uniformizable spaces. First, 
we shall give some difinitions from [5] and Д6 

1. Let Х be an arbitrary set, {d,| ier} be a family of 
mappings of XxX into JR? and g:I-I. 

DEFINITION 1. A triplet (X,{d,},,.,,9) 18 said to be a 


quastuniformizable space if for every x,y,z€X and i€l we have: 
(a) а; (x,y)20,d; (x,x)=0, 
(b) di (x,y)-d; (y,x), 


(c) di (x, y) sd, (1) (х,2)+а (1) (Z,y)-. 


A quasi-uniformizable space (X, (dil iei, 9) is Hausdorff if 
the relation di (x,y)=0, for every i€I implies x-y. A Hausdorff 
quasi-uniformizable space (X,(di };ет’9) becomes a Hausdorff to- 
pological space if the fundamental system of neighbourhoods of 
ХЕХ is given by: 


B(x;e,i)={yex : а; (x,y)<e}. 

A mapping t: [o , 1]? (0, 1] is called a T-norm if for every 
a,b,c,de [0,1]: 

1. t(0,0)=0,t(a,1)=a, 

2. t(a,b)=t(b,a), 


AMS Mathematics subject classification (1980): 47H10 
Key words and phrases: Common fixed points, quast—untformtizable 
spaces, probabilistic locally convex spaces. 
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3.t(a,b)2t(c,d) if a > c and b >а, 
4.t(t(a,b),c)-t(a,t(b,c)). 
Now, let X be a vector space. I be an index set, L be a fa- 
mily of distribution functions and for every i€I, F^ XD 
DEFINITION 2. [5] A triplet (ХА FL), qut) is called a 
probabilistic Locally convex space if t is a T-norm and for 


every i€I the following conditions are satisfied (у= FP (х)): 
А. F} (s) = l, for every s > 0<= x-0, 
B. Fs (0) =0, for every хех, 


i х 
Ge FL, (S) =F, (es for every x€X,s>0 and re€K\{0} (К 


is the scalar field). 
i i 


D (81182) 2t (Fk (1) ,Fy (s5)), for every x,y€X and 


i 

Pty 
every 51,5,>0. 

In X the (€,A)-topology is introduced іп the following 
way: 

The fundamental system of neighbourhoods of xeX is 
given by the family u-(Ul(e,A):i€I, €20,A€(0,1)} 

i i 

where Ux (e, Naty eX: EZ y (e)» 1-)}. 

In [7] it is shown that a probabilistic locally convex 


space 6% Upp ae such that sup t(a,a)=1, is a quasiuniformi- 


zable space in which the family (di) is defined in the 


ier" 
following way: 
For j-(i,AX)er^, where i€I and 23e(0,1), ei eso) = 
= . i — 
-supís:Fy. ,(s)«l AN): 


The construction of the mapping g:I3I is as follows. 
From sup t(a,a)-1 it follows that for every )€(0,1) 
а<1 
the exists 6, 0,1) so that for every 6«6,,t(1-6,1-8)»1- - 


Let g(A)= supíó, : where б, is defined above]. 


Then g(j)-(4,80)) for 5=(4,А). 
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2. Now, we shall give a generalization of а common fixed point 
theorem from [1] їп quasi-uniformizable spaces. This theorem 


is also a generalization of Theorem 1 from [4]. 


THEOREM Let (X, {d;i ); ет, 9) be a sequentially сот- 


plete Hausdorff quasi-uniformizable space, f:I1+1,S and T be 
continuous mappings from X into X,A:X+SXNTX be continuous so 
that A commutes with S and T and the following conditions are 
satisfied: 


р А J H к > 
1. For every 1ЄТ, there exists а; : IR — [0,1], which їз a 


nondecreasing function for which ig lima = (=) <1 
PE 220011); 

for every i€I and every t€ В’ and: 

di (Ах,Ау) < Ч, (de (+) (8x, Ty)) dg (уу (Sx, Ty) 


for every i€I and every x,y €X. 
2. There exists х ЄХ во that for every i ЄТ: 
+ 
А =K, € 
sup SX Ki R 
je O(i,f£)DeN 


SUED Gc) ={4,£(4) £7(4) ,...Jand(x Jew Ze das 


fined Ьу: 5х 175X54.2:9X55-17TX25 (n €N). 


Then there exists z€Xso that Az=Sz=Tz. If, in additton, for 
every i€I: 

3 2 = + 
(1) sup а (А х А х) =М; є R 

j € 0(1,#) 
then Az is a common fixed point for A,S and T. Further, let 
M={w:w € X,w=Aw=Sw=Tw, there exists {в}, er’ 30 that for every 
i €I: sup а. (Az,w) <R,}.Then M={Az}. 
j e9(i,f) 

Proof:Similarly as in (4] it is easy to prove that for every 
КЕМ and іє: 
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2k-2 
Ax 
Boe ren Ша. (к,)к 
55 fu (d) 
2k-1 
d, (Ax Ах) < q (K,)K, 
2k+1 = 
i 2k s-0 £%(1) 1 2 
Since lim 9 (K1) «Q, «1, for every 1ЕТ, it follows that 


nc £P (i) 


there exists n, €N so that q (K,)<Q., for every n»n, which 
i gh) i i i 
implies that: 


)sS,07 , for every ie I, п éN. 


Let us prove that {AX пен is a Cauchy sequence which means 


that for every 1ЕТ and every e>0 there exists n(i,c)€N so 
that d, (Ax, , Ax, |) <E for every n»n(i,ce), РЕМ. Let m>k,i€ I. From 


the definition of the sequence {x, } and condition 1 of the 


n eN 
pm Theorem it follows that: 


а, (Ахар AX отр) 5 9 (9603) (Ах) ,Ахрр_|)).. зр ( 


d 
( g?k (4) 907 54,4. 2k) ) К (Ахо ‚Ах m+1—2k) ) 


and similarly for 2k>2m+1: 


а; (Ax, Ах.) < Ее) о ок 10 a 7f 


(a 2m+1 (Ахо,Ах ))d 2т+1 (Ах ‚Ах 5-1) + 


f (i) £ (i) 
Using condition 2 and the property of 9; that а; (Е) <1 for 


2k-2m-1 


every t € В we obtain that for every i€I 
Аа 9 оро. (Ky) Ky (mek) 
and : 


а; (Ах ,AX5,,4) «4, (Кү) UŽIVA) (Ki)K; (2k > 2m+1) 


This implies that : 


а, (Ax, ,Ах ,5) $84 (К;) m "Ч n-1 12) (Ki)K, 
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for every і € I and for n=2k,p=2m+l or п=2к+1, p=2m+l. Let 
p=2m and n=2k or n-2k-*1. Then: 


а; (Ax, , Ax. , 5) Sd, (4) (Ax, Ax, ,)+@ (4) (95,4 85414 5-1) 5 
n-1 n 
< 1а (Kos К е 
5=0 #5 (g{i)) я Gg) s-0 1 £5(g(i)) Kg a) fg 
Since lim а. (K (1)) ^1 , for every і ЄТ it follows 
Seo  £9(g(1)) 9 


that {Ax} пе is a Cauchy sequence. Let z-lim Ax, . As in 


neo 


N 
(4) it follows that Az=Sz=Tz. 
Further (1) implies that Az is a common fixed point for A,S 


and T. Indeed, from d, (A^ z,Az)-lim à, (А?Ах 


ne 


2n41 /2AX25 for 


every je Oli,f) . using condition l.and (1) we conclude 


that а. (A^z, Az) M; , for every j є O(i,f), since for every n€N: 


3 2 3 
d4 (A Xon41 A X5n) < RENS x, A хо) < м, for every 1ЕТ, 
where je O(i,f). 
So we have that: 
2 
di (А 2,А2) < 908296099000 (M;)M; 


for every i€ I which implies that d; (A z,Az)=0, for every ієІ, 
This implies that Az is a common fixed point for A,S and T. 
Let us prove that M= {Az} . Suppose that w-Aw-Tw-Sw 


and for every i€ I : 


sup а. (А2,м) < в; - 
jeo (i,f) 


Then : 


d, (Az,w) = d; (A(Az) , Aw) <a, (de (5 (S(Az) ‚Теа: (5 (А2) ,Tw)= 


79, (dg (4) (Az,€)) dg (,) (Az, "X . .«q, (dg (5) (Az v2)... x 


q (d (Az,w))d (Az,w). 
"(ау £2 (4) et) (1) 
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From this it follows that H5 (Az,w)s R; (j Е O(i,f)) and so 


а, (А2,м) xq; (Ку) еру (К)... = 


(R,)R,. 
eG yy 7 


Since lim q (R)<l it follows that а. (А2,м) = 0, 
wes PED) > i 
for every i€I and so Az=w. 


Remark: If there exists u ЄХ so that for every i€I : 
et ESCAS) EE И for every j €O(i,f) 


and g:O(i,f)^ O(i,f), for every іє I , then there exists one 
and only one common fixed point we X for A,S and T so that for 
every ilf: 

a (w,u) sty , for every j €O(i,f). 


Namely, then we have : 


ЧА 59 (7) (Az,u) + (EU) 


ЕТ and every j€ O(i,f) and in the Theorem is proved that 


(u,w) <T; * TÍ , for every 


AZ-W. 


COROLLARY 1. Let (x,(2,) be a sequentzally 


i ет) 
complete Hausdorff uniformizable space, Е:Т + I,S and T be 

continuous mappings from X into X,A:X > SXNTX be continuous so 
that condition 1.of the Theorem is satisfied and there exists 


xX EX and x, €X so that Sx,-Ax, and for every i€ I: 


+ 
sup d (Ax ,Ax.)-K,.,K, є R 
neN £7(i) o^ y due: 


Then there exists zeX so that Az-Sz-Tz . If, in addition, for 

every ТЕТ : вара | (22x, A xo) =M]; Mi € R` then Az is a 

neN f (i) = 

common fixed point for A,S and T. Further, if for every 1ЕТ: 

2 + 

(2) sup d | (Ах ,A х)=в,, RE R 
nen f (i) 


then there exists one and only one element weX such that 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


37 


On a common fixed point in quasi.... 
(3) sup d = (ОЛАК )=N,,N, € в? (Хот eveny, хещ 
ЕМС) as 
and Aw = Sw = Tw = w. 
P roo f: Every uniformizable space (x,(di), be 
is a quasiuniformizable space, where g(i)-i, for every i€ I. 
So we have that: 
d, (Ax, Ax ) sd, le a ee 
(for every і Є I,p»2). Since for every j є O(i,f) 
p-2 
а. (Ах ‚Ах ) < Г] а (K.)K,, for every 1ЕТ , it 
3. "PAPST s=0 504) 1 i 
J 
follows that : 
p r-2 
ак (Ax_,Ax,)< Ž ( Г] q (K.))K.. 
j p ЕН s=0 £9 (3) i a 
Since lim а (K.)<l there exists n,€N so that : 
n i i 
neN fadi (519) 
q (К.)<О.<1, for every nèn, 
fa) i i ab 


and if j e (£^ (1) |s»n, }then: 


= х-1 
‚Ах о) < ў Q Ki, for every p22. 


а. (Ax 
1 r=1 


р 
Since оу 1 it is easy to see that condition 2.оЁ the Theorem 


is satisfied. So, there exists z €X such that Az is a common 
fixed point for A,S and T. Prom (2) it follows that 


а. (Az, Ах.) SR;, for every і єІ and every j €O(i,f) and using 
the Remark we conclude that there exists one and only one 
element мє X such that м is a common fixed point for A, S and 
T and that (3) is satisfied. 

Using the Theorem we obtain the following corollory 
which is a generalization of the Theorem 1 from [2] . 


COROLLARY 2 Let (X,(F ),,,,t) be a sequentially 


complete Hausdorff probabilistic locally convex space where 
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sup t(a,a)=1,f:I1+ I,S апа T be continuous mappings from X into 
X,A:X + SX n TX be а continuous mapping which commutes with 


S and T and the following conditions are satisfied: 


: 5 ^ 7 
(i) For every icI,there exists дү: В + [0,1] , which 


is a nondecreasing function continuous from the 


А + 
right such that for every i€I and every s € R 


lim q 4 (s)«1 and for every i€I,every х,уєХ 
ne f (i) A 
and every 5є К : 
i £(i) 
FAx-ay (a; (s) S) 2F oy Ty (s) 


(ii) There exists х єх so that for every 1ЄТ : 


lim Fi. Lax (s)=1, uniformly in  j€O(i,f) and рем, 
Sco o 


shereix ).. is defined by Sxn-1 =A* on 2/T Xan X55-] 


N 


for every neN. 


Then there exists Z€X so that Az=Sz=Tz. If, in addition, for 


every i€I,lim FJ, > (s)-1, uniformly in j €0ü,f) then Az 
s 


u—À YN xj-A Xo 


ts a common fixed point for A,S and Т. Further, Let 

M= (wz:we X,w=Aw=Sw=Tw, for every i€I, lim rJ (s)=luniformly in 
poe Az-w 

j£O(i,f)). Then M={az}. 


P roo f: As in [7] it follows that (i) and (ii) 
implies l.and 2.from the Theorem and that (1) is satisfied 


since for every i€I, lim E23 _А2 (5)=1, uniformly in jeo(i,f), 
sto А Xy ^X 


where d,(x,y)-sup(s:F, ,(s)«1-a), for every j=(i,a)€I’, i€I 


and оє(0,1). Since, weM’ implies weM, where M is from the 
Theorem, it follows M’={Az}. 


Remark: If AX is a probabilistic bounded subset of 
sxn TX,(i) from Corollary 2 is satisfied and for every 1еТ 
there exists h(i)€I such that: 


n 
rÉ G) (s) pe? (s), for every s>0, every хє X and 


every n€N it is easy to see that there exists one and only 
one element x€X such that Ax is the unique common fixed point 


for A,S and T. 
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ON THE NUMBER OF ABELIAN GROUPS OF A GIVEN ORDER AND 
THE NUMBER OF PRIME FACTORS OF AN INTEGER 


Aleksandar Ivić 
Katedra Matematike RGF-a u Beogradu, 


11000 Beograd, Djušina 7, Jugoslavija 


ABSTRACT 


Let a(n) and w(n) denote the number of non- 
-isomorphic abelian groups with n elements and the number 
of distinct prime factors of n respectively. The distri- 
bution of values of a(n) (which is multiplicative) and 


w(n) (which is additive) is compared in several ways. 


1. INTRODUCTION 


Let, as usual, a(n) denote the number of non- 
-isomorphic abelian groups with n elements. It is well- 
-known (see [3]) that a(n) is a multiplicative function 
of n such that a (рК) = P(k) for every prime p and 
every natural number k, where P(k) is the number of 
unrestricted partitions of k (here and later Р,Рру,Рәғ- •• 
denote primes). Various problems concerning the distribu- 
tion of values of a(n) and related multiplicative func- 
tions were investigated in [4], [5] ana [8]. Thus for 
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instance it was proved in (41 that for К > 1 fixed 


(1.1) AL (x) = } 1 = арх + 0(x!/?10gx) 
п<х,а (п) =К 

holds uniformly in К(Е(х) = O(g(x)) and f(x) << g(x) 

both mean |#(х)| < Cg(x) for x > х5 and some constant 

C > 0). The non-negative constant dk is called the local 


density of a(n), and as shown in [5] it satisfies the 
inequality 


(1.2) ак < c ,exp(-c,logk+loglosk), (k > 3) 


with some сус; > 0. From the product representation 


(1.3) J a(n)n ? = c(s)t(2s) c(3s) t(4s) ... (Re s > 1) 
n=1 
it is seen that the mean value of a(n) equals 


5(2)5(3)5(4)... = 2.29485... . Thus a(n) is small on the 
average, although one has (see [7]) 


(1.4) lim sup loga(n) loglogn/ (logn) = (1095) /4, 


ne 


and the bound implied by (1.4) ís asymptotícally attained 
for n= Рр where P4 is the í-th prime. It 
seemed interesting to compare the values of a(n) and 
other common arithmetical functions such as d(n) and 
w(n), which represent the number of divisors and the number 


of distinct prime factors of n respectively. From the 
elementary formulas 


(1.5) } d(n) = xlogx + (2y - Dx + o (x17?) (у = 0.577229) 
n<x 

an 

(1.6) } w(n) = xloglogx + Bx + O(x/logx), (B > 0) 
n<x 


it is seen that the average order of d(n) and w(n) is 
logn and loglogn respectively. 
Therefore it is no surprise that 
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1 


(1.7) ў 1 = x + O(xlog® x), 


п<х,а(п)>а(п) 


х + 0(х(109109х) К). 


(1.8) у 1 
п<х,ш(п) »a (n) 


These formulas were proved in [5], and here 0 « e « 1, 
while K is an arbitrary, but fixed positive number. 


2. STATEMENT OF RESULTS 


In this note we shall further compare the values of 
a(n) and (п). Possible generalizations to other aríthme- 
tical functions which behave "similarly" as a(n) and w(n) 
will be omitted to make the exposition clearer; e.g. functions 
of class F, of [5] can be obviously considered instead of 
a(n) only, and likewise instead of w(n) one may consider 
the familiar function  Q(n), the number of all prime factors 
of n etc. The problem to compare the values of a(n) and 
w(n) seems interesting, because a(n) is multiplicative 
(a(mn) = a(ma(n) for (m,n) = 1) and w(n) is additive 
(w(mn) = w(m) + ш{п) for (m,n) = 1). In treating two multi- 
plicative or two additive functions, one can make use of the 
fact that the product (or quotient) of two multiplicative 
functions is again multiplicative, while the sum (or differen- 
ce) of two additive functions is again additive. However, 
in our case special methods have to be used which will simul- 
taneously deal with a(n) and w(n). The first result is an 
improvement of (1.8), which we formulate as 


THEOREM 1. There te a constant С> 0 such that 


(2.1) ў 1 = x + O(xexp(-Clég,xlog,x)) . 
n<x,w(n)>a(n) 


Here we used the abbreviation log,x = log(log,_ x), 
1og,x = logx = the natural logarithm of x. At this point it 
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may be remarked that the equation a(n) = w(n) holds for 


many n, and quantitatively we have, for any fixed A » 0, 


(2.2) 1 >> x(1oglogx)"/1ogx . 


n<x,w(n)=a(n) 


To see this recall that for an infinity of integers 
К > 5 there exists an integer r < К such that P(r) =k. 
Es "E Е. : s i 
Let m= Р1Р2---Рк-1Рк’ where the р;'ѕ are distinct primes. 
Then w(m) = k = P(r) = a(m), hence for k fixed 


(2.3) ў 1 » 1 >> x (loglogx) *~2/10gx, 
n<x,w(n)=a(n) m<x 


by a clasSical result of E. Landau (see p. 168 of [6]) con- 
cerning the number of n not exceeding x 
w(n) = k. Now (2.2) follows from (2.3), since the values of 
the partition function tend quickly to infinity because 


for which 


(2.4) P(k) = (1 + 0(1)) (473k) 1ехр(п(2к/3)/2), (к + ©) 


by a classical result of С.Н. Hardy and S. Ramanujan ([9], 
p. 240). 


The next result shows that the equation w(n) = ra(n) 
has many solutions for any real number r > 0. The result is 

THEOREM 2. Every real number г > 0 ts the limit 
point of the sequence w/(n)/a(n). 


Finally we present an asymptotic formula for a sum 


involving the functions W(n) and a(n). This is 


THEOREM 3. There ts a constant А > 0 such that 


w(n) - loglogn 2 № 
(2.5) DEC ay ) Axloglogx + O(x) - 
n<x 


As a corollary it follows that for almost all n 
we have 


(2.6) |w(n) - 1oglogn| < a(n) (loglogn) 1/2*% 
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for any 0 < 6 < 1/2. To see this, let F(6,x) denote the 
number of п < x for which (2.6) fails to hold. Then, using 


(2.5), we obtain 
w(n) - loglo 2 -1-26 
F(6,x) < ) (=з сезг, (1oglogn) «« 


n<x 


26 


СА 


2 
íi/2*€ 4 у UI (1oglogx) 1728 << x(10glogx) 


since loglogn = loglogx + O(1) for Ух <n < x. The last 
expression above is o(x) for 6 > 0 as x + œ, which 
justifies the claim that (2.6) holds for "almost all" n. 
Theorem 3 could be generalized by replacing a(n) by ak (n) 
for any fixed integer k > 1, in which case the constant A 
in (2.5) would depend on k. 


3. PROOFS OF THE THEOREMS 


To prove (2.1) let S(x) denote the number of 


п < x for which w(n) < a(n). Write 


(3.1) s(x) = ў І = 5) +5, 
п<х,ш(п) «a (n) 


say, where in S, we sum over relevant n for which 


a(n) « Zlog,x, while in S, we sum over relevant n for 
which a(n) > Flog, x. Using a result of Р. Erdós and 
J.-L. Nicolas [2] on the distribution of values of ш(п) 


we have 


(3.2) S, < ў 1 << xlog ^x 
n<x,w(n)<(log,x) /3 


for some 0 < с < 1 (the exact value of с is unimportant 
here). To bound S2 we use (1.1), (1.2) and (1.4) to obtain 


(355) Sy < у (ах + O(x1/2 


2 < logx)) 
(log, x) /3«k «exp (210gx/1og,x 
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<< x ] exp (-c,logklog,k) + Oe 2+6 


к> (log, x) /3 


) 


<< xexp(-c410g4xlog,x). 
Combining (3.1), (3.2) and (3.3) it follows that 


1 = [х] - s(x) = 
n<x,w(n)>a(n) 


x + O(xexp(-Clog4xlog,x)), 


as asserted. 
For the proof of Theorem 2 we may consider r > 0 
; P 2 
only, since for ny = P P3- - By) we have 


1 Car -к _ 
lim w (ny) /а (пу) = lim k2 = 0. 


Ko Koo 


Suppose then that г > 0 and 0 < є < r/2 are 
given. Using (2.4) it is seen that we may find an integer 
u > 1 such that 


(3.4) (r - e)P"(u) > m 


for m > ms. Further for m > m there exists an integer 
К = k(m,r,c) such that 


к - 1 < (r - €)P™(u) < к, 


and in view of (3.4) k > m. We must have k < rP™(u), 
since otherwise 


rP™(u) <k < 1 + (r - e)P"(u)., 


implying eP™(u) < 1, which is impossible for m large 
enough. Therefore 


(3.5) (к -e)P™(u) < k < rP™(u), 


u 
and taking n, = (P1P5--- P4) Рп+1:--Рк-1Рк WE have 
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mn TE 


r- є < КР “(u) = e(nJ/a(n) <г, 


which proves Theorem 2, since є may be arbitrarily small 
and we make m> e. 

The idea for a result like (2.5) originates with 
P. Turán [10], who proved 


(3.6)  (o(n) - loglogn) 2 << xloglogx 

n<x 
thus providing a simple proof of the classical result of 
Hardy & Ramanujan ([9], pp. 262-275) that almost all integers 
have about loglogn distinct prime factors. Therefore our 
asymptotic formula (2.5) may be considered as a "weighted" 
analogue of (3.6). Squaring out the expression on the left 
of (2.5) it is seen that the proof will follow from 


(35) ў соо? = Bx (loglogx) 2 + C,xloglogx + O(x) 
n<x 
(3.8) у eta) logloga „ Bx(loglogx)* + C,xloglogx + O(x) 
n<x а (n) 
в? (n) 2 
(3.9) j om = Bx(1oglogx)! + C,xloglogx + О(х) 


n<x а (n) 3 


2' С. are suitable constants and 


(3.10) B= {1+ J (p72 (5) = p72 (3-1))р 3}. 
P j=2 
To prove (3.7)-(3.10) we proceed similarly as in the 
proof of (9.9) in [1]. 
Note that a ? (n)z is a multiplicative function 
of n, so that for Res > 1 and |z| <1 


w(n) 


a^? (n)z ЕП (1 + 2р 5 +2 “zp t3 ^zp 283-955 аррес pM] 


1 P 


w (n).-s 


Ис 8 


t* (s)G(s,z), 
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where 
G(s.z) = I (1 = р °)^(1 E zp $ + 2 22р 28 A Won mes m 572,5 52 


P 


is absolutely and uniformly convergent for Res > 1/2 and 
|z| <C for any fixed C > 0. Using a well-known convolution 
result of A. Selberg ([1], Lemma 2.1) it follows that 


(3.11) у а 2 (п) 2% (1) = Se) оч? 1 + R(x,z) 
n<x 


, 


where uniformly for |z| < 3/2 we have R(x,z) << 


<< x (1ogx) P8 2 < х1оч 2х) Differentiating (3.11) with 


respect to the complex variable z we obtain, for [2 | <i, 


-2 w(n)-1 a ,G(1,z) zc 
(3.12) |a ^(n)o(n)z = Gl z), ло m 
ES а2` T(z) g 
+ S12) x1og?- !x1oglogx + edog 29 
zn 0 (п) -2 a? G(1,z) En 
(3.13) Та 2 (п)ш(п) (w(n) = 1)z = —jCnmz)xeg x+ 
= dz 
а Gl, ay 
iz 24z SOE) xlog" xloglogx + 
+ SU og" "x(1oglogx)? A E2) : 


where we used Cauchy’s inequality for derivatives of analytic 
functions to bound * R(x,z) (k=1,2). Setting 2 = 1 in 
92 


(3.11)-(3.13), adding (3.12) to (3.13) and observing that 


e = B (as defined by (3.10)), we obtain (3.7)-(3.9) by 
partial summation or by using loglogn = loglogx + O(1) for 
Ух «n < х. Finally a calculation shows that А = C, - 2C, * C4? 


» 0, completing the proof of (2.5). In concluding it may be 
mentioned that the asymptotic formula (2.5) could be further : 
sharpened (by introducing new main terms in place of O(x)) by } 
using the methods developed in Ch. 5 of al- 
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REZIME 


O BROJU ABELOVIH GRUPA DATOG REDA I 
BROJU PROSTIH FAKTORA CELOG BROJA 


Neka a(n) i 


w (n) 
Abelovih grupa sa 


označavaju broj neizomorfnih 


elemenata i broj različitih prostih 
respektivno. 
je multiplikativna) i 


na nekoliko načina. 


n 
faktora od n Raspodela vrednosti a(n) (koja 


w(n) je uporedjena 


(koja je aditivna) 
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6) 


ABSTRACT 


In this paper we construct the approximate solution of a certain 
linear partial differential equation with constant coefficients, using the 
field of Mikusinski operators M, in steps, on the interval fo,T]. We also 


give the error of approximation. 


In papers [1] and [2] the following linear partial dif- 
ferential equation with constant coefficients was observed: 

In n HHV у У 
OM ООУ ў с асан 


j COV AND) ne e» eo 
uzo v=o HY эу” at" a 


1 0О<&<х=. 


2! 

Using the field of Mikusinski operators M the approxi- 
mate solution of equation (1) was constructed in [1] and the 
error of approximation was given in [2] on the interval [o , T] . 
This error of approximation increases rather fast by enlarging 
T. 

In this paper we shall find the approximate solution 
of (1) for п=1 and ф(л,+) = 0, i.e. 
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(2) DES зоо 
ро у=о РУ а ХЗ 


with the following conditions: 


u 
(3) Pe) -0, 2350, u=0,...,m 
8A 
3" x(0, t) 
(4) Ви cy 20) = 0,. .. m-2 
8A 
Fus 1 
3 X, MIR t>0 
эл 


on the interval [0,T]. We shall divide thisinterval into two inter- 
vals ([0,T,] and [Г , T] and seek the approximate solution suc- 
cesively. We shall prove that this enables us to obtain a bet- 


ter estimation of the error. At the same time we can construct 
the approximate solution on an arbitrary interval [ri, T], 


0« Ti «T. The method which we shall use can be applied in many 
steps in the same way as in two steps (dividing the interval 
[0,7] into intervals [0,T,] [T,, T] ... Mha- Th] where T, - T). 


In the field M the differential equation 


(5) ОЛДО os оз = =0) 
и=о v-o Ue 
where = T 
T 3 X(A,t) 
(57) £(A) = ўа Ml. 
u-o url anal zo 


corresponds to equation (2). Conditions (3) imply f(A) = 0: The 
exact solution of equation (5) with (5^) has the form ([1]): 


= i-p 
6 x() = eee joxP Qu, ) where w.= с. AES: 
(6) n 
ja =1 J ї=о 18] 
while the approximate one is ([1]): 
(7) x(A) = RA 2b exp Qu.) where wj = ADE cij Г ; 


we shall suppose that b; € C, where {b_} = fb; 
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In (6) and (7) an exponential operator oo appears . 
The conditions for the existence of that operator, together 
with its character, are given in [1]. Now, in this paper we 
suppose that р/а<-1, so then (da belongs to Ё. & is the 


ring of continuous complex valued functions defined over [0,9). 


After a change of variables t- TET equation (2) be- 


comes: 
m l Hoc 
(8) КУ „о ELTE RTL dn + 
A za и, ay U У 
и=о v-o эл’ Эт 
Let us denote х(А,т+т,) - y Oo, 1) and observing that: 
f Nee. \ 
-T)s y(A,t-T,), т> Ti 
(9) e {y(\,T) } = SZ n) 
0, Poe 15 <T 
we obtain: 
Tis Tis 
(y(A3,1)) = {xQ,tt+T,)} =e {Х(Л,т) } =e XA) 
and 
ax(A,t+T)) тув 
{== = s{x(\,t+T,)}-x(\,T,)I=e sX(\)-x(\,T,)I 
Equation (8) corresponds in field M to the equation: 
С) mm 1 
(10) ei T ра ею 
u=o v=o Er 
where 
m и 
эх(л,Е) 
(11) г. (^)= f а А |, _ 
1 u=o и,1 эл” t-Ti . 
The solution of equation (10) with conditions in М: 
х(0) = x7(0) =...= x2) (0) = 0 
(12) x1) (9) = , 


(which follows from (4)) can be formed in the following way 


((31): -T,s A 
X(A) =e F(X)X, (A-x) dx, 
(13) { Xh 
А E Е, (Х) F(X) 
where = = 
2 eodem С 
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and Xp A) is the solution of the homogeneous part of egua- 
tion (10), In fact, it has the same form as the solution x(h) 
of equation (5) given by (6), so we have: 


-T\s 
(14) X(A) = x(A) +e 


A 
f F(x) x (A-x) dx 
0 
Integrals in (13) and (14) exist because F(x)x(A-x) is 
a continuous function. 
Let us observe that the solution of equation (2) x(\,t) 


can be written as X(\,t) for t=1+T, and te [T,,T]. 


Now, let us replace the exact solution x(A) with an 
approximate one х(А) given by (7); so instead of equation (10) 
we have: 


Tis m H vz (u) N 
(15) e za. ays Х LM) = F(X) 
H=O v=o 


where 
~ In их 
(16) в) = | a „ 222229) RA 
užo Oe ps 1 

The solution of equation (15) with conditions (12) has 
the from 

E um ou » EMGO 
(17) Xi A) = X, A) +e { F (x) X, O-x) dx, F(X) = = 


and the approximate solution of (15) is 


-T, 5 AU. m 
J FG0x(-x)dx 
0 


where x(A) is the approximate solution of the homogeneous part 


(18) — XO) = X0) *X,O) = xQ) te 


of (15). In fact it has the same form as the approximate solu- 
tion of equation (5) given by (7). 

Let us remark that equation (10) and (15) differ only 
in their right-hand sides. In the next section we shall prove 
that the solution of equation (10) depends continuously ` on the 
right-hand side. This fact enables us to use Х(А,т), (where 
(X(4,1)) = XO), X(A) is given by (18)) as the approximate so- 
lution of equation (2) on the interval [T,,T] and to find the 
error of approximation on [T,,T] as the difference between 


X(A) and XO). 
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MEASURE OF APPROXIMATION 


In this section we use the notion of an absolute va- 
lue (module) of certain operators from М. If an operator 4@ 
is defined by a function a(t),t» 0 from &, then its absolute 
value |а| = |(a(t))| = ([a(t) |} is again a function from e (fi). 
(3]). 22 is the ring of locally integrable functions over [0,9) . 


If g(A,xy) is a continuous operator function, there ex- 


ists qeM such that (g, (4,x,t)} =ag(A,x) апа g, (^,х,®) is а 


continuous function, then: 


A А 
| f ag(1,x)4x| <n £f G(1,x)dx 
0 pid 


where G(A,x) = max Ig, Ax) | - 
у 0<+<Т 


The other properties of the absolute value which we аге going 
to use are given in [1]. 

First, let us estimate the difference between F(A) gi- 
ven by (11) and FO) given by (16). For that purpose we note 


that inthe field M the y-th derivative of x(\) given by (6) has 
the following form: 


m 
(19) xH) (A) = F eb.wh exp(rw,) - 


In the same manner we take: 


z m 
(20) (a) = y eb a} exp(aa,). 


We shall also need the following inequalities (for 
(p/a) <-1), O), [2]: 


i al 


o : о (i-p)/q-1 
(i-p) /a T — = 
Su OE | zelo 194,3 ТРУ) = "0 
(21) = - 3 
K ў с; в e < (я (То-р+1-а) UE J uoi atl. 
ici tl 1 і=о 
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i +1-р-а 
Se a i/ k k-1 
< pM. аро M2 ў p iO 290; SIE Uo ee TUNE > 
= і +1-р уа j IXi/qg)*t) — T 'j (k-1)! 
r(-2 i=o 
q 
О eo k to 
| 2exp(r } с, g(t Р)/Ч) | < grey А. lae c. . "Ec pA di kaje 
i=o / — OBERE 150, 29 xD 
© k k 
СЕУ VT) gop = N. (T) 
B k-o J л 
со со k k 
(i-p)/q A k T - 
exp (A c -I À T vc .(T) — 2 
Е. | smary I kr Yj ki 
= 564 0,7) 4 


Since the solution x(A,t) and the approximate one x(A,t) 
together with their partial derivatives by A up to the order m 
are continuous оп the set ((2,t)| О << л, O<t<T}, there 


exist numbers R T) (which we shall determine later in Lemma 
1.) so that: 


(22) Ix? (у) - x) QQ) | «RO, m) И =ош: 


This implies: 


9 x(a,t) atx (r,t) 
и | |< R (А,т). 
m t-T ЖП t= Sy 
Using (11), (16) and (22) we have: 
= m 
(23) IF) Q)-F,()] < 22 |а IR OAT = €(,7) 


From [2] and notation (21) follows (if (p/q) < -1): 


т 
(24) |x(A)-X(A)| < P" 1ь; IN; G,7)6; OG, T)T- pQRo (ArT) 2 


LEMMA 1. The error of approximation of the u-th de- 
rivative ts: 
(u) Les) " н mi T 
Ix (1)-X lsr PANO D S AT) ui * 


(25) k 


u C) k 
Wy HOP my «T (т K MU) isti 
+ NAE ( dy, ( )( RS rm a e sp 92 )2 
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РАЖ ONO ЫЕ In view of (19) апа (20) we can write: 
(и) = (и) = 
РТ mo doe (л) |= J |b. | |wheexp(rw.)-wi 2exp (A8) | < 
ЗСТ т), j'- 
T ^ T (i-p)/a,u T 
< | |b,I[zexpOu 1G pe с, E Eye NN 
j=1 J J J і=і t! 1,J isi +1 1) 
> ЕЮ veers | ~ ~u 
я, )-0:| < JY |Ы; | [ зехр(лё.) | (ð| - 
о Si ET 
* |exp(A 7 с; ‚2 7p) /a) - I| + 
iei + 7 
н = bed c = 
о ERE 5 oe <; ‚у G7PY/8y exp (A ВСЕ: gt Pies )| 
r-1 isi +1 774 isi 4l 425 
[s] o 
m T y 
< b.|N.(A,T) (vi(T)G.(,,T) = 2 + 
сн n | з) 8) Е j y! 
н = к, т^ pcs 
U ) yt Top) T АТ gh ype R (QT. 
се =. Ke ^ ER, (А,Т) 
LEMMA 2. The solution X() given by (13) of equation 


(10) with conditions (12) depends continuously on F(A). 


Р/ 9 (5) © с ТЕ x% 0, given by (17), is the solution 
of equation (15) with conditions (12) (equations (10) and (15) 
differ only in their right-hand sides) then using relations (21) 
and (23) we have: 


A a -T s 
|f (FG)-F(x)e ! xo-ax| < 
0 


|х) ху O) | 


< pre (A/T IN, (A, TT) (65 (A, THT, )2 ar Dy 
io 7-0 
where (ps ехо ) © 2? 2 < gh. OT) 
G E, i=0 1,J 26 J 
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Lemma 2 enables us to use X(A) from relation (18) as 
the approximate solution in the field M of equation (10). 


PROPOSITION. If X(\) ts the solution of equation (10) 
given by (13) and X(A) ts the approximate one of equation (15) 
given by (18) then the error of approximation is: 


~ m — 
(26) |XO)-XO) | <y jh |b4 JAN, (А-ту) а (Е A, T) * 


* G, (4, T-T,) (T-T,) (€ (A, T) +Е(А))) *R9 A, THT) ) 2 


РИ КО (©) 555 Using (13) and (18) we can write: 
= A -T.S e T 
[xp 0)-7x, 09 |= |f e (F(X)x(A-X)-F(X) x(à -X))aX | = 
о 


х -Ts E = e M 
= | fe ! (B(X)x(A-X)-F(X) x (A-X) +6 G0 x (А-Х) -E GO XCAÀ-X)) aX | 
o 


À x -T S. A E -Tis 
< f |(F(X)-F(X))e x(1-X)|aX +] |(F(X)-F(X)e "(x(A-X) - 
o o 


Т. $ 


T A - - 
- xaü-xylax + f [FOde 2 (xo--x0G-x0| ax. 
o 


In view of (21),(23),(24) and (25) we have: 
~ m — 
[XQ)-XQ) | «4 P Ib; [AN (à, T-T,) (eO, T) 2 т 
+ 6. (A, T-T,) (т-ту) £(e (A, T) ) *F (0))) * RA, T-T4) 2 З 


ЕХАМРІЕ. The following example will show the adva- 
ntage of approximation in two steps compared to the older met- 
hod from Q], [2]. 


Let us observe the partial differential equation: 


2 
V E OE эхОшЕ). - х(А,&) = 0 


with conditions: 


(28) 3x049) = o, A»0 H x(0,t) =1, t>o. 
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In the field M, eguation 
(29) (S-1)x“(A) - x(A) = 0 


corresponds to the equation (27) with (28). The solution of 
equation (29) is: 


со : 
х(А) = Яехр(Аш), where w= } gue and x~(i) = £oexp(Aw) 
i=o 


while the approximate solution of equation (29) is: 


~ E itl = 
х(А) = Lexp(AG), where б = Ж 2 and x~(i) = бехр(Аф@) . 
i=o 


After a change of variables t=t+T, equation (27) be- 


1 
comes: 


2 
(30) 9 x(A,T+T)) ax(A,t+T)) 


! 
x 
> 
a 
+ 
4 

H 

\! 

© 


3A эт 3A 


with conditions: 


Әх (A, t*T4) 


ФО), x(0,1) =1. 


3A т=0 
In the field М, equation 
е 715 (з-1)х^(А) - XQ) = KO) 


(31) 
corresponds to equation, (30). The solution of equation (31) is: 
(32) xà) = e 113 f F(X) x(A-X) aX + xQ) . 

o 


ах (A, T+T) 
TE ме WS HON = = [с=с instead of $(\) we 


get equation: 
Т,5 


(33) e ! (s-1)X“(A) - XQ) = EQ). 
From Lemma 2 and [1] the approximate solution of equa- 


tion (33) given by: 


= ART ~ ~ 
(34) Х(А) =e ! f F(X) x(A-x) aX + X(A) 
о 
сап be observed as the approximate solution of equation (31) 
and the function Х(А,т) (X(A) = {Х(А,т)}) as the approximate 
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solution of equation (27) on interval [7,,T]. 
Since m-1, ь. = 1, М=р=1, we can write the entities in 


(21) without index j. Also, EO) = (A) and F(A) = $0) and the- 


refore we can obtain ¢€(\,T) using estimation (25) for y- 1. 
So we have: 


(35) . Ix^O)-7X* 0) | < NOT) (v(T)G(A,T)T i 


У es 
+ y(T)( ] ху (MIA FeO ,T)2 . 
rio АП ! 


If the exact solution of eguation (31) is given by (32) 


and the approximate one is given by (34) then the measure of 
approximation is: 


IXO)=XO0) | < NOG T-T,) (€ A, 74) + GO, T-T,) (T-T,) (CO, T). + 
+ $0))8 + R,(A,T-T,)2 5 


In the following table there are two errors of approxi- 
mation, the first (one step) on interval (0, 7] and the other 
(two steps) on the interval [T,,T]. Let us remark that the er- 
ror of approximation is smaller when we work in two steps, es- 
pecially if T is bigger than 1. 


д 2,56-10 7 
1,02+10 > 

эо дао) 7 

БО 4, 51.104 
5,85-103 О 
1,00.1077 | 5,75-109 
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It is obvious that this method can be applied in the 
same way in many steps, by dividing the interval [0 ,z] into n 


parts which are not neccessarily equal. 
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REZIME 


PRIBLIZNO RESENJE DIFERENCIJALNE 
JEDNACINE U KORACIMA 


U ovom radu se konstruiše približno rešenje diferencijal- 
ne jednačine: 


T T 
m ox (Ort) — 
} } “u,v Пра ш О 
U=O v-o r Әл Ot 
sa sledeéim uslovima: 


u 

ə x(0,t) о NSO, nego son 
әл” 

3" x(0,t) 

OSes SS а t»0, u-0,...,m-2 
Ey Na 
m-1 

9 x (t) E t»0 
эх 


па intervalu [0,7] u koracima. Znajući približno rešenje na in- 
tervalu [0,71] ‚ Ту < T, konstruiše se približno rešenje na inter- 


valu [T,,T] i ocenjuje greška. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
* 


be 


- Digitized by Arya Samaj Foundation Chennai and eGangotri 


ооо лл өө. їч и 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Zbornik radova Prirodno-matematitkog fakulteta-Univerzitet u Novom Sadu 
knjiga 13 (1983) 


Review of Research Faculty of Science-University of Novi Sad, Volume 13(1983) 


FIXED POINT THEORY IN PROBABILISTIC METRIC SPACES 


T.L.Hicks 
University of Missourt - Rolla» USA 


ABSTRACT 


Most fixed point theorems for Probabilistic Metric spaces (PM- 
spaces) have been proved for the same subclass of PM-spaces. It is shown 
that this subclass is metrizable. Furthermore, the compatible metric d 


is related to the distribution functions by 
d(x,y)<t if and only if Е у(0) 21-t. 


This allows an exact translation of the contraction condition, as vell as 
other conditions studied in metric spaces, to PM-spaces. Thus, theorems 


follow immediately from corresponding theorems for metric spaces. 


1. INTRODUCTION 


A real-valued function defined on the set of real 
numbers is a distribution function if it is nondecreasing, 
left continuous and inf =0, supf-1. H denotes the distri- 
bution function defined by H(x) =0 if x< 0, and H(x) =1 for 
x> 0. 


DEFINITION 1.1. Let X be a set and F be a function 
on XxX such that F(x,y) 78 а distribution function. 
Constder the following condtttons: 


AMS Mathematics subject classification (19-80): 47H10 
Key words and phrases: Probabilistic metric spaces, fired 
potnt theorems. 
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T. Fx, y 0) =0 for all x,y in X. 
II. Pey = af. and only tf xX=y. 


I. =p - 
тт Fx,y у,х 


Tu: Fx y (©) =1 and Fy,z (9) =1, then Е ше!) zl. 


IV. Fy, 20698) TIF, le) F „()). 


, 


If F satisfies conditions I and II then it is called 
a pre-probabilistic metric structure (PPM-structure) on X and 
the pair (X,F) is called a pre-probabilistic metric space (PPM 
space). An F satisfying condition III is said to be symmetric. 
A symmetric PPM-structure F satisfying IV is a probabilistic 
metric structure (PM-structure) and the pair (ХГ) is a pro- 


babilistic metric space (PM-space). 


DEFINITION 1.2. A Menger space is a PM-space that 
satisfies IVQ, where T ts a 2-place function on the unit squ- 


are satisfyzng: 


1. T(0,0)-0, T(a,1) =a, 

2. T(a,b) =T(b,a), 

3. tf a<c, b<d, then T(a,b) <T(c,d), 
АМИТ (ШП (а,Б) ус) = T(a;T(b,c)). 


Т ts called а t-norm. 


Let (X,F) be а PPM-space. For €,A>0O and хех, let 
Ny (e,2) = {y:F, ye) >1-\}. 

A T, topology t(F) on X is obtained as follows: 
ОЕТ(Е) if for each x€U, there exists є > 0 such that 
N, (e, €) CU. The study of fixed point theory in probabilistic 
metric spaces (PM-spaces) was started by Sehgal and Bharucha- 
Reid [10]. The following definition and theorem appeared in 
their paper. 
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DEFINITION 1.3. A mapping f of a PM-space (X,F) in- 
to itself is a contraction if there existe К, with 0<К<1, 


such that for each x,y €x, 


Fey, ғу (Kt) >Fy y(t) for all t>0. 


THEOREM 1.1. Let (X,F,T) be a complete Menger spa- 
се where T(a,b) =тіп{а,Ь). If f is any contraction, there ex- 
ists a unique pe X such that £(p) =p. Moreover, iim £"(q) =p 
for each q € X. 


A little thought convinces oneself that this is a re- 
asonable definition in this new setting. Also, if f is a con- 
traction (d(fx,fy) <k d(x,y)) on a complete metric space (X,d), 
and one makes it into a PM-space in the natural way; that is, 


Fy, y О = H(t- d(x,y)), 


then F (kt) > BS y(Đ . In (1), it was shown that the wea- 
m , 


Ех, fy 
ker condition, 


Pex, fy (Xt) 2 FY (©) whenever Fy y (CO >I-t , 


is sufficient to obtain the above theorem. As originally gi- 
ven, the theorem required T to be continuous and satisfy 
T(x,x) >x. It is easy to see that this forces T(a,b) -minía,b]. \ 


2. BASIC THEOREMS 


The following condition is another reasonable genera- 
lization of a contraction to PM-spaces. 


(c) For t>0, gy (КЫ) > 1-kt whenever Fx y €) »1-t. 


Pex, 
REMARK 1. If the metric space (X,d) is made into 


a PM-space as indicated above; that is, Еу (6) -H(t-d(x,y)), 
then if d(fx,fy) <k d(x,y), for O« k« 1, we have condition (c). 
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Р#г оо E. Fey, fy Kt) = H(kt - d(fx, fy) )>H(kt-kd(x,y))= 


= H(t -d(x,y)) =F, ,(t). Now Fy y(t) = B(t-d(x,y)) >1-t if and 


only if Fy y(t) = 1 if and only if Fx, y(t) > l-kt. Condition 
(c) follows. 
We now show that for each PM-space in a class larger 


than the one described in Theorem 1.1, there exists a compa- 
tible metric d such that 


d(fx,fy) <k d(x,y) iff (c) holds. 


Then, using condition (c) as our definition of a contraction, 
we have Banach s theorem for PM-spaces as a consequence of 
Banach^s theorem for metric spaces. Actually, a nicer result 
is obtained that allows you to translate many other fixed 


point theorems for metric spaces to PM-spaces. The result 
that makes this possible is: 


d(x,y)«t iff Expy!) »1-t 


THEOREM 2.1. 
such that 


Let (X,F) be a symmetric PPM-space 
Ех z(r*8) 2»min(F, ,(r),F, ,(s)) O 


Let d(x,y) = sup(e:y £N_(€,€), o<e<l} , 
бог sq EN (Е,Е) СЛАР 
Then 
(1) d(x,y) <t tf and only if ES y(t) > 1-t. 


(2) d тз a compatible metric for t(F). 
(3) If £:X+X and O«k«1, 


(c) holds if and only if d(fx,fy) <k d(x,y). 
(4) (X,F) ts complete if and only if (X,d) is complete. 


Proof. Observe that if t<r, М (t,t) CN, (r,r). 
Also, nin, (є,є):0<є<1}= {x}. For, if x#y, Exo Thus 
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there exists Е > 0 such that FY y? =6 where 0<6<1. Set 


ô= 1-6, and let Є, =minfe,6,}. Then Fx,y(€1) SP Ly e = $ = 1-6, 


«l-c. gives Y É N, (e,,€,) о 


(1) If 1<t, d(x,y)*1«t and also E. у ОР СЕ 
Suppose d(x,y) < Е <1. Choose 6 such that а(х,у) <5 46 <1. 
Then y € N (6,6) and Fx, y o) 2Ey (6) »1-6»1-t. For, if we 
assume YÉ£N,(5,8), then d(x,y) =sup{ } >ô, a contradiction. 


Conversely, suppose Р. y(t) »1-t where 0<t<1. Then 
pA: Es 


уем, (t,t). TE y £N, (Е,Е) for аї11 ЕЕ, Fx y © ES — 


< lim (l-e) =1-t, a contradiction. Thus there exists 0 < ғ < + 
ЕС 
such that y € М (є,є) . Hence d(x,y) «e«t. 


(2) If d satisfies the triangular inequality, it is 
a metric. Also, (1) shows it is compatible with t(F). We ob- 
serve that d(x,y) < £1 and d(y,z) < Е, implies that d(x,z) < 


«€, +=). For, suppose 
Fx y (53? > l-e} and P,z(€2) > 1-€, 
IE Fy y (51? is the minimum, 
Fx ,z (5*6) »min(F, ,(e) 4 Fy,2 52)) > 1-є, > l-(e,te)) 


gives d(x,z) < E+E. The triangular inequality follows. 


(3) Suppose d(fx,fy) <k d(x,y) and Py y (€ »1-t. 
Then d(x,y) « t and d(fx,fy) < kt. Thus Fey gy (KO) > 1-КЕ. If 
(с) holds, let є > 0 be given. Set += а(х,у) + є. d(x,y) = t-e«t 
gives 
Fy yt) »1-t, and Fey, fy (kt) >1-kt 
follows from (c). Thus d(fx,fy) < kt = k(d(x,y) +e) = kd(x,y)+ke. 
Since є > 0 was arbitrary, d(fx,fy) <k d(x,y). 


REMARK 2. Assuming the conditions in Theorem 1.1, 


we have 
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Faz (tts) RT QU Fy „(5)) =тїп{Р (Е) ‚Ру, = (8)} ; 


the inequality in Theorem 2.1. Also, the inequality in Theo- 
rem 2.1does not require the existence of a t-norm. Condition 
(c) and the earlier definition of contraction seem to be in- 
dependent for 0<k<l. 


COROLLARY. Let (X,F) be a complete symmetric PPM- 
space such that 


Fy y (rts) >min{F, VG) "Ру, (s)) . 


Suppose f:X +X satisfies (c). Then f has a unique fixed point 
p. Also, tf x eX and x= £ (x), then 


(1) р = lim x_, and 
—— d(x,fx) = n 
9n 


1 
Кох 
па Э Tk 


а(х,#(х)). 


1) Ye. (9) (©) fa The theorem gives a compatible metric 
d such that d(fx,fy) <k d(x,y). From Banach^s fixed point 
theorem, f has a Tow fixed point p satisfying (1). Also, 
n-l 


d(x n’P) = d(x,fx) GC d (x , £x) EP CIE 


From (1) of the Theorem, 


E p en! >1 SCs 


t = ^ 
PES ) ep Sn) or 
REMARK 3. Note that the error bound is usable. Gi- 
ven є > 0, choose 0 < Eg < l and x срср that d(x,fx) < £9? that 
is, Fx £x (59? 2»l-£g. For t>B= LX? 
, 
п-1 n-l 


k 
Ех MES Tor d(x, fx) < Tak Eo: 
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о“ &, then 1-Р, (t) < е for татли no мати отет 
п’ 3 i: 
We next consider how to translate other contractive 


type conditions for metric spaces to PM-spaces. 


LEMMA. Let (X,F) and d be as in Theorem 2.1, and 
0<К<1. Let R- R(x,y) be a function such that d(x,y) < Е. 


(C*) (kt) >1-kt whenever F y9 >l-t and t>R. 
, 


Pex, fy 
Then (C*) holds if and only tf d(fx,fy) < КЕ. 


pP roto “fie The proof given for (3) of Theorem 2.1 


will work here. 


The numbering of the various contractive type condi- 
tions are those of Rhoades [9]. Conditions (1),(2) and (3) 
of [9] have obvious translations using Theorem 2.1. The Lemma 
can be used on other conditions. We illustrate this with the 


condition 


(24): For O<k<l, 
d(fx,fy) <k max{d(x,y) ,d(x, fx) ,d(y,fy) ,d(x,fy) ,dly,£x)}. 


The translation is (C*) of the lemma with R=Max{---}. There 
is a difficulty with this translation since (C*) involves 
R-R(x,y). Another approach is possible. We translate a 
condition that gives a common generalization of many of the 
conditions in [9] . The following theorem was proved by Hicks 
and Rhoades in [4]. 


THEOREM 2. 2. Let (X,d) be a complete metric space 
and 0<k<1. Suppose f ts a self map of X, and there extsts 
an x such that 

(A) а(ку,к у) <k абу, ғу) 


for every y e 0(x,9) = (xe GO ЕА Then: 
(i) limf"x=g exists. 


n 
(41) ako) «E, d(x, fx) . 


(iii) If f is continuous at а, fq=q 
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It was pointed out in [9], that conditions (1), (4), 
(5) ,(7),(9),(11),(18) and (19) each imply (21) and (21) is 
equivalent to (21^). 


(ри) оо Ook «1, 


d (fx, fy) <k max{d(x,y) ,d(x,£x) ,a(y,£y), EY) 79 Qo fx) } 
It was noted in [4], that (21^) implies (A) for all уех, 


and for O<k<5 , (24) implies (A). The following general 


theorem follows from Theorem 2.1 and 2.2. 


THEOREM 2. 3. Let (X,F) be as in Theorem 2.1 and f 


a self map of X. Suppose there exists an x such that 
(A^) for &>0, Fey, £2, (КЕ) »1-kt whenever 


Fx ey? »1-t апа уе0(х,®) . 


Then: 
(i). limf'x =q exists. 


(ii) If f ts continuous at а, fq=q. 


yn 
(iii) For t» I-k f(x,Tx), we have 
n-1 
1-Fx p(t) <= d(x, fx) . 


n 


Thus, for condimious f, (A^) is more general than 
the translation of (21^). Also, (A^) refers only to the dis- 
tribution function. The compatible metric d satisfying d(x,y) 
<t if and only if Fy y(t) >1-t allows the translation of many 
other concepts and theorems from metric spaces to PM-spaces. 
The following will serve as an illustration. 

Let (X,d) be a metric space and let є> 0. X is e-cha- 
inable if for every x,y EX, there exists Хо’Х и Хр in X 
such that 

d(x; ,X 4,1) «Gp EU Sont 
For PM-spaces the condition becomes 


F (=) >1l-e, i20,1,...,n-1. 
X1, 441 
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A mapping f is called an (£,2)-10cal contraction if 
d(fx,fy) <Ad(x,y) whenever d(x,y) <=. 
This becomes 


Fey, gy (At) »1-At whenever Fy y (CO >l-e and 


F (А) > 1-А; that is, whenever 
х,у 


Fy (о) > 1-а where a-miníe,A). 


Edelstein ^5 Theorem [2] for РМ -spaces follows. 


THEOREM 2.4. Let (X,F) be a complete e-chainable 


symmetric PPM-space such that 


Fy y (7*8) 2min(F, ,(r),F, „(8)}. 
Suppose #Ғ:Х + Х is an (e,A)-contraction, where 0<ì<1. 
Then f has a unique fixed point p and lim f"x-p for any x 


A n 
in X. 


PROBLEM. Can the condition Р, z (rts) >min{F, (r), 
, = [54 


Fy (в) in Theorem 2.1 be replaced by some other reasonable 


(weaker) conditions ? 
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ABSTRACT 
In this paper some properties 
investigated and a fixed 


of the probabilistic 


inner measure of noncompactness are 
point theorem is proved. 

Beginning with Bocsan s work [1], remarkable attention 
has been paid to probabilistic measures of noncompactness (bri- 
efly, probabilistic measures) and their applications to fixed 
point theory [2-7]. Usually probapilistic measure is assumed to 


have the properties: 
1) $a (t) = 1 (Vt»0) if and only if A is precompact, 
2) боль n 
3) Фдув = min(ó,,$4) a 


Having been suggested by [8], here we show that for getting 
fixed point theorems it suffices to assume 1) and that 


27) феод 2. ФА, 


312) 95 Ux) > ФА for each singleton {x}. 


Then, as an example, we give the definition of probabilistic 
inner measure and establish some of its properties and its 
relation with the inner measure studied in [8-9]. 


AMS Mathematics subject classification (1980): 47H10 
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lo Let us first recall some definitions. In the 
sequel we shall use the following notations. R (R*) stands 
for the set of all real (non-negative) numbers, 2* - the fa- 
mily of all nonempty subsets of X, B(X)-the family of all 
bounded subsets of a locally convex space X, co A-the closed 
convex hull of A. 

A function F:R> [0,1] is called a distribution if it 
is non-decreasing, left-continuous, inf F-0, supF-1l. A 
random normed space is a pair (X,F) of a given linear space 
X and a family F of distributions (Е: ХЕХ }satisfying 


а) Е (t) 1 (Vt»0) if and only if х= ө, 
b) Е, (0) =0, 

=< t 
c) Fox (9) = FL C Те ), Ҹс#0, 


d) Fety tts) >min{F, (t)F, (s)) Б 


Putting p, (x) = sup{t:F, (t) <1-^}, (Ле [0,1] ) ‚ we get а semi- 


norm and (X,p3) becomes a Hausdorff locally convex space. In 
what follows by all the topological notions in (X,F) we mean 
the corresponding ones in (Х,р,). Let {Фд: A € B(X)) be a fa- 


mily of distributions satisfying 1),2^), 3^). 


DEFINITION 1. A mapping Т:Х+ 2Х ie said to be pro- 
babilistic $-condensing if Фтд > >, for every Ae B(X) which ts 


not precompact. 


Using the method of Reich in [10], we can prove. 


THEOREM 2. Let (X,F) be a quasi-complete random 

normed space, C a nonempty closed convex subset of X,T:C > 2€ 
an upper semicontinuous probabilistic -condensing mapping 
having a bounded range. If T(x) = coT(x), for every x in C then 


there extsts х, Є С such that хо е тх: 
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ру оо. Fixing ze C we denote $ = íycC:z e Y, Y 
is closed ‚сопуех and T(Y) =Y}. Then Ф#Й (since Ce?) and 
each chain in ($, S) has a lower bound. So by the Zorn lemma, 
Ф has a minimal element Z. Denote V= co(T(Z) U (z)) . Obviously, 
Ve? апа VcZ, hence V=Z. But it follows that Z is bounded 
and bmg < 97: SO Z is precompact. Since X is quasi-complete 


and Z is closed, it must be compact. Being an u.s.c. mapping 
acting in a compact convex subset Z of a Hausdorff locally 
convex space X, T has a fixed point by the well-known Ky Fan 


fixed point theorem. 


2. Of course each probabilistic measure with proper- 
ties 1),2),3) (in particular, the measures Oy and By Th [1,2])› 
has properties 1), 27), 37). We now present a nontrivial еха- 


mple of probabilistic measure with these properties. Denote 


hap(t) = sup inf sup Е (s) and call it the probabilistic поп- 
s<t x€A yeB Y 
symmetric Hausdorff distance between A and B in B(X). Now the 


probabilistic inner measure of A is defined by b, (Е) = supíp > 0: 


there is a finite set Ac 


Remember that in [3] we defined ВА (t) =sup{p>0: there is a 


SA with hj, (t) >р} for Ae B(X), teR. 
2 2 


f 
des with the probabilistic  Hausdorff measure introduced by 
Constantin and Bocsan in (2) , where h is replaced by H - the 
probabilistic Hausdorff distance. Obviously, we have 


finite set А; <х with h,, (Е) >р}, and showed that it coinci- 
= 2. 


(1) ba < By 


It is not difficult to see that by is a distribution. Besides, 
by Proposition 5(8) in [3] (where in the proof A, was taken 
in A) we have 

(2) by >a, - 
From (1) and (2) it follows that ba has property 1). Further, 
Observe that in the definition of ba we may replace a finite 
set by a precompact one, so modifying the proof of Proposi- 
tion 5(6) in [3] we get property 2^). Property 3^) is also 
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easy to verify. Obviously, in general by is not monotone with 
respect to A so it need not satisfy 2) and 3). 


Moreover, modifying the proof of Proposition 5 in (31 
and using condition c) of e above we easily get the following 
further properties of ba: 


4) 
5) 
6) 


7) 


Boalt) = b, ( TTA ), Уст О, 
В+ = DA 4 
ba ug > nin(b, by) 5 


ba, (tts) >min{b, (t) rb, (s) } 


Also, modifying the proof of Proposition 7 in [3] we 
can see that every probabilistic. contraction is probabilistic 
b-condensing. 


3. 


DEFINITION 3. A distribution f is said to be 


strict if it is strictly monotone, i.e. for each c € (0,1) the 


eguation f(t) =c has at most one solution. Geometrically, it 


means that the graph of £ does not contain any horizontal in- 
terval outside two lines у= 0 and y=0. 


In [9] Danes introduced the inner Hausdorff measure 
as follows: 


(3) 


X(A) = inf{e > 0:А has a finite c-net in A} 


We now modify this notion for a locally convex space (х,р)) 
by putting 


X4 (A) =inf{e>O: there are x 


where By (x,,€) = {хе X:pj (x-x1) <=}. Obviously this 


measure has the following properties: 


РА 


i) 
ii) 


iii) 


X4 (A) = 0 (уле (0,1)) if and only if A is precompact, 


x, (AU {x}) «x, (А) for each x in x. 


The following result establishes the relation between 


and Xx ° 
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THEOREM 4. Let (X,F) be a random normed space, ba 
the probabilistic inner measure in X. Put 
£x (A) = sup(t:b, (t) XO 


Then ху < В m ba ts Strict, we have X3 = В 


x" Y 
Conversely, if X3 ts the inner measure which їз left- 


continuous and mnon-inereasing in A, then 
(4) Ba (t€) = 1- ѕор(л є (0,1) :x, (A) > t) 


is a distribution with properties 1), 2°), 3°) and 84 >b,. 
Moreover: by ts strict >b, = ВА . 


Pro o f. Fixing A and \ we denote K= {t:b, (t) <1-А}, 
ѕо а = 8, (A) -supK. First we show that а> х) (A). Let tyra, 
then b, (to? »1-A . By the definition of ba we get 


sup(p» 0: there are x,,...,X, e A with sup inf maxF, (s) >р} 
s«tyxeA i чу: 


"mitt c 
So there are хр, х Є А such that 


sup inf maxF y (sole: 
s«t5 xeA i i 


1 
1 


This implies that there exists an 5 < La such that for 


each x e A there is an i with FL, (sg) >1-) . This inequality 
i 

is equivalent to p, (х-х;) <s, (see, for example, [11]). But — 

this implies immediately that x, (А) «s, « t,, from this x, (AS — 


£a=8, (А). 


Tex, (с) > 1-3. But it implies 
} (©) 7 sup inf maxF 


Pats =5ы хел ои 
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So by the definition of by we get b, (b) PN. 5щсе ba is 


nondecreasing and left-continuous, К is closed, i.e. ае K.But 
this implies b, (a) =b, (b) =1-A, a contradiction to the stric- 
tness of ba and the first part of the theorem is proved. 


Now fix A, t and denote Ba (Е) =a. Then we must show 
that a >b, (+) . Suppose the contrary that а < b, (t) . Choose a 
Ag € (0,1) so that О<а<Ь = 1-15 < bà (t) . Then by the defini- 


tion of b,, there exist x,,...,X, € X such that sup inf max Е 
A 1 n T 
s«t x€A i 


> b. So there is an Зо < t such that for every x € A there exists 


xx, (= 


an i with хх (го) >b or equivalently, DE gy) < sg. From this 


XY) 656 < &, consequently, Ag? sup(A:x, (A) >t}, hence 1-А = 


=b< g, CO , a contradiction. by is strict => b,= B,- To prove 


it, denote b, (A) =sup{t:b, (t) < 1-А} and recall that b, (t) = 


= sup{p:3{x } <А, ha (x 9C? >р}, x, (А) = іп (є: 3(х,) <А, 


А SUB, (x,,€)}, B,(t) =1- sup{A:x, (A) >t}. One can prove that 
b, (t) =1- sup{A:b, (A) >t}, so for proving ba^ ВА it suffices 


to show that X, =b)- 


First note that b, > X) without any assumption. Indeed 
denoting K= (t:b, (t) »1-2), a=b, (A) we have a- inf K 
(here А and A being fixed). Take уек, then b, (v) > 1-A and 


hence 3{x_} SA, За < v such that Vxe A 3i with F (u) 2 1-A 
i 
but it implies A CUB) (x ru) and hence X, (A) <v. So x4 (A) < 


< inf K = a=b)(A). 
Now suppose b, is strict (i.e. t<s => b, (t) < b, (S); 
except for b, (Е) =b, (5) =0 or 1). We assume the contrary that 


a=b, (A) > a > x, (A) . Then atx, } SA such that Vx eA 31 with 


(x-x,) «a^ but it implies inf пах Е (EXD) > 1=л. So PAGD 
Py 1 XA ПХ C = 


»1-A for each t»a^ . Since b, is strict, infK = inf(t:b4 (t)? 


»1-Af. From this, a^» infK-a, a contradiction. 
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So a =b, (A) = x, (A). 
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ABSTRACT 


It is now well known [4] that the Banach principle for probabili- 
stic contractions is valid in complete Mager spaces under a continuous 
t-norms whose iterations are equicontinuous at х=1. The aim if this note 
is to give a chatacterization of this class of t-norms and to show that 
the above mentioned principle can be obtained from the classical. Thus 
we obtain an improvenent of our similar result in [6] where the Min case 
was considered. 


The terminology and the notations are as in [2,10]. 


DEFINITION. We shall say that the continuous t-norm 
T is an h-t-norm if the family T4 defined on [9,1] by 


Ti (x) =x, Tu (x) =T(T G),x), 


ts equicontinuous аё x =1. 


Examples of h-t-norms are given in [3,4]. Our follo- 
wing result shows that the h-t-norms have a very simple structure: 
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LEMMA 1. The following statementé are equivalent 


A. T ts an h-t-norm; 


B. T is continuous and Va 20, 3b >a such that 
T (b,b) =þ <1, 


i} 52 (у ©) 5 Suppose that А. holds and let а 20 be 
given. Then there exists c >0 such that Ти (>) >a, ух >с, 


wm >l. Since clearly {Ta (с) } is nonincreasing, then it is 
convergent to some limit b >a. As 


To (с) = T(T (c), т (с)) 


then b -T(b,b) and we obtain that A. implies B. 


Conversely, it is obvious that B. implies A. and the 
lemma is proved. 


REMARK 1. In the proof of А.==> В. only the left - 


equicontinuity at 1 of TA and the right continuity of Ti is 


used. Clearly, the continuity plays. по role in B: =>A. 


REMARK 2. The h-t-norms were considered by O.HadZió 


who also constructed an example different from Min [3,4]. 


The following lemma shows how to construct generali- 
zed metrics on a Menger space under an h-t-norm: 


LEMMA 2. Let T be an h-t-norm. For 0 «aj «a4 <,... 


Tr. <a, +o, 0 «bi <b, <... <b? k T (b, bi) zb Let us set 


1 


0 if х <a 
F (x) - { F 


Da IR е (aaant в BEN Яроос 
Consider a Menger space (S,F,T) and define 


d(p,q) = inf{a 20, Ера(ах) 2F(x)Vx eR) 


Then (i) d ts a generalized metric on S; 
(ii) If S is F-complete then S is d-complete; 
(iii) The d-topology is not weaker than the F-topology. 
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IU 55 3) (e) fi (i) We prove only the triangle inequality. 
Ifd(p,q) «a^ «a,d(q,r) «b^ «b and x е (а, а] then 


>. > 


> TQ(F(x)) =Т(Ь Б) -b, -F(x) . 


Therefore d(p,q) «a^*b^ <а+ь, and we obtain the triangle ine- 


quality. 


(ii) and (iii): Let {р} be a d-Cauchy sequence 
and fix а 20. By the definition of d, there exists n, 21 such 
that 


F (ax) »F(x), Vn »n ym 21, Vx ев. 
PnP nim 
ТЕ Е 20 and A € (0,1) are given, then let a 20 and Zo ER such 
that F(Z ) >1-А and az «e. 
о о — 


TE n >na’ m »1 then Е (=) >1-A, which shows that 
PnPnam 
Pn is F-Cauchy. If we suppose that S is F-complete then fp? 
is F-convergent to some limit p. Therefore 


F(x) « lim F (az) =F (az, 
T me РаРл-на PrP 


for each real 2 and all n>n,, that is d(p,/p) «a, Vn >п. 


Thus {р} is d-convergent and the lemma is proved. 


REMARK. For given Ро’Чо in S we can take a, in the 


lemma such that ee s 2 and the metric d is nontrivial in 


this case. : 
The following result was proved іп [4]: 


THEOREM A. If (S,F,T) ts a complete Menger space 
under an h-t-norm then each probabilistic contraction on 5 
has a unique fixed point which is the limit of the succesive 


approrimations. 
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REMARK 3. As it is well known [7,8,1,2] the Banach 
contraction principle is a consequence of the above Theorem 
A. We will prove the following. 


THEOREM B. The Banach fixed point principle implies 
Theorem A. 


P r o o f. Let (S;F,T) and f be as in Theorem A. If 
Po is given in S^ then let a, and bn be as in Lemma 2 and 


such that F_ f (a) zb Consider the generalized metric d 
o fo 
as in Lemma 2. It is each to see that d (po, fp)** and there- 


fore [5] 5 © = 95 eS, 3 (ps; q,) <=} is a complete metric space 


and f is a contraction in бо Therefore Pn =f"p, d-converges 


to the (eviđently unigue) fixed point of f and the theorem 
follows. 
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A NOTE ON ALMOST CLOSED MAPPINGS AND 
NEARLY  PARACOMPACTNESS 


Ilija Kovačević 


Fakultet tehničkih nauka 
21000 Novi Sad, ul. V.Vlahovića br. 3, Jugoslavija 


ABSTRACT 
In this note it will be shown that the Lemma 1.1 in [4] and ‘the proofs 


of some theorems in [3], [4], 7] and [10], where this lemma was used,are not 
correct. 

It will be shown that this lemma and these theorems are correct with 
new additional condition. 

Moreover, some new characterizations of almost closed mappings will 
be shown. 

All definitions could be find in the paper [4]. 


In [11] T.Noiri has proved: 


LEMMA A. If a mapping £:X+Y ts almost continuous 
and almost open, then: 
a) For each regularly open set V of Y, #52 (У) ts regular- 
Ту open in x, 
b) For each regularly closed set V of Y, ғ} (у) їв regu- 
larly closed їп X. 


AMS Mathematics subject classification (1980): Primary 54C10, 
54D10, 54D18 

Key words and phrases: Almost continuous mapping, continuous 
mapping, almost open and almost closed mapping, closed and star 
closed mapping, a-irreducible mapping, almost-upper semtcontt— 
nuous decomposition, quotient topology, regularly open and 
regularly closed set, a-nearly paracompact,a-nearly compact, - 
a-paracompact, nearly paracompact, locally nearly compact, = 
Hausdorf space, regular space, almost-regular space, almost 
normal space. н HV 
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In [3] the author has proved: 


LEMMA B. (Lemma 1.1) If a mapping f:X—+Y ts almost 
continuous and almost closed, then: 
a) For each regularly closed set F of y,£ (o) ts regu- 
larly closed in X, 
b) For each regularly open set V of y, £^! (v) is regular- 
ly open open in X. 
From the following example it follows that Lemma B 


is not correct. 


EXAMPLE 1. Let 


X={a,b,c,d,e}, ту = (f, (a), (b), {a,b}, {a,c}, {a,b,c}, (a,b,d), 


(a,b,c,d),X) ; 


У = {а,Ь,с}, ty = (9, {а}, (5) , (a,b) ,Y) . 


Let #:Х + Y be a mapping of a space X onto a space Y defined by 
f(a) -b,f(b)-a, f(c)-f(d)-f(e)-»c. 


f is almost continuous and almost closed. (b) is regularly 
open in Y, since a({b}) = {b}°= {b,c}°= (b). But £ l((b)) = 


= (a) is not regularly open in X, since 


a({a}) = {a,c,d,e}° = {a,c} # {а}. 


However, we can show that the Lemma B is necessarily true if a 


new condition is added. 


LEMMA 1. If f:X ^Y ts almost continuous and almost 


closed surjection, such that for each regularly closed set Е 
О 
e*(e((e Eo = [ew]? , then 
a) For each regularly closed set F of y,£ (Œ) 18 regu- 


larly closed in X; 


b) For each regularly open set V of vy,f (у) is regular- 


ly open tn X. 
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РИСО ОСЕ a) Let Е be any regularly closed subset 
of Y. Then £} (F) is closed. Hence we have 
Ein]? ex ao 


On the other hand, since f is almost countinuous and F° is non 


empty regularly open subset of Y, #7 (FO) is open, hence 


£1 (PO) E E fee M 
Since f is almost closed and [£1 (]9 is regularly closed, 
then f([f |(F)]9) is closed. Since f^l(r?)e [f (ry]Ó, then 


roce([e 1(Р)]°) , i.e. F=F°c £((E T(P)J") . Hence ме 
Dave ре 1 (Е) E E 


Hence we have 


£l(g) "eee 
b) Let U be any regularly open subset of Y. Then У\ 


is a regularly closed subset of Y. £ ! (vu) = ЖЕ l (u) is regu- 
larly closed, hence £^! (о) is regularly open. 


A mapping #:Х + Y is said to be a-irreducible iff for 
every regularly closed subset F of Y there is no proper regu- 
larly subset of f l(F) mapped onto the whole of F. 


COROLLARY 1. If f is an almost .closed, almost con- 
tinuous and a-irreductble mapping of a space X onto a space 
Y,then for each regularly open (regularly closed) subset F of 
Y, Fm (F) ts regularly open (regularly closed) in X . 


The following example shows that there exists a map- 
ping with the properties as in Lemma 1, which .is not 
almost open. 

EXAMPLE 2. Let 


X = {a,b,c,d} , ty = (B, (a), (b), (c), (a,b), {a,c}, {b,c}, 
fa,b,c),X) ; 
Y = {a,b,c}, ip = {$ ,{a},{c}.{a,c},Y¥} . Vaša 
=: 
aaa FA 
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Let f:X+Y be a mapping of a space X onto a space Y defined by: 


f(a) =a, £(b) = £(d) - b, #(с) = с 


f is almost closed and almost continuous. f is not almost open, 
since f((b)) ={b}({b} is a regularly open set in X, since 
a({b}) = (b,d)? = (b)) is not open in У. 


The proper regularly closed subsets in the space Y are 
the subsets 


Eee {a,b} and Eo) {b,c} 


[Fc TAKE {a,b,4}S = {a,b,d}; GE?" 1) % t5, c, a)? = (b,c,d). 


eq T] = (ЕЧаь,а})) = 
l ( {a,b}) = {a,b,d} 
E eO) = #71(((Ь,с,4))) = =" ({b,c}) = {b,c,d} 


TE 


f is not a-irreducible, since f (G1) = {a,'d} is a proper regu- 


larly closed subset of CHER = (a,b,d) such that f£(f. (FY) =F 


1° 


The following example shows that there exists a mapping 
with the properties as in Lemma 1 


, which is not almost open and 
continuous. 


EXAMPLE 3. Let 


X= {a,b,c,d,e}, ту = (g,(a),(b),(c), (a,b), (a, cMb,c), {a,b,c} X}; 
У = (a,b), ту= (2, {а}, Y). 
Let Е:Х-+У be a mapping of a space X ontoa space Y defined by: 
f(a) = f(d) =a, f(c) = #(Ь) =Е(е) =Ь . 
f is almost closed and almost continuous . f is not almost 
open, since £({b}) = (b), nor continuous, since = 1({а}) = {а,а} 
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By using Lemma B, the author has proved: 

Theorem А ([3],[4],[7]). Let £:X+Y be any almost clo- 
sed, almost continuous mapping of a space X onto a space Y. 
Then: 

a) if for each point y e y, £ (y) is a-nearly paracompact 
(a-nearly compact)and if X is almost regular , Y is almost re- 
gular. 

b) if for each point y € ү, ly) is a-nearly compact and 
if X is almost regular nearly paracompact, Y is almost regular 
nearly paracompact, 

с) if К is a-nearly compact, f(K) is a-nearly compact, 

d) if for each point y e v, £ Чу) is a-nearly compact and 
if X is a Hausdorff locally nearly compact space, Y is Haus - 
dorff locally nearly compact. 


The proof of this Theorem is not correct, since we are 
used that the inverse image of every regularly open set is re- 
gularly open. We do not know if the formulation of this 
Theorem is true. р 

However, we can show that Theorem В is necessarily 


true if a new condition is added. 


THEOREM 1. Let £:X+Y be any almost closed, almost 
continuous mapping of a space X onto a space Y, such that for every 
regularly closed set F of ¥,£ |(£([f |(F)]O))-[f E]? - Then: 

a) tf for each point y ev,£ (у) ts a-nearly paracom- 
pact and tf X ts almost regular, Y ts almost regular, 

b) if for each point yey,f (y) ts a-nearly compact and 
if X ts almost regular nearly paracompact, Y ts almost regular 
nearly paracompact, b 

c) tf K ts a-nearly compact, £(K) ts a-nearly compact; 

d) tf for each point уе УЕ Xy) ts a-nearly compact and 
tf X ts a Hausdorff locally nearly compact space, Y ts Haus- 


dorff locally nearly compact. 


10 ка О ОЕ: a) It is identical with the proof of 
Theorem 2.3 in [4]. ^ 
b) It is identical with the proof of Theorem 2.1 in [3]. 
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C) It is identical with the proof of Lemma 2.1 in [4]. 
d) It is identical with the proof of Theorem 2.9 in [4]. 


REMARK 1. Theorem 1 is true if f:X + Ү is an al- 


most closed, almost continuous and a-irreducible surjection. 


THEOREM 2. If f ts a closed almost continuous map- 
ping of a regular space X onto a space Y such that £t) 18 


a-paracompact for each point y єҮ, then Y is almost regular. 


12 ха (e) (e) 845 It is similar to the proof of Theorem 
2.2 in [4]. 
COROLLARY 2. If f is an almost closed almost continu- 


ous mapping of a regular space X onto a space Y, such that 
f (y) ts a-nearly paracompact for each point у є Ү, then Y is 
almost regular. 


PETZONONT f is closed (Theorem 1, [9]) . In a regular 
Space every q-nearly paracompact is a-paracompact. 


COROLLARY 3: (B1) If X ts regular and f:X+Y is 
арш nost continuous and almost closed surjection such that 
f (y) 18 compact for each point yeY, then Y is almost regu- 
Lar. 


THEOREM 3. If £ ts an almost closed continuous map- 
ping of an almost normal space X onto a space Y such that for 
-1 --Г о гаса 
each regularly closed subset Е of Y, Е (f([f (F)J°))=— (FY, 
then Y ts almost normal. 


Proof. Let U be an open and V an regularly open 
set in Y such that UU V - Y. Then f l(U) is open and £ (v) is 
a regularly open set in X such that £} (uU) U£ (V) =X. since 
x is almost normal, then by Lemma 2.1 in [5],there ipe gc 
regularly closed subsets A5 and B, of X such that AC f (U), 
B cf) апа A UB_=X. Since f is almost closed, then A= 
a £(A,) and B= £(B,) are closed sets, such that AcU, BcV 
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and AU B- Y. Hence, by Lemma 2.1 in [5], Y is almost normal. 


LEMMA 2. Let f be any mapping of an almost regular 
space X onto a space Y such that for each point y e Y, #)(у) 18 
a-nearly paracompact, then the following are equivalent: 
a) £ ts almost closed, 
b) = is star closed, 
c) for any subset K in Y and any star open set U conta- 
ining fs bk), there exists an open set V in Y such that KEV 


and £l(v) cU. 


РОО E. (a) (b). First, it will be shown that 
f:(X,t*) >Y is almost closed (t* is semiregularization of т). 
Let Е be any t*-regularly closed set. Then, there exists т* - 
open set U such that F= От» 7U,, hence F is t-regularly closed. 
Since f:(X,1) + Y is almost closed, then f(F) is closed. f is 
the almost closed mapping of the regular space (Х,т*) onto a 
Space Y such that є! (у) is a-paracompact for each point ye Y, 
hence, by Theorem 1 in [9] Е: (Х,т*) ^Y is closed. Hence the 
implication is proved.(b) + (a), which is obvious. 

(b) + (c). Let К be any subset in Y and U be any star 
open subset in X containing є} (к) . Let V=Y\£(X\U). Since f 
is star closed, f(XNU) is closed. Hence V is open in Y such 
that 


ЖЕ (Ку = EL (уу = х\ғ71(#(х\0))= 0. 


(с) > (b). Let A be any star closed subset in X and 
у e YXA£(A) be any point.Thenwe have #1 (у) = Х\А. Since X\A is 
star closed, there exists an open set V in Y such that 
£l (yje £ (y) с Х\А, i.e. y e Үс У\Е(А), hence Y\f(A) is open 
in Y. Hence f(A) is closed. 


LEMMA 3. Let X be aimost regular, and A and B be any 
disjoint sets such that A is a-nearly paracompact and B star 
closed. Then, there exist disjoint regularly open sets contait- | 

>. 


ning A and B respectively. +. che ПОМИ 
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15} og (ө) (e) іе XNB is t*-open set containing A which is 
«-paracompact in (X,t*). Since (Х,т*) is regular, there exists 
a t*-open set C such that AcCc C, 4.7 C, C XNB. Let U-a(C)- 
Then, U is a regularly open set such that Ас USUS X\B. Let 


V=X\U. U and V are disjoint regularly open sets containing A 
and B respectively. 


COROLLARY 4. Let X be any Hausdorff almost regular 
space. Then,for any disjotnt a-nearly paracompact sets A and 
B, there exist the disjoint regularly open sets U and V conta- 


ining A and B respectively. 


ргоо f. In a Hausdorff space every a-nearly para- 
compact is star closed (Theorem 1. PAN) 


THEOREM 4. If f:X Y ts an almost closed mapping of 
an almost regular space X onto a space Y such that £y) ts 
star closed for each point y € Y and £ 1 (Е) is a-nearly para- 


compact for each proper regularly closed set Е of Y, then Y is 
almost regular. 


2х2 (©) (©) #50 Let Е be any regularly closed set in Y 
and y £ F be any point. Then, by the preceding Lemma, there ex- 
ist the disjoint regularly open sets U and V such that £e 
CU and £(y)ev. Since f is almost closed, then there exist 
the open sets U, and V, in Y such that FSU, ye V,, £l(r) € 
cur qur yes U and £l(y)e £ (v) ev. Hence, Y is almost regu- 
lar. 


COROLLARY 5. If £:X+Y is an almost closed mapping 
of a Hausdorff almost regular space X onto a space Y such that ! 
£t) and £l) are a-nearly paracompact for each point уєҮ 
and each proper regularly closed set F in Y, then Y ts Haus- 


dorff almost regular. 


P.r o o f. Y is almost regular. Now, we shall show 
that Y is Hausdorff.leta-andbbe different points of Y. FRA) 
and £10) are disjoint a-nearly paracompact sets in X, hence 
there exist the disjoint regularly open sets U and V containing 
Е (a) and = l(b) respectively. 
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Since f is almost closed, then there exist open sets U, and Vi 


1 


IIT £(u)evu and £ (v) ev, hence Y is 


such that ае Ui, 1 


Hausdorff. 


THEOREM 5. If £ ts an almost closed mapping of a Ha- 
usdorff space X onto a space Y such that Е (у) ie a-nearly 
compact for each point y є Y and £r) ts a-nearly paracompact 
for each proper regularly closed set F of Y, then Y ts Hausdorff 
almost regular. 


P r o o f. By the Theorem 3 in [13] Y is Hausdorff. 
Now, we shall show that Y is almost regular. Let F be any re- 
gularly closed subset of Y and y # Е any point: Since є! (у) іѕ 
a-nearly compact and Е (s) is a-nearly paracompact, then by 
' Theorem 2.1 in [4] there exist disjoint regularly open sets 
U an V containing £l(y) and £l(r) respectively. Since f is 
almost closed, there exist disjoint open sets U, and V, con- 
taining F and y respectively, hence Y is almost regular. 


THEOREM 6. If Е:Х-+У ts an almost closed and almost 
continuous . mapping of a Hausdorff nearly paracompact (almost 
regular nearly paracompact) space X onto a space Y such that 
for each proper regularly closed set F of Y, £ 1 (F) $3 а-пеа- 
rly paracompact and for each point уєҮ, £ (у) ts a-nearly 
compact (star closed a-nearly compact) then, Y ts Hausdorff 


almost regular nearly paracompact. 


PETOLO Ро У is Hausdorff almost regular. We shall 
show that Y is nearly paracompact. Let U-.(U,:i € I) be any re- 
gularly open covering of Y. Since f is almost continuous, 
£ lu) - (& (u,) : ie I) is open covering of a space X. Since X 
is nearly paracompact, there exists regularly open locally fi- 
inite refinement V = tv}: jeJ} of {a(£? (u;)): ieI).Then by 


ILemma 2 in (12) (£(3) : jeJ} is locally finite covering of Y. 


4£ (V5) : jeJ) is closed locally finite covering of Y. For each 


Гео there exists i(j) є I such that V3 ca (E 5 (0, 47) SE gr | 


№ = "P 
ence Eve £(V_) SINI - ка: 
* 
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Now, {£(v5): jeJ) is a closed locally finite refine- 


ment of {U;: тет}. 


Ву Lemma 1.1 in [20], the family Ev] : jeJ} isa 
locally finite regularly closed cover of X. Since [£5]? c 


c a (0; (4)) EU then ([£(v,)]°: jeJ} is a locally finite 

family of open sets which refines U and the closures of whose 
members cover the space Y. Hence, by Lemma 1.3 in [6], Y is 
almost paracompact. Since every almost regular almost paracom- 


pact is nearly paracompact, then Y is nearly paracompact. 


THEOREM 7. If £:X+Y ts an almost closed mapping of 
a Hausdorff locally nearly compact space onto a space Y such 
that є} (F) is a-nearly paracompact for each proper regularly 
closed subset Е <Ү and £} (у) is a-nearly compact for each po- 
int y€Y, then Y ts a Hausdorff locally nearly compact. 


1D бе (9) © 190 Y is a Hausdorff almost regular space. We 
shall show that Y is locally nearly compact. Since X is a 
Hausdorff nearly compact, for each point хє EMU (y), there exi- 


sts a regularly open neighbourhood к such that Ky is a-nearly 
compact. Now, the family 


КК: xef (yy) 


is ап X-regularly open cover of = у) ‚ hence there exist а finite 
number of points x,,X5,...,X, in = 1y) such that 


-1 » 
f (y) = U{k, 3 MEN Яровой 
Let 1 


К = ШК :121,2,...,n) 


i 
£l(y)ex?. Since f is almost closed, then there exists an 
open set Vy containing y such that (у) кох Hence, we have 


x 


yev S£(KO)£(K) . 


Since in a Hausdorff space every a-nearly paracompact is star 
closed, then f is almost continuous. Since f is almost conti- 
, 


nuous and almost closed and K is a-nearly compact, then f(K) 
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is almost compact, i.e. a-nearly compact (X is almost regular). 
f(K) is closed, hence уус (0). ve is a-nearly compact, hence 


Y is locally nearly compact. 
By using Lemma B the author has proved: 


THEOREM B. ([4],[10]) Let X be a topological space. 

Let D be an almost-upper semicontinuous decomposition of X 
and let D have a quotient topology. Then: 

a) if X ts almost normal, D is almost normal ; 

b) tf the members of D are a-nearly paracompact subsets 
of X and if X is almost regular, D is almost regular; 

с) tf the members of D are a-nearly compact subsets of 
and if X ts almost regular (almost regular nearly paracompact 
Hausdorff locally nearly compact) D is almost regular (almost 


regular nearly paracompact, Hausdorff locally nearly compact). 


The proof of this Theorem is not correct, since we have 
used that the inverse image of every regularly open set is re- 


gularly open. 


EXAMPLE 4. Let 
Х = (a,b,c,d,e), ще = (£, (a), (b), (a,b), (a,c) , (a;b,c),(a,b,d), 


{a bi end 29; В 


D={{a}, {b}, {c,d,e}}; t5 = (f {{a}},{{b}}, ({a,b}},D}, к= ШЩҖрхр:рер} . 


The projection P:X- X/R is almost closed (the decomposition is 
almost-upper semicontinuous) such that P l(((a)))» {a} is not 


regularly open in X. 


LEMMA 4. Let X be a topological space. Let D be an 
almost-upper semicontinuous decomposition of X such that for 
each proper regularly closed set A of X, R[A] ts a-nearly pa- 
racompact (R=U{DxD: рєр)}) . Let D have a quotient topology. 
Then, for each proper regularly closedsubset A of D, p (А) is a- 


nearly paracompact. 


. 
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РОО O ғ. Lek A ре any pro r ri arly closed subset of 
7 a per regularly 
D. Then we have Р (A?) = [P (A)J9e»* lA), hence P(P l(49))€ 


MM i.e. А°©р([Р !(4)]9) CA. Since 
P(E (A)]9) is closed we have A-P([P ^ (4j]?), i.e. 


pau). p+ (p (fe (Ay) ) = ‘REP pt (Ay) 
Since Plan (Ay]° is regularly closed, hence P L(A) їз a-nearly 
paracompact. 


THEOREM 8. Let X be a topological space. Let D be an 
almost-upper semicontinuous decomposition of X. Let D have a 
guotient topology. Then: 

a) if the members of D are star closed in X such that for each 
proper regularly closed set A of X, R[A] is a-nearly paracom- 
pact (R=U{DxD: De D}) and if X almost regular, D is almost 
regular ; 

b) tf the members of D are a-nearly paracompact £n X such that 
for each proper regularly closed set A of X, R[A] is a-nearly 
paracompact and tf X is Hausdorff almost regular, then D is 
Hausdorff almost regular; 

e) tf the members :of D are a-nearly compact of X such 
that for each proper regularly closed set A of X, R[A] is a- 
nearly paracompact and if X is Hausdorff locally nearly com- 
pact (Hausdorff nearly paracompact), D ts Hausdorff almost re- 
gular locally nearly compact (Hausdorff almost regular nearly 
paracompact); 

d) tf the members of 0 are star closed a-nearly compact 
of X such that for each proper regularly closed set A of X, 
R[A] ts a-nearly paracompact and if X is almost regular nearly 
paracompact, D is Hausdorff almost regular nearly paracompact. 


DELSONONS a) This follows from Theorem 4. 
b) This follows from Corollary 5. 
c) This follows from Theorem 6 and Theorem 7. 
d) This follows from Theorem 6. 
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THEOREM 9. Let X be a topological space. Let D be an 
almost-upper semicontinuous decomposition of X, such that for 
each proper regularly closed subset А of X, (R-U(DxD: DeD}) 
R[A] = (R[Íx]:x eA) ts locally finite. Let D have a quotient to- 
pology. Then: 

a) if the members of D are closed in X thena subset A of D 
ts regularly open iff it is regularly closed; 

b) if the members of D areclosed inXthen P(A4) is regular- 
ly open (regularly closed) for every regularly open (regularly 
closed) subset of D, 

с) if the members of D are closed in Xandif X is almost nor- 
mal, D is almost normal; 

d) tf X ts Hausdorff locally nearly compact (Hausdorff 
nearly paracompact) and tf the members of D are a-nearly compact 
mX, D is Hausdorff almost regular locally nearly compact 
(Hausdorff almost regular nearly paracompact); 

e) if the memhers of D are closed a-nearly paracompact in X 


and if X is almost regular, D is almost regular. 


PRTNONONF.. a) Let F be any regularly closed subset 


of D. Then Ср! (Е) © is regularly closed, such that P {Pp } (F)] 9))= 


zl IEEE SS 
=P (Е) = REP !(g)9) = {АСЯ :хе[р 1(p)]9). Since {REX -хе 


= L- 
€ [Р (Р)] 9} is locally finite then, the family (ВСЯ :хер |(F°)} 


is locally finite. Thus, we have P l(r?) = U {ВС :x e P_{(F")} = 
=1,0о 


= Р (F^). Hence, Е is open and closed. 
b) This is obvipus. 
с) This is similar to the proof Theorem 3. 
d) This is similar to the proof of b) and d) in Theorem 1. 
e) This is similar to the proof of a) in Theorem 1. 
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REZ IME 


SKORO ZATVORENA PRESLIKAVANJA U BLIZU 
PARAKOMPAKTNOST 


U radu se posmatraju osobine skoro zatvorenih preslika- 
vanja. Pokazuje se da postoji skoro zatvoreno i skoro neprekidno 
preslikavanje sa osobinom da inverzna slika skoro otvorenog 
(skoro zatvorenog) skupa nije uvek skoro otvoren (skoro zatvoren) 
skup. Medjutim, ako je £ skoro zatvoreno i skoro neprekidno pre- 

i + f п =! ey? E 
slikavanje prostora X na prostor Y sa osobinom da je f (f(Lf ))= 


-1 
= [fr (ЕЛ tada je inverzna slika svakog skoro otvorenog (skoro 


zatvorenog) skupa skoro otvoren (skoro zatvoren)skup. 


Dalje se ispituje kako se odnose skoro regularni, Haus- 
dorffovi, skoro normalni i blizu parakompaktni prostori pri skoro 
zatvorenim preslikavanjima. 

Na kraju se daju neke osobine skoro odozgo poluneprekidnog 


razlaganja datog prostora. 
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ABSTRACT 


In BI H.Steinhaus introduced the concept of a permutation func- 
tion of the interval [0,1) and proved several theorems about these func- 
tions. A.Mookhopadhyaya [2] and H.Miller [T] each have several results 
dealing with Steinhaus permutation functions. 

The purpose of this paper is to consider another class of func- 
tions, which we will call "switch functions", and show that they share 


certain properties with the Steinhaus permutation functions. 


1. PRELIMINARIES. Each number + е (0,1), can be writen in 
one and only one way in dyadic form. This is not quite true 
that is some numbers, those having finite dyadic representa- 
tions, have two representations; for example 


со 
172 y PES 
п=1 
In such cases we always assign the finite representation to 
the number under consideration, and in this sense each num- 


ber in [0,1) has one and only one representation. 
AME ENS. C 
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By a permutation P of the natural numbers we shall 
mean àny one-to-one function of the natural numbers onto the- 
mselves. 


As mentioned above each t е (0,1) can be written in 
the form 


е (е ЖУ 
n=] P 


where each en is either 0 or 1. 


For simplicity we will write this formula as 
t = 0:e,e5e, I 
If P is a permutation, then by applying P to the in- 
dices on the right hand side of the equation for t we obtain 
а new development which corresponds to a real number t^ in 
(0,1) given by 


$” = 0*ere5e4 Od , where e - €» (n) 


for each n -1,2,3,... 


For convenience we shall write P(t) -t^. That is the 
same symbol, i.e. P, is used for two different functions, 
but no confusion will occur as it will always be clear which 
P we are discussing from the context in which it occurs. 

Many facts about Steinhaus permutations functions(i. 
e. functions of the type P :[0,1) ~ [0,1), P(t) =t~ described 
above) are known. In the following some of the most important 
facts about Steinhaus permutation functions will be listed. 

1) If E is a Lebesgue measurable subset of [0,1) 
and P is any Steinhaus permutation function, then 


P(E) = (P(e) :eeE) 
is a Lebesgue measurable set and 
m(P(E)) = m(E) , 


where m denotes Lebesgue measure. Two different proofs of 
this fact can be found in the literature (H.Steinhaus [3] 
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and H.Miller [1]). 


2) Each Steinhaus permutation function is continu- 
ous at each point of (0,1) with the exception of at most 
countabily many points. The proof of this theorem is given 


in the paper of A.Mookhopadyaya [2]. 


3) Suppose that P is a Steinhaus permutation fun- 
ction that moves infinitely many natural numbers (i.e. P(n)# 
# п for infinitely many n). Then it follows that Р(х), the derivative 
of P at x, exists nowhere on [0,1). This result is due to 
H.Miller and can be found in [1]. 

We will now consider a new class of functions which 
we will call switch functions. 


If Е,уе [0,1) and 


= = 0-е. е_ез Aon T 


y = 0*yiYoY4 “Lore. 
are the unique (adopting the earlier mentioned convention) 


binary developments of t and respectively, then = 15 
defined by the formula 


S, C) - O-ere5e3 A v. 
where 
е^ =e if у = 0 and 
n n n 
еж = en if Yn il 


where ~ is the switch operation, i.e. 6 =1 and Î =0. The fun- 
ction t >S (t) (having domain [0,1)) will be called the 
switch function determined by y. 

In this paper switch function analogues of results 
about Steinhaus permutation functions will be proved. 


2. RESULTS. Let Р denote the collection of all 
Steinhaus permutation functions and let S denote the collec- 
tion of all switch functions. In our first result we will 
Show that the only function in PS is the identity function  — 
defined on [0,1). Ё 


mU. 
— - 
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THEOREM 1. РП $= {1} , where i denotes the identity 


funetion on [0,1), i.e. i(x) =x for every x € [0,1) 


1) Fe (оу (©) wag Suppose that P is a permutation of the 
natural numbers and P(i) =j, with ifj. 


Then (P(x))i, the jen number in the expansion of 
P(x), is given by 


(P(x)) 5 =x. , where x =0-x,x.x 


j 1%2Х2 -.. 
Furthermore Вуз, the th number in the expan- 
sion of 5 (у), is given by 
(S. (хуу = xX, or хр, 


depending on whether Yi is 0 or 1, where y =0:y,Y2Y31--" . 


In any case by the statistical independence of the 


numbers appearing in the aun and jth places of the binary 


developments of numbers in (0,1) we have 
m (x e [0,1) : (р(х); A (S (х)),) =1/2 . 
From this it follows that Р #5, for every y € (0,1). 


We next prove the analogue of 2) in section 1. 


THEOREM 2. If SeS, then S ts continuous on [0,1) 
with the exception of at most countabily many points. 


se (©) ©) 198 If S 65, then $ =5у for some y e (0,1). 
Consider the sequence of functions (SARE defined as fol- 
lows. For each x =0°x)x5x3 ... and each natural number n 


n - = 

((5,) (х)), = (s G0), Sys Т. 
апа 

(059) G6), =X, for all і >п. 


Then the sequence (m has the following properties. 
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a) (S) (х) , the derivative of (87) at х, equals опе 


for each х e[0,1)\c,, where C, is a finite set for each n. 


b) The sequence (Sy) n-1 converges uniformly to Sy on 
(0,1). 
From a) and b) it is immediate that 5, is continu- 


ous at each point of the set [0,1)\ Ch. 
n-l 


The next result is an analogue of 1) in section 1. 


THEOREM 3. If E is a Lebesgue measurable subset of 
[0, 1) and Sy ts any switch functton, then 
S. (E) = {5 (e) : е е5} 
X Y: 
ts a Lebesgue measurable set and 
m(S, (E)) = m(E) . 
У 
n n=% 
PITO olf. Let the sequence (S )nzl be defined as 
in the proof of Theorem 2. Since (SP) ^ G0 exists for all x 
in [0,1)\c,, where C, is a finite set, it follows that each 
function sy is Lebesgue measurable (in fact is a Baire func- 


tion of class one). Therefore, by b) in the proof of Theorem 
2, it follows that $ is Lebesgue measurable (in fact is a 
Baire function of class two). Let B be any Borel subset of 
(0,1). Define 


(s)! (В) = (хе [0,1) :s,G) ев). 


It is not difficult to see that the symmetric difference of 

the sets È 
S (B and сс) 
у“ i y 


is an at most countable set, where the symmetric difference i 
of any two sets M and N is defined to be the set (MNN) U (NAM). 


Therefore S, (B) is a Lebesgue measurable set for each Borel | 
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set B (in fact S, (0B) is a Borel set). 


The remainder of the proof follows the proof of Theo- 


rem 2 in [eu but is included for completeness. 


By Theorem 2, S. is continuous on a set [0,1)^.C, 
where C is at most countable. Let B^ denote the set BNC. 
Clearly m(B^) =m(B). Furthermore, for every є > 0, there exi- 


sts С, a closed subset of B^, such that 


т\ В) c m(C_) <e 


We will now show that for each x є 0,1) a 


lim sup X (GO <3 Хх 
noe SMOD Sec? 


Here Xp denotes the characteristic function of the set D, 


i.e. Xp (x) -l if x eD and Xp (x) =0 if x éD. To see this sup- 


pose that x € [0,1) and lim sup X jn (x) =1. Then there ex- 
n>% Sue) 
y e 
ists a subsequence ay of the positive integers, with 
n 
x es (Со) for each integer k. Therefore for each k there 
n 
exists ек ес, such that x =S (ey) . There is a subseguence 
(e yas of the sequence (e js such that the lim e 
К. j=l К К=1 zr P 
J Ip J 
exists, that is lime, =e. 
joo К) 


However С. is a closed set and therefore e еС;. This 


in turn implies that 
"s 
SECO - lim Sy (ey ) ‚ 


БФ J 


since the sequence GORE converges uniformly to 59 оп[0,1), 


e is a point of continuity of 5, and lim ey, =e. But 
nk Y joo j 

x =S а, ) Eor Cetin 9 = 2.5% 
У kj 


Therefore ETS) =x, with e eC, and hence 
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Therefore we have shown that for each x e (0,1), 


lim sup X = (x) < X (69) c 
n>% S (Ce) SCE) 


This implies that lim f (х) «X for every х є (0,1), 


ne 


(x) 
СЕ (С 
Y Ce) 
where 
£, (4) = sup X к (6:9). c 
k»n S, (Ce) 


Therefore lim (Е (x) (x)) <0 and by the Lebesgue 


n 


=x 
s, (Ce) 


dominated convergence theorem we have 


1 T: 
kim { f(x) dx ©. | Хе, (Colne lee C 
Furthermore 
1 1 n 
| ғ (х)ах > f E (x)dx = m(S,(C.)). 


By a) in the proof of Theorem 2 it follows that 


m (s (C.)) m(C_) and therefore we have 


1 " 
SG " . 
m (S, (C.)) ! Ee e m (C) Ve »0 


From this it follows that 


miS Еу) »mí(B) 


for every Borel set B contained in [0,1). *^ 
If m(S, (B)) >m(B) for some Borel subset of [0,1), = 


then we would have Р =: 


п (5) (В)) + m (S, (B5) ) > m(B) + m(B°) , 
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where B^ = [0,1) в; which implies 1 > 1. 


Therefore we have shown that 
m(S. (B)) = m(B 
y (B) 


for every Borel subset B of [0,1). 


Finally if E is any measurable subset of [0,1) then 


there exist Borel sets Bi and в», such that 


Bi SEGS B, = (0,1), and 


m (B,) - m(E) - m (B,). 
However, SBD Ss, (Е) =5 (в) , and therefore Sy(E) is Lebes- 
gue measurable and 


m(E) = mit SME)? concluding the proof. 


Our next result is an analogue of 3) in section 1. 


THEOREM 4. If y=O-y,y, ... €[0,1) and (n:y, =0) 
and (п:у, =1) are both infinite sets, then (S) “(x) , the de- 


rivative of sy at x, exists nowhere їп [0,1). 


РИО (e) (s) (95 Let x є [0,1) and let 


=0°хух х. ... be its binary development. 


Define the sequence (he) ee in the following way: 


ha 71/2 if Xn 0 and ha 15/72 alse Xu 1. 


A simple calculation shows that: 


1 if (х,у) = (0,0) 


S (xh +h) -s (x) = -1 if Уд) = (0,1) 
hh 1 if (х,у) = (1,0) 


-1 if (х,у) = (1,1) 
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Since the sets (n:Y4 —0) and (л:у =1) are both assumed to 
be infinite it follows that the sequence 


© (x, th) —5 DoD 
h п=1 
п 


contains infinitely many minus ones and infinitely many ones 


and therefore (S ^(x) does not exist. 


The next theorem is the switch function analogue of 
Theorem 3 in pas 


THEOREM 5. If EC€[0,1), m(E) =y >0 and Е >0, then 
there exists Vins 0 Sy <1, such that 0<y EM implies 


m(E NS (Е)) >y 65 


РЕТ TO OT: The proof of this theorem will not be 
given since it is completely analogous to the proof of Theo- 
rem 3 in fa]. 
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funkcijama. А.Моокһорайһуауг [2] i H.Miller [1] takodje ima- 
ju nekoliko rezultata koji se odnose na Steinhausove permu- 
tacione funkcije. U ovom radu se definiše klasa "switch funk- 
cija" i dokazuju za ovu klasu funkcija rezultati analogni 


onim koji su dobijeni za Steinhausove permutacione funkcije. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Zbornik radova Prirodno-matematickog fakulteta-Univerzitet u Novom Sadu 
knjiga 13 (1983) 
Review of Research Faculty of Seience-University of Novi Sad, Volume 12(1982) 


A GEHERALIZATION OF A DIEUDONNE THEOREM FOR A 
NONADDITIVE SET FUNCTIONS 


Endre Pap 
Prirodno-matematiGki fakultet. Institut za matematiku 


21000 Hovi Sad, ul. dr Ilije Djuricica br.4 Jugoslavija 


ABSTRACT 


In this paper the famous Dieudonne theorem is generalized. If М is 
a family of triangular set functions defined on the family В of all Borel 
sets of a locally compact set T with regular variations and M is bounded on 


every open set, then M is uniformly bounded. 


1. INTRODUCTION 


As it is well-known, the Nikodym boundedness theorem for 
measures in general fails for algebras of sets (see Example 5., 
Diestel, Uhl [2] ‚ p-18). But there are uniform boundedness theo- 
rems in which the initial boundedness conditions are on some sub- 
families of a given o-algebra; those subfamilies must not be 
O-algebras. A famous theorem of Dieudonné [3] states that for co- 
mpact metric spaces the pointwise boundedness of a family of Borel 
regular measures on open sets implies its uniform boundedness on 
all Borel sets. We shall generalize this Dieudonné theorem on a 
wider class of set functions. The class ,of finitely additive 
regular Borel set functions gives nothing new, because each fini- 
tely additive regular Borel set function (also in the case of 
vector measures) is necessarily countably additive - Kupka Es 

We take in this paper a wider class of real valued set 
functions, the so called triangular set functions. We prove a 
generalized Dieudonné type theorem for this class of set functi- 
ons. Using some modifications we obtain also a general izetton о ШШ 
Dieudonné’s theorem for semigroup valued set functions. sce E^ 


о бане ЗВАЛ 
AUS Mathematics subject classification (1980): 28410, 28810. 

Key words and phrases: Triangular set function, тайн ааш 
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2. TRIANGULAR SET FUNCTIONS 


Let T be a locally compact space and 5 a class of sub- 
sets of T such that JES. 

DEFINITION 1. (Dineuleanu [4] ‚р. 303). A set function 
u:S29R ts заса to be regular if for every А €Sand every Е>0 there 
exist a compact set К c А and an open set GDA such that for every 


set A ES, К с A’ c С, we have 


Iu(A) - u(A')! < e 


DEFINITION 2. A set function U:S-Ris said to be trian- 
gular if for every A,BES, such that АПВ =ğ апа AUB Є. S, we have 


u(A) - u(B) < u(A U B) < u(A) + u(B). 
and и(@) = 0. 
| The following theorem is important for further charac- 
terization of set functions which are both regular and triangular. 


THEOREM 1. Let 5 be a ring of subsets of T. If a set 
"unetion y S+ В is regular and superadditive, i. e. 
u (AUB) >u (A) +u(B) for every A,BES , АПВ =g 
then tt satisfies the following condition 

(К) For every A€S and every number є>0 there exist a 
compact set КСА and an open set GA such that for every set B €S 
With BCGNK we have 


|н (В)]<є 


Р г О О Е. It is enough to adapt the proof of Propo - 
sition 1. on page 304 in [4]. 


COROLLARY 1. If a set function u:S+ R(S ts a ring), 
u(@)=0, has a regular vartation, where the variation || ts de- 


fined in the usual way, i. e. 


|| (E):=sup; J {|u(A)| (E €s) 
T AET 


and the supremum is taken over all partitions m of E into a finite 
number of pairwise disjoint members оў 5, then м satisfies the 


condition (В). 
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P roo f. Since |u| is superadditive - [4] , p.34, we 
can apply Theorem 1. on |u|. Then the inequality us|u| implies 
our statement. 

It is obvious that a triangular set function v with a 


regular variation is itself regular. 


DEFINITION 3. A set function u:S-R ts said to be exhaust— 
ive uhenever given a sequence (EQ) of patrwise disjoint member 
lim E )=0. 
of 5, em и (EA) 


3. UNIFORM BOUNDEDNESS THEOREM 


We shall take from now on for the class S the collection 
В ОЁ all Borel sets of a Hausdorff locally compact topological 
Space T. Now we shall formulate the main theorem. 


THEOREM 2. Let M be a family of triangular set functi- 


ons defined on B with regular variations. If the set 


(u(0), u € м} 
ts bounded for every open set O, then 
{ p(B); ne 4,Be B) 
ts a bounded set. 
REMARK 1. We shall assume in the following proofs that 
T is a compact Hausdorff space. Namely, we can replace T with an 
Alexandrov one point ш compactification TU{w}, taking р(ш)=0 
(ue M) 
We obtain easily the following 
COROLLARY 2. Let M be a family of regular scalar measur- 
es defined on B. If the set 


([u(0)!; и E м} 


ts bounded for every open set О, then - 


. {|u(B)|; u € M, B € B} 
ts a bounded set. L0 


Pro o f. Let v(B):-|u(B)| (BEB ,ueM). It is obvious = 
that the family F of all such set functions v satisfies «ке? 
conditions of Theorem 2. (by Proposition 24. from га, BM 
lvl= |u|] is also regular). So we apply Theorem 2. S 
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In the proof of Theorem 2 we need two lemmas. 


LEMMA 1. Let u be a triangular set function de fined , 
Й 
В with a regular variation. Then y ts O-subadditive on each вед. 


uence of disjoint open sets (O); i. e. 


OR 
и ( 3! 


Р roo Е of Lemma l.First, we shall prove that y ig 


order continuous on open sets, i. e. for each seguence (0) of 


1 1 ] | (0. = hold 
open sets such that U, D Ug (j€ N) and x j g s 


lim utu) zm 


j>% 


For each є>0 there exists a sequence of compact sets (к) such | 


that K. c U. and 
J J 


(1) U. Kat) <= З 
ВК > en. 
2 n 
Then there exists ng €N such that 3n К. = # for 
all поло Let n > ng; Then we have 
(U )=u( n U 
u (Up) =H (ON K.)=p ( U (U N K.))< 
2 noyer J ј=1 n J 
n 
«hw U фы А». 
ј=1 n J 
Hence, since |u| is subadditive (i. e. || (AUB) < |u| (A) + D 
р = c 
for every papir A,B of not necessarily disjoint sets from Bane 
; ti 
gously as in [4] ‚ р. 35-36 апа р. 16) and nondecreasing, we oF 


by (1) 


u(U,) < [u| (0 хк) c 


ll r45 
t 


J 

e ü 

for all n > п. Now, let © be a sequence of disjoint open ? | 
Then we have 
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Ы№шв ььнн53зттыым аа 
со u me 
с ш ©) оао. 
A e j-1 j=n+1 
eq. р 
Taking n>% we obtain 
и ( dj. ©.) < 2. (О) 
sal a =й 
The following lemma is given by С. Swartz in [12] as 
is an extract from the elementary proof of the Antosik-Mikusinski 
Í diagonal theorem - 2 
LEMMA 2. Let X be a Banach space. If Xia EX (i,j Ем) 
such that lin x,, = 0 (ieN), lim x,, = 0 (j є м) and 
je 1J ije 1) 
ch | x5; ll 2620 (i€ М), then there exist a sequence (1) of natural 
numbers and a sequence (ep) of positive real numbers such that 
n-1 
1 -2 
DNI E = (= -є_) ||. И Кова | 
I k=1 *n*k у 2 n I +n*n ч tnt 4g n int 
(in [12] is 6 instead of || x, l| )- 
nn 
Proof of Theorem 2. It suffices to prove that every point 
in T belongs to an open set Oso that 
(2) sup ( и(А) : АЄО(АЄ B) ,y €M )« e. 
Suppose that this is not true. Then there exists a point x € T 
Such that (2) does not hold for every open set O such that s 
(В) We shall prove that there exists a sequence of pairwise disjoint 
nalt open sets (Ep? and a sequence (ug) from M such that 
о 
и. (Е.) >i (ie€ М). 
у Е 
For any open set O such that x€0 there exists а Borel set BcO 
and M1€ M such that 
set (3) u4 (B) > 4 + 2 sup u((xJ). 


ue М 
ite. Since 


2 


It is easy to prove that the preceding supremum is sin 


arr iiir i "= 
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u has a regular variation by Corollary 1 there exists a Compa, 
set KCB and an open set 0-0, BcO'such that 
u (BO) < 1 
for each BCO«K. We have by the subadditivity of m 
Hen 
u (K) + шу (BAK) > и; (В). 
(6 
Using the preceding inequality, the inequality Я 
Le 
u,(B\K) < 1 
i By 
and (3) we obatain 
К) > 3 + 2 su ({x}). 
ру (К) SER u (4) 
Let K =K U {x} . Then the last inequality implies (directly 
for x€ K) by the triangularity of Wy (for xgkK) 4 
u (К) > 3 + sup и({х}). 
u eM "or 
By the regularity of "m there exists an open set U such that 
an 
O 202 Ki and is 
р} (В^) < 1 for every B^^CU \K,. eia 
The preceding inequality together with the inequality 
u, (U) 21, (К, ) =u (UNK) (ds 
implies a 
(4) u (0) > 2 + sup u(ix)). C 
нём 
Again by the reqularity of Wy there exists an open set w such 
s 
that {х} = меу and S 
(8) 
(5) u (B^77)« 1 
| for every В =ү х {х} . M si 
| | 
| = e^ 
| Let Н be an open set such that x c н<Н<й (Рё а 
| ©: 


i 
i 
| 
b 


is the closure of the set H). Then we have 
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Е 


(Н) < sup u, (А) + y, ({x}) 
F1 ACH A (x)! 1 d 


sup uj (B) + u ({x}). 
~ вен \ {х} 


Hence by (5) we obtain 


u (H)x 1+ sup p({x}). 
(6) 1 ueM 


Let Ej ^ UNH . Then we have Ei c O and E,nH =й 
By the inequality 


ру (Еу) + ру (В) > уу (0) 
(4) апа (6) ме obtain 


up (Ey) >the 
Using the preceding procedure, taking in inequality (3) 


" 5 + 2 sup u({x}) " instead of " 4 + 2 sup u((x))" 

рєм yeM 
and taking into account the facts that: x € H and the family M 
is not bounded оп Н, we obtain the open sets Ej,H, GHI 


: - H, and 
and р, єм such that E,N H, Ø, xe Hi 
u (Е) > .2. We have EN E, = ӯ. 
Continuing this procedure we obtain a sequence (up) from M and 


a seguence (E;) of pairwise disjoint open sets such that 


S ye E.) > CEDE 
ix 
We shall prove that ц; (ie М) are exhaustive on a 


Sequence (Ep) of disjoint open sets, i. e. 


(8) lim и.(Е.) = 0 (i €N). 
12 1 J 
J 
U for є>0 by 
Since НА Ej is an open set and lu, | are regular, 
J= 


cU E. such that 
JF E 
u (C) «e for each i£ М and each 


Corollary 1 there exists a compact set K 
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с c U E.\K’ . Since (E,) is an open cover of K^so there 
› ak 


j=1 
По 
exists n € М such that K°CU Sigo 
o "ES | 
511 
Then we have for m > ng or al 
i bot 
É (С) < e(i € М) 
up (E) < sup м; (C) < sup и; (C) 
G C 
4. 
ng i = у 
where C°CE U ( ЕК) ара сйс р Е. NK". 
E Laka ј=1 
So we obtain (8). о. 


= i. We have b 8) lim x.. = 0 (161 Ce) 
Let Xij ШЕШ $ e y (8) | ij (i en, 


95° 


We obatin by the boundedness assumption of the theorem lim xij 3 


j>% fo 
(jE N).Applying Lemma 2 on the infinite matrix [x44] (i,je€ №) 
we obtain a sequence (i) from N and a sequence (Ед) of positive ae 
real numbers such that wh 
n-1 1 
9 У x = ( =) 
(9) kel і лік 2 п іліп (а 
fu 
(10) 5a) lel Е ii (nen). in 
ai al cT i 
n ntq nn 
Using the triangularity of m (n € N) and Lemma 1 we obtain 5 
n 
ко, п-1 со 
и; ( U (Е, | 
1 ma) ma (m. ) = xw Qs. yo X Wa i 
REX tk Ti. da^ ket tn tk ка EE т. 
(n € N). Hence by (9) and (10) 
zi со п-1 со › 
1 Me ( ® 3 у =o » s 2 х 7 
n 2 i ) 
in k=l ік ү к=1 “к к=п+1 ink 
x мі 
TT $ 
х nin (neN), i. e. 
DuC У 
( со Mi (Ei ) | wl 
: п п 
аа я Эйэ zo MONA |= 


Then by (7) we obtain 
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Hi ( U = )> Ё for each ne N 
n k=1 De m 
Since a Бү is an open set we obtain a contradiction with the 
boundedness of (и, ) on open sets. 
n 
4. FURTHER GENERALIZATIONS 
Let X be a commutative semigroup with a neutral element 
0. Let d:X +[0,+ =) be a pseudometric which satisfies the following 
ey condition 
E (d) РОА) 4(ху,уу) 

J for all x,X)1Y/Y)1 eX. 

Aa EXAMPLE. Weber [3] has proved that for every commutative 
complete uniform semigroup there exists a family of pseudometrics 
which satisfy (а,) and which generate its uniformity. 

Let X be endowed with a pseudometric d which satisfies 
(dj). Now we can extend the definition of the regularíty of a set 
function  v:S»X only taking in Definition 1 v and " d(v (A) ,v (A ^)) <e" 
instead of yu and "|v(a)-v(A^)ke " respectively. 

| The pseudometric d induces a triangular functional - E. 
Pap [8], [10] in the following way 

ij f(x) : = d(x,O) (хєх). 

The functional f satisfies 
(F d 
1) #(х+у)< f(x) + f(y) ап 
Ч (8) = f(x+y)2|f(x) - f(y)| for all x,y ЄХ. 
: Now we define the variation |v| of a set function V:S X 


with v(Ø) =0 in the following way 


|v | (Е) := Sup £(v(A)) (E € S) 
T AET 
of E into a 


where the supremum is taken over all partitions 7 
It is easy to 


finite number of pairwise disjoint members дс 


^ 
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EE z 
see that |v| is superadditive. 
A set function 0:5» X is said to be a semiqroup valued 


triangular set function if it satisfies 


v(g) = 0, 


f(v(A))- £(v(B)) < £(v(AUB)) < £(v(A)) + £(v(B)) 


for A,B€S with АП в=Й. 
Now we have the following generalization of Theoren 2, 
THEOREM 3. Let F be a family of semigroup valued trim. 


gular set functions with regular variations defined on B. If the 


set 
{ £(v());v €F} 


ts bounded for every open set 0, then 


{ £(v(B));v E F, BEB} 
is a bounded set. 


Proof. We take u(B):= £(v(B)) (Be В ме) 
апа ме арр1у Тһеогеп 2. 


REMARK 2. Theorem 3. holds also for a family of N-triar 


gular set functions v:B>G ( (G,| |) is a quasinormed group) with? 
constant М є (0,~) - [6],[4], i. e. such that v(f) = 0 and 
lva) | -N |v(B)|x| v(auB) ||, V(A)| + мов) | 


for all disjoint A, B € B. 
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REZIME 
JEDNO UOPSTENJE TEOREME DIEUDONNEA NA NEADITIVNE 


SKUPOVE FUNKCIJE 


U radu se kao uopStenje teoreme Dieudonné-a dokazuje teo- 


rema o uniformnoj ograničenosti familije, u opštem slučaju, neađi- 


Klasa izučavanih skupovnih funkcija 
se sastoji od tkzv. trougaonih skupovnih funkcija. u:S-R (sje 


familija podskupova lokalno kompaktnog prostora i #є5 je trou- 
Bes , tako da je ANB=9 i 


tivnih skupovinih funkcija. 


gaona skupovna funkcija ako Za svako A, 


AUB € S, važi 


u(A) - p(B) <p (AUB) <u (A) + w(B) i (ð) = 0. 


Neka je M familija trougaonih skupovnih funkcija defi- 
nisanih na familiji B svih Borelovih podskupova lokalno Konpa 
jacijama. Ako je familija M 


tnog prostora T sa regularnim vari 
tada je ona i uniformno 


Ograničena nad svakim otvorenim skupom, Р 
ograničena (teorema 2). Na kraju se dobijeni rezultat prenos 
ednostima ч komutativnoj polugrupi 


i na skupovne funkcije sa VI 
5 2 rednostima u komutativ- 


i na N-trougaone skupovne funkcije sa V 
nOj grupi sa kvazi-normom [6], [4]. 
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ABSTRACT 


A simple proof is given of a Dieudonne type theorem on uniform boun- 
dedness of a family of regular measures defined on the family of all Borel 


sets of an arbitrary Hausdorff topological space. 


A famous theorem of Dieudonné states that for a com- 
pact metric space T the pointwise boundedness of a family of 
Borel regular measures on the family of all open sets of T imp- 
lies its uniform boundedness on the family of all Borel sets of 
T. There are several generalizations of this theorem Bi, [5], 
0], [8] . A funitely additive regular Borel set function reduces 
to a measure even for a Banach space valued set function, as wes 
pointed out by J. Kupka [5], the proof is given in [3]. In [7] 
а locally compact 
proof of a Dieudonne = 


arbitrary 


T is a regular (T4) space and in [2] T is 
Space. In this note we shall give an easy 
type theorem for the case when T is an 


_————— 
pee Mathematics subject classification (1980): 28C15, 
3 U words and phrases: Regular measures, Hausdorff to 
Pace, open sets, Borel sets. 
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Hausdorff topological space. The proof is quite elementary 
and short. It is based on two lemmas which are connected 


with certain properties of numbers. 


LEMMA 1. (P. Antosik [1].) Let ху (4,5 ем) 
be complex numbers. If lim х = И 1 = eos yp 6o 
j>” 


there exist an infinite set I of positive integers and а 
subset J (finite or infinite) of I such that for all 
i ЕТ we have 


and 


m 
х 
lv 
die 
X 


nal 


REMARK 1. Originally Lemma 1 was stated in [1] for 
elements from normed space. 


Let T be a Hausdorff topological space and B the 
collection of all Borel subsets of Т. A Borel measure и 
on T is regular: if В is a Borel subset of Т,е > 0, 


then there exists a compact subset KCB with |u| (в\к) < Е. 


LEMMA 2 . (J.D.Stein [7], Lemma 1.). If u isa 
nonzero regular measure on T and U ts an open subset of 


T, then the following holds: 
There exists an open set V with VCU and 


Iu] > lul] (0) /7. 


The easy proof of this Lemma in [7] is based on an 
inequality for complex number [6]: if z T ,Z2, are 
1 25901. 
complex numbers, there is a subset S of По ooo gn such 
that 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


wh 


me 


18 


By 
nu 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A simple proof of a generalized 127 


eae 


——— MÀ hac eee ee 2 
REMARK.2. Lemma 2 is stated in [7] for the case 

men T £s a regular (т) topological space but the same 

proof holds also when T is a Hausdorff topological space. 


THEOREM. Let M be a family of regular scalar 


measures defineb on B. If the set 
([uto)] |u e м} 

is bounded for every open set O, then 
{|u(B)| [u e M, B e B) 

is a bounded set. 


Proof. Firstly, let us suppose that the set of 
variations of the elements of the family М is unbounded on 
T? o|u|(o) < M, (u € М) and 
for each М > 0 and each є > 0 there exists ре М such 


an open set О. Then for some M 


that [|u|(0) > 7(M+M,+3e). By Lemma 2 there exists an open 
set ИСО such that j[u(w)| >M+M)+3e. Since y is regular 
there exists a compact subset Kj of W such that 

lu (wK) | < €. Hence lu (x)| > М+М +2=. Again by the regu- 
larity of there exists a compact subset к, of ONE, 
such that || ((O\K,)\K,) < є, thus |u(K,)| > Mte. Since 
KN к, = @ and T is a Hausdorff topological space there 
exist disjoint open sets H and V such that HDK, and 


VIK, such that Iu СМК, ) | < є and [ы(н\к, ) | < є. Then 
we obtain 


Jucv)| > M and |u(g)| > M. 
Let us assume that the theorem is not true, i.e. 


У(Т) = © , where v(B) = sup |u|(B) (В € В). 
рем 


В 

= the Preceeding for any given arbitrary large positive 

SG there exist u, € M and two disjoint open subsets 
a e 

mana Va Of Т, such that [u (н) | апа lu, c тг 


U 
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greater than it. Then there are two possibilities. Either 
is infini in thi 

one of v(H)) or v(V) ps infinite (in 1S case we take 
v (Hi) = e) or both are finite. 

In the first case, we apply the preceding procedure 
on H, (instead of T). Then for any given positive number, 

^ : . а 

we can find a measure H3 € М and disjoint open sets H 
and V, such that |0, (Hy) | and {шь (2) | are greater than 


2 


it. Thus, subsequently, by repeating the process, supposing 
always that v(H, ) = e, we can obtain a sequence Q1) from 


M and a sequence of disjoint open sets (Vi) such that 


(1) lu, (v5) | Sal (i EN). 


Because of lim u (У; ) = 0 (пе М) we can apply Lemma 1 
j>% 
on a a) (1,3 € N). According to this there exist an infi- 
nite set ICN and its subset J such that for each 
ab On 
l 
| Y п йй Aa 
jeJ dne] 2 JT 


By the preceding inequalities and (1), we obtain I, (v) | >i 
(i € I) for the open set V= U Vs contradictory to the 
condition of the boundedness ДАА family М on open sets. 
Suppose now that both v(H,) and v (Vi) are finite. 
This implies V((T\K,)\K5)) = ©, Now we can apply the proce” 
ding procedure on the open set T\(K,U K^) (instead of 1). 


Thus, sequently, by repeating the process, supposing always 


that v(H,) and v(V;) are finite (i.e. there exists 


P, € N such v(H,) « P, and v(V,) <p, )we can obtain 4 і 

, à 
sequence (u) from М and a sequence of open sets (in gener 
not disjoint) (Vi). such that 


(2) MI е чем, 


1 
i 
where с. = 
р... 
КЕ К 
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З= 
By йа У У) 5 С; (2 ем 
© 1 
Just ‹ Шу ОУ (i € м) 


К=1+1 k=1 


and (2) we obtain 


іш (vo | > 4 (i єч) 


со 


for the open set У = U V. Again а contradiction. 
i-1 


Finally, we reduce the general case to the preseding 
two. Namely, in general, we combine the preceding two pro- 
cedures, always taking, as the initial set for the next step, 
that the open set for which v is infinite. 

If there is an infinite set ICN such that 
v(Hi) =o (i € I), then, passing to a subsequence we reduce 
all to the first case. In the opposite case, we reduce all 


to the second case. 
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REZIME 


JEDAN JEDNOSTAVAN DOKAZ UOPSTENJA 
DIEUDONNE-OVE TEOREME 


U radu je dat jednostavan elementaran dokaz uopšte- 
nja Dieudonne-ove teoreme o uniformoj ograničenosti famili- 
je regularnih mera. Neka je M familija regularnih skalarnih, 
mera definisanih nad famijom В svih Borelovih podskupova 
Hausdorffovog prostora T. Ako je skup 


{|u(0)| |u e м} 


ograničen za svaki otvoren skup О, tada je 


(1008) | lue M, B e B) 


ograničen skup. 
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ON SOME CONVERGENCES ON SEMIGROUPS 
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21000 Novi Sad,ul. dr Ilije Djuriéida br.4, Jugoslavija 


ABSTRACT 


In the paper a new notion on a commutative semigroup with a non- 
trivial subadditive and homogeneous functional - Chauchysequence condi- 
tion is introduced and with it a general theorem on convergences is ob- 
tained. As consequences of this theorem, some Orlicz-Pettis theorems are 


obtained. 


1. INTRODUCTION 


The point in the proofs of many Orlicz-Pettis type 
theorems ([2 ,[8],[9]) is: if Ix, is weak subseries conver- 


gent then the sequence (х) has a subsequence which is nom 
convergent to 0. The purpose of this paper is to prove a ge- 
пега1 theorem - Theorem 3.3, on a commutative semigroup which 
extracts this connection between convergences. Let us observe 
that even in the classical case the approach is a new one. 

An important tool is a generalization of the Hahn- 
Banach theorem on commutative semigroups ({3],[4]) which gi- 
Ves us the existence of a nontrivial special additive func- 
tional. 


А доба 
Е Е 5 
Gus Mathematics subject classification (1980): «ола са 
^V Words and phrases: Commutative semigroup, SU aa seguence 
?"Ogeneous funetional additive functional, H-Cauchy | 
Condition 2 - | 
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2. SUBADDITIVE,HOMOGENEOUS AND ADDITIVE FUNCTIONALS n 
10 

Let X be а commutative semigroup. A functional f:x >R, 

(R, is the set of all nonnegative real numbers) will be 
called a subadditive functional if it satisfies the following f 
condition Хо 
ап 

(F,) f (x+y) < f(x) + f(y) for all х,уех. pali 

REMARK 1. H.Weber (101 has proved that for every 
commutative complete uniform semigrup there exists a family th 
of pseudometrics d which satisfy d(x+x, ,yty,) < d(x,y)+d(x, ,y,) | fi 
for all х;ху,у/,у, є Х and which generate its uniformity.Such а 
pseudometric induces a subadditive functional f in the follo- 3. 
wing way 

f(x) : = d(x,0) (xe X). o 
We say that a functional f:X- В, if homogeneous if 
OI 

(F5) f (nx) =n f(x) (ХЕХ, пем). fr 

The condition (F5) is independent from (Fj). For exa- X 
mple, let (hy) be a Hamel basis for a vector space, then for c 
x= Layh,eX we define p(x) = rv |а| . Obviously p(.) is а к 
quasi-norm, but p(nx) = Yn p(x) for all ne N and all xe X. 

To each subadditive functional we can correspond a ) 
homogeneous functional which is closely connected with the 
original one in the following way. е 

j X 

PROPOSITION 2.1. Let Е be a subadditive functional 
on a commutative semigroup X. Then there exists a homogeneous © 
funettonal F on X such that x 

(i) F ts subadditive, 
t 
(ii) F(x)*f(x) (xex): : 
Pro o 6f. We take that | 


F(x) = inf {+ £(nx) | neN} (хех. 
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eee 


As an easy consequence of the generalized Hahn-Banach 
theorem from (3] and [4] (also in [7]) we can obtain the fol- 
lowing theorem. 


THEOREM 2.2. Let X be a commutative semigroup and 
f be a homogeneous finite subadditive functional on X. If 
moa С element from X such that £(x )#0 , then there extete 
an additive functional h on X such that h (x) á E) ajd 
h(x) £ f(x) for all xex. 


REMARK 2. Condition f(x) #0 from the preceding 
theorem implies nx, # Хо for each ne N, i.e. Хо is not of a 


finite order. 
3. MAIN RESULTS 


Let X be acommutative semigroup with a .neutral element 
© and with a nontrivial homogeneous subadditive functional f. 
The following notion will be crucial in the main the- 

orem 3.3 of this section. Let (y.) be a sequence of elements 
from X and H be a family of additive functionals defined on 


X such that h(x) < f(x) (хех). Then a subset X, of X will be 
called a Cy ,H) - subsemigroup if: x belongs to X, iff h(u + 


a eee 
+...+ир) +h(x) as k>% and all heH for some sequence (u.) 
such that u. is either лу) (for ^5 ЕМ) ог О and 5411809) [< 
«o (Вен). 


X, is nonempty. Namely, О and all the members and 
the finite sums of the members of the sequence (y ) belong to 


Хі. Since the series zr h(u4) (heH) are unconditionally 
je 


Convergent it is easy to see that X, is really а subsemigroup 
ОХ» 
We need in the proofs of Theorem 3.3 and Theorem 3.4 


the following theorem. We always have finite additive func- 
tionals, 
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THEOREM 3.1. Let (hi) be a sequence of additive == 
funettonals on a commutative semtgroup X. Let (ха) be a se- 


quence from X such that for tts every subsequence (20) there 


p^ 
exist a subsequence (ур) of (zp) and an element y from x Buch Бу 
that 
hi (yy +--+ УК) > hy (У) 
of 
аз k>% for each nEN. 
se 
o M NA а! 
Then there extst an infinite set I CN and an element by 
x from X such that for all пет 
n а 0) | < © for some JCI, | 5 
jeJ 
2 1 
|h (x) 125 [ho Gx) | : 
Since h (+) are triangular functionals (i.e. subad- Б 
5 
ditive and |h (x+y) | > |h (x) |-|һ (y) | for x,vex, |һ (0) | =0) 
the proof of Theorem 3.1 is analogous to the proof of the An- 
tosik-Mikusiriski Diagonal Theorem [1],[5] апа [6] (using in s 


the second part of the proof the assumption on sequence (x J^ | 
Let Н be a family of finite additive functionals В on}. 
with the property h(x) < f(x) (хех). We say that X satisfies the 


H-Cauchy sequence condition if for each sequence (у.) fram X 
such that Ў 


l | nly.)|< (hem 
9=1 J 


and each sequence (hj) from Н such that it is a Cauchy sequ 
ence on (У), i.e. for each є> 0 there exists п eN such that 
о 


[T^ 


: (t 
\һ v.) > hy (3) |<e for all nm>n -nj(G), J e N, then; 


is a Cauchy sequence on the Cr) ,H) - subsemigroup. 


It is easy to see that if X is a finite semigroup % 
H is a finite family, 


then X satisfies the H-Cauchy sequenc® 
condition. 


In a specially important case we haye the following po 
position. 
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PROPOSITION 3.2. Each normed space X satisfies the 


Bt - Cauchy sequence condition (B* is the unit ball in the 


dual X*). 


Puro ovs We shall prove that each sequence (hj) 
of continuous linear functionals from B* which is a Cauchy 
sequence on each member of the sequence (y.) is a Cauchy se- 
quence on the whole closed linear subspace 1((у5)) genetas 


ted by (у) 5 
Let x eL((y,)). Then for each є > 0 there exist Aree 
‚^к such that 


€ 
Му +... Nem MESE: 
[2 kx, 1 43 


Since (hi) is a Cauchy sequence on (Ул) there exists n en 


such that 


€ 
[в (y) -h_(y,)| < Q4 £0) 
mirs] n 3(2,1k, 


for each n,m» no and each j-1,.. ‚к. Hence we have 


- 2 rU У eeu 
а б) hy (x) | < 21 VY) Ко ko 


ko 


m |, Gr) “hy n) | € 


for each n,m >п = n_(€,x) т 
е of the Hahn-Banach theorem 
(neN) and һ (sy) +h(s) 


We obtain as a consequenc 


on nomed spaces (i.e. if s, ELY) 

Е —— 

as n»o for each he B*, then s eL((y,;)) ) 
(yr) BA) E EC) > 


We say that a family Н of additive functionals on X 
the €z 
with the property h(x) < f(x) (хех, heH) ао mw 
bel i x, each e» 0 and eac 
condition if for arbitrary хоё“, eds 
functional h^ on X with the property h (x) < 


exists heH such that h(x,)+€ > h^(x). 
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If H is the family of all additive functionals v 
the property h(x) < f(x) (xeX, heH) then it satisfies tri. 
vially the e-condition. 

E.Thomas has introduced in Theorem II.3 from [9] A 
subfamily H of the dual X* of a normed space such that || x] 


= sup |<x,x*>| (ХЕХ). It is easy to see that such a fa- 
x*eHNB* 


mily satisfies the e-condition. 
Now we have. the main theorem. 


THEOREM 3.3. Let X be a commutative semigroup with 
a neutral element O and with a nontrivial finite homogeneous 
subadditive functional Е. Let H be a family of additive func- 
tionals on X which satisfies the e-conditton. If X satisfies 
the H-Cauchy sequence condition and (xy) is a sequence from 
X such that for every subsequence (yn) of (xy) there exists 
an element y eX such that 


U 
hly +... * yy) -h(y) as ne 


for each heH, then f(x) +0 аз neo. 


ЕР roo f. of Theorem 3.3. 


Suppose that the theorem is not true. Then for every 
€> 0 there exists a subsequence (zu ) of (x 3) such that f(z; n 
>4e (neN). By Theorem 2.2 there B its a sequence (hy) ot 
additive functionals on X such that 


h;(x) <£(x) (хех, пем) and hy(z)>4e . 


Since H satisfies the e-condition we haye a sequence (nj) 
from H such that һ (z)) >3e (neN). We have 
h п (У: + 990 ty) -h nv) 


as k>% (пем) for a subsequence (yj) of (zp) and y eX. неп 


ha ive ) -0 as je for each nen. Then there "eee a sequen 
G Y. natural numbers such that 


a) Jh; )| = 2714 ac 


Ja “era (s,qeN), 
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where а” is а fixed natural number such that 790 є. 


Now by the diagonal procedure we shall construct a 
subsequence of (h4 ) which we denote with (a) , Such the se- 


quence C NZD, is convergent for each fix seN. 


Since (x,) is a sequence from X such that for every 


subsequence (uj) of (x) there exists an element ue X such 
that 


со 

ў h (u) = h(u) for each heH 

n=1 
so we obtain by Riemann s theorem on convergences Of series 
of real nunbers 


со 


} ву. ) | <= (hem. 
5=1 25 
X satisfies the H-Cauchy sequence condition so (9) іѕ а Са- 
uchy sequence on the Cs ),H) -semigroup Xy. 
s 
Now we take 93x41 7 93k (keN). Then by Theorem 3.1 


there exist x є Xi and an infinite set IcN such that 


( 


|9. (х) -g. (х) | > 2 |9. (УИ Оа) 
1 dk 2 Зу 


Эк+ 


for each ke I. By g. (y. ) > 3e and (1) we obtain 
Jk+1 Эка 


lg; (х) -9, (x)|>e 
Jk+1 Jk 


for each ke I. A contradiction with the fact that GEN is a 


Cauchy sequence on X,. So aE) 0. A 
when X is a normed — 
em 3.3 the 


z-Petti 


Е 

Іп a specially important case, 
Space, we obtain by Proposition 3.2 and Theor 
Sical Orlicz-Pettis Theorem and also the Orlic 


theorems II.3 and II.4 from [9]. 
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JEDNA BELEŠKA O NEKIM KONVERGENCIJAMA NAD 1 


POLUGRUPAMA 


U radu se uvodi novi pojam H-Ko¥ijev nizovni uslov: 
бе se pomoću njega dokazuje jedna opšta teorema o konverge™ 
ciji u komutativnoj polugrupi. Neka je X komutativna polUT" | 
pa sa neutralnim elementom koja je snabdevena netrivijaln™ 
subaditivnom i homogenom funkcionelom f. Neka Je Н familija 
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konačnih aditivnih funkcionela В nad X sa osobinom h(x)<f (x) 
(хех, he H). Kažemo da X zadovoljava H-Košijev nizovni uslov 


ako za svaki niz (у;) iz X takav da je 


Y |[hly.)| <= (ВЕН) 
dE Me 


i svaki niz (hy) iz H takav da je KoSijev niz nad (у), ада 


(h_) Koáijev niz i nad ( (v4) 7H po kud араа X (x e X, ako 
n 


je 
i 


takav da je us TI AX, (za M eN) ilio i Liptay) < e 


J 
(heH)) . 


Ako je X konaéna polugrupa ili je H konačna familija 
tada X uvek zadovoljava H-Košijev nizovni uslov. U slučaju 
normiranog vektorskog prostora X, X zadovoljava B*-KoSijev 
nizovni uslov (B* je jedinična lopta u dualu X*)- Propozici- 
ja 2.1. 

Za familiju H se kaže da zadovoljava e-uslov ako za 
svako Хо e X, svako є > 0 i svaku aditivnu funkcionelu h^ nad 


X saoscbinan h(x) < f(x) (ХЕХ) postoji heH tako da je 
h(x,) +e>h (x) z 


U glavnoj teoremi 3.3 se dokazuje da ako niz (x) iz 
polugrupe X, koja zadovoljava H-KoSijev nizovni uslov za fa- 
miliju H koja zadovoljava e-uslov, ima osobinu da 2а svaki 


njegov podniz (Уп) postoji уЕХ tako da je 
h(y,+. 3 -ty,) >+h(y) Када n>% (heH), 


tada (х) + 0 za noe. 


4 = 
Pomoću ove teoreme se dokazuju neke teoreme tipa 6 
licz-Pettisa. 
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CORRECTIONS TO "SOLVABILITY OF CONVOLUTION 
EQUATIONS IN Н” {м }" 


Stevan Pilipović and Arpad Takaét 
Prirodno-matemattékt fakultet. Instttut 2a matematiku 


21000 Novi Sad, ul.dr Ilije Djuričića br.4, Jugoslavija 


Our paper  "Solvability of Convolution Equations in 
H (M was published in this Journal, Volume 11(1981),45-58. 


In the proof of Theorem 5 we overlooked that 8 (p. 

55) must not be bounded. So from this point up to the end of 
the paper we have to suppose the following additional assump- 
tion 

(B) For every р EN there exist p'€N, 6 »0, and 
Xs »0 such that 

+ ^ 
` мај) >м (х) 5; if х>х 
To avoid missunderstendings we shall reformulate The 


orem 5 and give the complete proof of it. 


| THEOREM 5. Let F(E) be an entire analytic function 
which is M -slowly decreasing for some q €N and let Р?Ч” 
where q^ correspond to q in (B). If F(5) satisfies an esti- 
mate (9) for some c,n, and this p then F(E) їв extremely slo- 


uly decreasing. 
Proof. _ не shall use the 1аеа саш proof of 


Theorem 37 from [4]. 


T. m 
A А 5 
zs Mathematics subject classification (1980): 46% 


05 
. U ; tons. 
л Yy Words and phrases: Convolution equations, distrtbutton 
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There exists Ly 20 such that 
sup (M4 (x) /Ма (Xx/A}); |x| 214) *1 


holds (A, is from (13)). Namely if 0 «6, <6 from (B) Follows 
1+6 
146 1 
*(x/A,) »M*(( X >M* (x >M* 
Ma (x/ i > pí м ) 2 р“ ) 2M5 (x) 
for sufficiently large |x|. 
Let us take LL, so large that 01 (109 (1+ [Е [)) 31 for 
each Е with |Е| >L. Let us fix Е with |&| >L and define 


390 —— Ор 0 
: -1 
log (MS OS) p 


where p =p, (199 (1+|Е |) ) 21. Observe that from (B) follows thi 


0 <В <$. Let us put R :- p (B41) /B | 


As in |4|, we apply Hadamard’s Three Circles Theoren 


on the function Е(Е+Ам) (A-complex variable) for the circles 
with radiuses 1,p,R and 


у: = leg(R/p) _ 1. 
1098 B+1 


All the time, w is a complex parameter. So we have 


(14) sup( |F (Ew) |; [м | $1} > 


> (supl [E (E+pw) |; |w] «1)) ВИ (supe |F (Евы) |; |w] «1 21^ 


Using (9) we obtain 
|F(E+Rw) | = |F(E+R-Rew +i-R-Imw)| < 
<с: (1+ n. R)? R ^ R 
<c- (1+|g|)™- (14R) "exp (M¥(R)) «c ^-c- (1+|Е |) «exp (2-M5 (Е) 


where we have put c^;- sup{ (1+R)” exp (-M* (R) ) ; ReR)«^* 


Since we have construced R so that м» (R) =м* (0/81 
we have 


(15) sup{|F(E+Rw) |; |w] & 30) <c- отар 
for some C>0. Returning to (14) using (11) we obtain the st | 
tement for |t| >L, because B is bounded 
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Using the Maximum Principle we obtain for || <L 
sup{|F(E+w) !; Iw] <1} >С, 20 


and this togerher with (15) gives that F(E) is extremely slo- 
wly decreasing. 

Let us remark that after the condition (B) Theorem 5 
is superfluous. , 

At last in Theorem 7 there is a miss print, namely 
S e oc (701). - 
or We are indebted to Olaf von Grudzinski who noticed 

that В must not be bounded without additional conditions. 
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ON A CLASS OF SPACES OF THE ТҮРЕ 
S“{M_(x,q)} 
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Stevan Pilipović and Arpad Takači 
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21000 Novi Sad, ul. dr Ilije Djuridida br.4, Jugoslavija 


ABSTRACT 
We analyze the structure of the space o{M } and c^(M }. Under cer- 


tain conditions on the matrix tc, gexp(m_ (x))} we investigate relations 


, 
between the space он} and some spaces of ultradistributions. Also we in- 


vestigate the Fourier transformation on the spaces oft} and сн. 


1. INTRODUCTION 


The spaces of the type $^ (M, (x, q )) were introduced 
in [10], though some examples of such spaces were analyzed al- 
ready in [1]. In [9] a class of spaces of the type S" (M, (x, q )} 
was investigated. D 
In this paper we shall observe a class of spaces of 
the type S (M, (x, а )) denoted by o (M, (x, q )} (short. 


‚ (pra) e NxN 
- exp (m, (x)) P o 


d'{M_} or g^) for М (x, 9) =С 
р р 2 } 
(p,q) e INXINo 


P: 
where INS IN U(0). Throughout the paper (€, gi 


; А numbers 
(short. 5 а)) denotes an infinite matrix of positive 
r 


| ab 
Min tm, (x), p eN) (short. in, (x))) denotes a sequence o£ fun 


3 iven la- 
tions. The properties of {С а! and (n, (x) } will be g 1 
ча р, | 
-the spaces 9 and с. 
al ultradistributi- К EX 


tain conditions 


We shall analyze the structure of 
The elements of g^ we shall call "exponenti 


ons". Particularly, ме shall prove that under cer ww 


A A 1 48F05 
ne Mathematics subject classificatvon (19304 er 
У Words and phrases: Ultradistributtons. ё ‘ L 
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the space of test functions o{M,,} is sufficiently rich ang 
| that о”{м_} is a subspace of the space of ultradistributions 
p-a) (BD for a corresponding seguence Ww. 7 а ел}. We 


shall obtain a representation theorem’ for exponential ultra- 
distributions. As well, we shall define the space of entire 
analytic functions on the complex plane which is the Fourier 
transformation of the space ом}. This will enable us to 
define the Fourier transformation of exponential ultradistrj- 


butions. 
2. SPACES o{M,} AND o { Мр} p 
o 
Let {ср а) be an infinite matrix with positive numbers, { 
ti à 
For this matrix we suppose: 
С.1 С Е 
( ) pra ССР for every (p,q) е Nx IN, ; | 
(C.2) For every pe N the sequence te, q' qe IN, } monotoni- 
ГА 
cally tends to zero when q+, t 
(C.3) For every peN there exists p^ € IN, р> р, such that { 
for every є 20 there exists q, (e) е IN, with the pro- 
ert Cc <ЕС_- 
р У Pq ЗЕ р“, Ғог q»a,(e). 
(C.3) makes that (C.l) is superfluous in the theory of spaces 
an o^. We assume that (C.l) holds only to make the whole theory 
easier: 
In order to have the differentiation as an inner operati? 
in с^ we shall suppose as well: 
(C.4) For every peN there exists р^ ем, such that i 
sup{Cc ; 
P a, pe qui TEN, } <=. i 


Let {н (€) ; рем}, t >0, be a sequence of continuous 
increasing functions which satisfy: и (0) =0, и (>) == and 
P 
up (€) Supri Ù for every t>0, peN. PA ; 
m, (t) = j Ë plu)du, рем, teR, | 
А ‹ 
| we obtain another sequence of functions. Every m (t), PEN’ — | 
| is an even convex function which increases to infinity faster | 
than any linear function when |t| +. This implies that io 
| dual function in the sense of Young 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


unnm == 


on 


nnd 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
On a class of spaces ... 147 


= Y! -1 
m, (y) := j Hp (t)dt = sup{ еу |-m, (t); tem) 


= = 
1 " t . 
is finite for arbitrary y eR; ke (t), Е>0 is the inverse fun- 
ction of u(t) (8 2р. We suppose also in the sequel that 
the following condition (introduced in [6]), holds : 
(А) For every р € N there exists P'61N such that 


m, (pt) <m,-(t) holds for |t| >p~. 


We denote by im, 10). im, s (x.)), рем, the sequences 
of functions obtained from the corresponding sequences 


(ny, 01) },... ALLE in the above construction,and we put 


m, (x) E т ү(х,) +... + msg) ‚ X= Gee euX e xi 


Since the sequences ín, 209), 1=1,...,5 satisfy (А), 
" ГА 
this condition (in an obvious interpretation) holds also for 
fm, (x) }. 


Further on in the paper we shall put 


M Г => g . 
p а ) o 5 exp (m, (х)), рем, чем, XER 


DEFINITION 1. The vector space of smooth functtons 
on В such that for every peN 


s 
Yp0) += зар $ (9) colm (lal); xem’, qe NO} <= 


is denoted by ofM (x, 9 )} (short. o{M,}) - The topology tn 
the space осм.) is given by the sequence of norms (yy; pe WN}. 
(48 usual, lal =a, +... +q, where а= (qr +10) +) 

In the usual manner (see [1]) one checks that a sequ- 
pace [en G0) from ciu) converges to $ ecíM ) iff on every 


(9). 
Compact set кс m and every а € NO the sequence ($. азан 


NM uniformly to $(9) and for every p € N there exists 
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PROPOSITION 1. Let 6$ e c(My) ‚ Then 
s 
(4) lim supt [6 ( (x) [M Gc, |a|); x e R^) = 0 
[а| += 
= 0 


(ii) lim supí |o.) (х) Mp% laD; ч єзї) 


|х|» 


Proof. (i) follows from (C.3) and (ii) follows 
from the fact that my (x) +o if |x| >% . 

We denote by ор’ P EN, a subspace of С (IR^) such 
that $ € 9, iff 


Yp (9) «o, lim sup{ |o (9) (x) IM, (x, IaD ; x eI) = 0 and 


|a|-e 


lim supí |o (9) (x) IM, Gc [aD q e NO} = 0. 


|x| >= 


THEOREM 1. (i) The space бр ts а Banach space. 
(ii) The space {м} ts a Frechet-Schwartz space. 


Proof. (i) Let Те siu) <e if v,u >N(e) and 
let $ eC^ (I) be the limit of the sequence ($,). 
We prove that $ ес. Clearly Team ze holds.. We want? 


prove the remaining properties of $. First we prove that for 
every де INC 


(a) supiM, (x, |q]) e, 9 -9 (х) |; xer} + 0 as v*** 
If vuo >N(e) we have 
(b) sup(M, (x, |a|) jo, P (x) |; x e I^ NK) < 

< supin (x, |a|) ke (x)|; xem? Nx) +e, 


where К=В(0,р) is the closed ball with radius р 20. If У "e 
we obtain 


supiM, (x, |a|) Je P (x) |; x eme\ к} < 


| < вир(м. (х, |a|) |Ф (9) (х) |; x emSN x) +e. 
o 
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s 
For every compact set KCIR there exists N(€,K) such 
that 
sup{M,, (х, lal) 1%,“ ) x) -e 9 o1; xek} «e if v >N(e,K). 
( 


pecause ф (9) converges uniformly to ф 9) оп К. 
е у 


Let Uy >N(e) and let p be chosen such that for К = 
= B(0,p) the following estimate holds 

sup(M, е, 11018,7 Ч) (x) |; x e I \ К} «c 
Therefore taking v >v,(q) =max{N(e), N(c,B(0,0))) we have 


sup(M, (x, |a|) 19,2) (x) - 4d (x) |; xem?) < 


sup(M, (х, |a|) ee) (x) = (x)|; хек} + 


|^ 


T 


(q) s 
supu Gc laD (19) с) | +1697 co ря xe М к) < 


l^ 


Е +2e+2e = 5€ . 


Thus we proved (a). 


Since o Ес, there exists Мо (e) such that 
u 
о 


sup tm, (х, 19119,09) (х) |; xem? } «e if lal >N (e) . 
o 


From (b) we obtain that v>N(e) and |q| >N,(e) imply 


supiM, x, laD 19097 GO |; x em) < 2e - 


For a fixed q ем and (д) > vo (3) we have 


s 
sup(M, (x, |a|) [o (92 (x) - 9) (x) [; x eme 


Thus, from 
sup(M, (x, |a]) |o (9) (х) |; xem?) < 
S supin (x, |a|) | D (x) -$, (8) (х) |; х eR У 


+ рім. Ged 31018.90 00 |; хеш?) 


We obtain that 
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lim supiM, (х, lal) [o (9 (х) |; xem?) 2g y 
lal» As 
The proof of ый 
lim(sup M, (х, al) 1$ 9 (х) |; чел } = 
qe 
7 т whi 
may be derived in a similar way by observing separately thi, 
< d > for a suitab 
supremum for |q| <q, and |a| >ч for uitable q em. Л 
(ii) Proposition 1 implies that 0{м } = По. 
pai P 
Let p" be an integer such that р" > р? where p^ is an integer (c! 
which corresponds to given p €IN in condition (C.3). From 
condition (A) it follows that we may choose p" such that 
exp (m, (x) mp" (х)) +0 as |x| >% . We shall show that the in- 
clusion mapping 9p" vU is compact. For the proof we shallus h 
whe 


an idea from [1] 
Let {Ф} be a bounded sequence in c, ,. We denumerate thes 
NG by putting e,-(1, ,...,0) +1, e (д; 1,...,0) 2 0 — 7° 
By {K,} we denote a sequence of compact oe of R° such that 


o со 
Kn Kae? DEIN, U К = № and 


sup(exp (m. (x) -mys(x)); x e RNK} A 


AS. the sequence {e п), Ep 209, monotonically tends to zero 


wh: 
(K, is the interior of Ka E 
ya d 
The functions (6 1) (x)|, v еч, are uniformly pound 
оп Кү. Hence, by virtue of the Arzela theorem, there exists a 
ence (à, 1} of 10} which converges uniformly on К]. Becat 
se of the uniform boundedness of the functions D (x) |, ү 
= N, | 
Уре гоп Ко, according to the same Arzela theorem there Gs 


= (e2) er^ 
exists a sub-sequence (y 2} of {$y n such that {¢y,2 } conv 


seus en 
2: Continuing in this manner, and а 7 
applying a diagonalization process we obtain a sequence {yy 


SSL I 


ges uniformly on K 
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~. ААА) Е 


(а) 
tec converges to $ on every compact set Kc m? and 


As 
ҮҮ <M we have that Ур" ($) <M because of 


Y^ y 


loge (x) | < (M / €, р |! exp Cm, G9) 


/|a 


which holds on every compact set KC mE. 


5 Wwe shall show that ф вор and that y 2 converges to 
$ in бр. Я 
For а fixed g Е ING we have 
(q) s 
3 ( H € IR 

Р (с) supico, |а| ехр m, (х))]Ф (x) |; x \ KJ) 4 
(9) 

Ср С sup{C n e c 

< ва (Ср, |91 / Ср", |a|) SuPÍCg s, qj exPGuos 19а) 


г хек кер кеа 


where Ea 15 from (СЗ): 


Let te2) be a sequence of real numbers which tends to 
es 


А zero and let a, (En) ‚ п єм, be the corresponding numbers from 


condition (C.3). From the inequality 


sup{C exp (m, (x) ) [Ф (ч) (x)|; x em) < 


р, |9! 
2 (9) 3 
S £g eXP (m, (x) -m, в (x) ) РС» jq] exp m, (x)) [$ (x) |; 
xem?) <e°M 
= n 


which holds for [9] > о (e), we obtain that 


A eh 
a lim вир{с || exp (m (x)) [$ 9 (x) |; x em) = 0. 
|ч [>> р, |a р 

se 
v This fact, together with (c), implies 

У” Ў 

теа S (a) ; ем} = 

| |x| +0 Supt р, jaj!’ (x) Jexp (m, G2) аем 


> 
en ` Ме proved that фес 


n | We have 
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(q) (x) - p P] ; хек 


СОЕ < sup(M, (x, |] Ае, n' q em, co! 
q) 

+ sup, (х, |a|) 1%, (9 (x) - 4/2 (к) ру x EREN KL, g ему; ue 

q) the 


< sup{M, (x, |a|) К (х) = ус (x)|; хек, Jal < чын 


+ sup(M, (x, |q] ) T (х) [+1 (9) (x)|); хек, |а| ^q, (62), 


is 
(q) 
+ sup(M, (x, ap Coy? (х) [+ 1ф 9 G0 |); x єв Klal < 
E sol 
< 9. (67) } + sup{M (x, |a|) (los? (x) |+ |9) (x) |); 
= о)" m p À 
x ER \ к, lal >a, (ep }<supM,, (x, |a |) LV (9) (ху - 
sul 
gt) |; x eK, lal «G5 (ez) єр M+ e, 2M + ec e 2M, 
Therefore from the construction of the sequence 
it f A З P1: 
19, 60) it follows that Фу) converges to ф in бр 
We shall turn now to an important example of the 
space ом}. fr 
ru 
3. IMBEDDING OF a INTO ULTRADISTRIBUTIONS ge 
Let - th 
(1) = Po 
бр,а N Po 
g va 
where iN ЧЕМ } is an increasing sequence of positive nU 
mbers such that the following conditions holds: fo 
2 
(M. 1) № < N 
а 2 ‘ч-1 Ма, чем 
(М:2) < There are A» 0 and H>0 such that (2 
N q 
а Ма: , чем, ; ‘mow 
ШЫЛ 7 NNNM = e | 
g=o а+1 
(see (31). Observe that then the matrix ce ) satisfies the 
g 
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| 
conditions (C.1)-(C.4). Now putting MG jaj) = m exp m, (x)) 
we come to an кз of a space of the type o{m p" i.e. to 


the space «d А (x))); of course, here а ce, xem? 


(Ма) 
One checks er that the space p Ч (19 (see r4) 


is a subspace of 22 Е (x))}, in fact we shall prove 
MET 


something more: 


(м ) 
THEOREM 2. a) The space D q (18°) te а dense 


jal 
subspace of ot — exp (m, (х))}. 
q 
b) The space ито ts sufficiently 
a 


rich in the sense of [1]. 


12 12 (©) ©) See а) Let ф(х) be an arbitrary function 


from of Е exp (m, (x))) (short. о, (M, }). We shall const- 


Nis] 
(N 5 
ruct a sequence of functions from 0 q (m® ), which conver- 


e A 
ges to ф(х) in o, (My) a 

First, let us recall that condition (М.3) < implies 
that there exists a nonnegative function with compact sup- 


м) à 
port h(x) from о Ч (m?) such that h(x) =1 оп the inter 
val [-1,1]§ 


(Ny) в 
Let h(x) := h( E), п € N; obviously hy (x)€0 9 (m) 
for every n e IN and let us put Кү := supp hp: 


We shall use the following inequality 


(2) sup (Pl (BO (у; x ome 
n 


f 
or every pne, aens " 
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We prove nw that the sequence {hy (x) $ (x) } converges 
to ó(x) in the заи of o, (Mj). It is clear um for every 
compact set KcIR the sequence { (hy (x) Ф (x) ) ; п € IN} con. 


verges uniformly to NGC (x) on K. So, we have yet to prove 
that for every peJN there exists Ср >0 with the property 


(3) Yp Pn G0 $9) < = 


In fact, from the ineguality Nr iS NN 0 «r <q, 


r,q ем, which follows from (M.1), we have 
sup{ | (h (x) $ (x)) (ч) |ехр (m, (х)); x em?) < 


a (r) * (а-г) d 
5 (2) вир (|һ (x) |; x eK) вир{ [$ (x) | 


[^ 


N N, 
X (4) = Llc lsupt [n (x) |: 


` exp(m, (х)); x eK ) 
P n 2 r a 


2 Ix | NN 
ух eK} op ($) < o lal ў ( Ч)вар{ |n (9? (x) |: 
Ix | 2519] réa 
(2p) 
2p) 4 N 
- СР ;жещ, чем }y, (4) «c, al 
a Re es 


q 
for some Cp 20 (as usual, EDEM U уя г <q <=? Se 


м. 
а; HE ОКЕ з. Yo 

b) We shall check all three conditions from the 
Lemma on page 236 in [1]. We already know that there exists 
a nontrivial function in o, (М }. The translation-invariance 
of the space o {M_} follows from condition (A). In fact, 
by (A) for given t eTR?^and реш there exists a р^ €N such 
that шо) т - (x-t) for |x| sufficiently large. For 
$ СОМЕ this implies 
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————————À UT 


( [9] 
Y, (x-t)) =зир{|ф 9) (x-t)| F— exp(m, (x)); x eTÉ,q em) 
у о 


q 
< с зоро 9? йт exp (m -(x)); xem?, сед } < 


for some C 20 which does not depend on x and q. At last, we 
must show that for arbitrary t eR the function $ (x) exp i(x,t) 
is in 0110}, provided that ф ес, м}. ( As usual, 


(x,t) =x, t a Gon * x.t.) . We have 


supí |D3 ($ (x) exp ilx,t )) |exp(m, (x)); x eR} < 


" |q-r| 
=) (9 ) sup |o (9 r) (x) jou exp (m, (x)); x em 
r<q [а-х| P 
‚ (2рүер!%! NoNg чу (25) 
Ny eM q-r| 2 Yap"? PEE = 


(2p) I. (258 rća Ir] 


N 
LOTH 


2 21| 


lal N 
«c sup. ОР ; а em? )- 
у Ма! ор 


q 


[9] 
since sup (oul Жа ем} < o in view of (М.3) 7; i and 
lal 
С, аге positive constants which do not depend on x ог а. 


|a| 
This theorem shows that o{ 1— exp (m, (x))} (the 
la] 


` 


|a 
dual of the space of 5 | exp(m )))) is a subspace of a 
Spac Jal (Nq) 
9 of ultradistributions р 9 "(R). 


A sufficient condition which implies that the spa- 


се см.) is a subspace of а space of ultradistributions 


is given in the following theorem. Its proof is similar to 


th 
at of Theorem 2, so we omit it. 


THEOREM 3. Zet us suppose for the matriz (€, р} 


th t 
АЕ following condition holds as welt: 
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(4) For every peN there exist pP EN, p'»p, 
and Кр 2 20 such that 
Li 


g ЖС, D 1 Te | 
2 араа PrP рае o = апа 


mo (8) satisfies  (M.1) and (М3) 5. then. 


(N_) 
a) The space 0 Ч (m5) is a dense subspace of the 


space g{M_}; 


b) The space o{M_} is sufficiently rich (in the sense of l 
p ЫШ 


4. A STRUCTURAL THEOREM FOR c^ (My) 


It is proved in [9] that a linear functional f on 
ѕ{м (x, а )) is continuous iff there exists a pe N anda 


р 5 
sequence of measures Ра’ а e ING} on IR” such that 


(5). J} (total variation of f.) < e 
= = 
ge IN, 


and for every ф є S (My) 


(6) <#,ф> = ) (-1)191. ds M(x, lap e 9 (x)df, 
ge NG 


A 1 1 
Yamanaka proved this theorem under conditions which are al 


e 
satisfied in the case MG; |a|) =с jexp (mn, GO): i.e., th 


р, la 
representation (6), under the convergence of the series (5)! 


is valid for the elements from о “{М_}. However, for this 


1 
space we shall obtain а somewhat more precise structure 
theorem. 

к . on 
THEOREM 4. A linear functional Е on o{M ) 2s E 
б 5 р 115 
tinuous tff there extsts a PEN and a sequence of fune 


loc 


ons from Ly (85) £a; q em) such that | 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ШЕЛ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
On a class of spaces ... 157 
M ttt RT 


5°) у еѕѕ supt|£, (x) |; хе} <= 
( qE NŠ J 


and for every фес м.) 


lal (а) 
2 £46> = СаСО ера 
(6^) <#,ф qe ins pra MC P 
© дах. 


рг о fe) pec First we have to prove that the sequ- 
ence of norms {yp} is equivalent to the sequence of norms 
where 
fn y) 


пр(Ф) := sup{ f M(x lal) 1e P (x) | dx ; а ем}, рен. 


TR? 


In [6] we proved that condition (A) implies conditi- 
on (№) ([1]) for every sequence {exp(m, ү(х,)), i-1,2,...,8. 


This fact is crucial for the proof of equivalence of sequ- 
ences (y ) and пр}. In ([7], this Journal) we discuss more 
about condition (N). Thus,using arguments of the proof of 
([7] Lemma 3. (i)) and remarks given in ([7], part 2 one 
can prove that the sequences (y ) and {п p? are equivalent. 

For a fixed peN we denote Бу 91 lp the normed spa- 


ce defined in the following way 


D $ eo,p iff $ ae CR?) up (Фф)<® and 


| je M. (x, Jal) 1e P (x) [ax = 0 0 
Чо, 


oo 
Similarly to the proof of Theorem 1 (i) one can pr 


tel чада 
ve that c, , рем, are (B) spaces, 9,12 9122 


І депоѓе 
{ шз a norms {n_} are pairwisely compatible. If we 
b p ording to the nom 
y ge the completion of the space g acc 
Пр’ рем, from [1] p.35 we obtain 
gf = о 
p-l 
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It means that any element f from c^ may be exten- = 


ded fran the space o onto the space oP (for some D); this 
element from (oP) ^ let us denotealsoby f. The cP isa Closed 
subspace of the space бур? By Hahn-Banach Theorem f may be 


continuously extended from oP on б1р to be continuous, Con- 
trary, a restriction of any element from oip on oP belongs 
to (oP) ^. Since we want to give a representation theorem 

for the elements from c^, by the given explanations it is 
enough to prove a representation theorem for elements fra 


2 


с б 
lp | 
We denote by Г the subspace of [ |, Li (ne) def ined 
дем ( 
їп the following way 5 
5 
у = (фа) ег iff Пу := supí Jf |og(x)14x; qe Ny }<= s 
( 
and lim ie lo, 0) lex 20. 
Fels 
М 
Тһе ѕрасе ср is isometrically isomorphic to а 
subspace of T, L5 eis where u is the mapping defined in 
the following way ( 
c, эф + и(ф) = (M Eco eT 
1р 9 = м. (х, lal pit (x)) eT, 
If f есір then by | F 
x 
f =! 
SE,p> := <f,u “(p)> , Vy GE А 


an element from T^ is. defined. By Hahn-Banach Theorem f 

may be extended on T to be an element from T; let us deno- 
te this element by F. It is known (see (91 or [4]) tat if 
Е er^ then there exist functions fy че ING , from L (R suoi 


D [9 


that 
<F,y> = } J £ (х)ф (x)dx, y = ($) eT and | ; 
©зше ake Е | 
q o 3 
ў ess sup( |£ (x) |; xem? } <0 i 


s 
ge Ne 
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It means that on dip we have 
<f,ġ> = <£,u(o)> = J Ј £ OM, Gc, lapo P jada 
5 5 
ge IN, R 
=e yy (-1) [91 (£,00M, (x, a])) (9 , ф(х)> . 


s 
ge IN, 


^ 


We obtain that f EO, iff f is of the form 


(7) gue, x lal (£ GM, Gc, |а[)) Sp 
ge NG 


such that 


(8) J ез$ зар {|Е (x)|; xe R? } <= 
5 а 
чем, 
where the series in (7) converges weakly in бур 
Let us prove now a more suitable representation 


theorem. 


THEOREM 5. A linear functional Е on (M) i8 con- 
tinuous iff there exist рем and continuous functions 


FQ, q e ING , on IR with the property oe NS sup{ 154001, 


х eI) «o such that for every 6 вом} 


(9) <Ё,ф> = ў C 


(ху) (9) cor, 60e 
qe IN 1 


a IET (-1) la] fs exp (ш 
o 

Proof. By what was said before, the condition 
is sufficient. Conversely, from representation (6°) we ob- 
tain that there exist a natural number p and bounded mea- 
Surable functions £ such that (57) holds with the property 


wf, | c (а) (x) £, 60 dx 


Ja] (m. (x))6 
-1 exp un 
2: Spr jae | Р 


IR 
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> ес {м}, or symbolically 


We denote by г = Е +in the s-dimensional comp 
riable, 5 = (9 ree eoo.) where p BÉ. йр et, k=1,-:-°! 


ч 
a 
E c D*(exp(m, (x))£ (x)). 
DEM cpu P Tp" 
ge JN, 
d 
Let us choose Py e IN such that the function 
x-exp (m, (x) -mp, 69) is bounded (see (N)) and condition (С) ( 
holds. Then we obtain i 
P 
g+1 
0) - E [o D (exp(m (x)F (x))) 
s T s Py latl] ИНИ 
geN, 
where f 
t 
(c: x 
Е (x) := elal exp(-m_ (x)) ] exp(m (t)) £_(t)dt, qer | 
а+1 с 1 o P 3 
Py: |a+1| J 
are bounded continuous functions or IR". Since 
= Cc 
) supí |F p1% |7 xem ) «sup {5-9 ; qe} o 
дє р, |9+1| 
о 
supí |x|exp (m, (x) ED xem). ) esssup { |£ 001 
i чегә 
хе RË} < œ 
the relation (10) is the desired representation of f. 
5. FOURIER TRANSFORMATION ON entm 
In this section we define the space of entire C. | 
tic functions Y such that F(¢) = V for some p eo{M }; as =. | 
F stands for the Fourier transform. This enables us to def á | 
ne , through the Parseval equality, the Fourier гапе ёо | 
the elements from o7”{m }. [: 
lex V $ 
| 


Go 
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a ooo enm n 


s 
usual, the scalar product <х,5> is m x5, for x = (х\,... 


s = t s 
NG zn) ек and АЧ 3) ec, 


The Fourier transform of a function ф e Li (RP) T 


defined by 


П my $ = Соме I e 19 >. (х)ах 
тв? 


provided that this integral converges. First we prove a Lemma. 


LEMMA 1. Let ф eoc(M ) . Then the integral (11) de- 
fines an entire analytic function $ (5) of 5 =Е+1П ес? such 
that 


A ~ 
ex (12) |5 Ч. (5) | < = exp(m_(n)), р=1,2,..., 
= P 
р, lal 
A 0:5 
for some 57 


Of course, & (nam, 1 (ny) sep S (ng) n 7 (n engl. о 
РҮ (©) (©) 5. Let us take ng nee 


= tegral 
eere gr Mea o к =1,...,5 and estimate the integ 


(13) |i) 181 f хЧ.е 155% (хаж| for Inkl Полк’ 
TR? 


s 
sce osop Мапа а = (a, ,---„95) € TN . 


Since it is less or equal than 


= q мы m NC) с 

ет Јан Е е e рик “К ах, for some C = C(p;d 
k=1 P 

and 


vl m 2 = A 50), KEL rS 
ua: | p,k (xp) 23 Ix Ino к А к ( p,k r 


"strip" Í EHIN 
te un- 


of | we obtain that (13)uniformly converges in any К 
єс°;|п| <n}. This implies that we сап differentia 


h Я that 
зед the integral sign arbitrary many times- This means 


(a^ $ (=) 1$ ап ent Let us prove now 


S 
ire analytic function on € - 
5 (12); 


we observe first that 
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—1<х,5> 
(б) = ғ S oo) o] 1f eo 99 agas 
ne TR? ev 
For given pe IN we choose р^ є1Ч such that zy 
u exp m, (x) my. (x) ) dx << (J 
Ej , 
18 


(condition (N)). Now if 6$ всім.) ме Һауе 


5 
| 
159$ (5) | <5 Ј exp { i ix, In; fm, = 0) dx < ü 
2 s i=l 
р“, |а| IR 
c s (1 
4 5 sup(exp( 7 Ix; | [п; ] -m (x)); xem). 
б? | | 1=1 р 
P „|9 рї 
С C 
2 = = Th 
J exp(m_(x)-m_. (x) )dx =——*— -ехр(м (n)) KG exp (m. (1 
s eae ce? Ср“, lal > о m. 
IR (А , 
for some positive constants Ci: с, which depend on р but not 
on де WP. 
o le 
la | | А 
If.C CN 1 м1; 
plal 7N (p,|q|) ем x IN} where { lal 
lal R 
|a| €IN,} satisfies the conditions (M1), (М2) ^ and (M3)% frm 
this Leama and ((3], Lemma 3.3),directly follows that for ^ 
P 
OCR U exp(m_(x)} we have the following statement: 
For any p there exists Ср 20 such that 
19 (5) |<¢, expli (n) -M(p|n!)} , 
where M(p), p »0, is the associated function to {Ny} 7 
о oie А 
(14) M(p) : = sup{log у el |a| eIN,} (see [3])- 
|9] 
ne 
Let us prove an inequality in the opposite directio" | 
We 


son 
LEMMA 2. Let Y(t) be an entire analytic Хипс 0 
such that 8 


B 
(15) КЛЫ JE ei im exp (m (n)) for с == +іпе 7 
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MU m 


~ 
every (Prd) емх IN, andke ane Вр 20. Then the function $ defi- 
ned by 
i<x,&> 
(16) $(x) := Ja e rf WE)dE, xer? 
IR 
is a smooth funetion on TR? which belongs to O{M_}. 
plal 
о that Е (© = шш 
Let us Observe or р, lal NaI the inequality 
(15) can be written as 
(17) 1906) [<В exp(m_(n) -М(р]|)) 
provided that (M1), (M2)^ and (М3) * hold for LT la] em}. 
(nh The function M is defined in (14). So in this case we have a 
| more precise statement. 
t , 
Proof of Lemma 2. The behaviour of Y(t) for Izi 
large implies that this integral defines a smooth function on 
| IP, Let us take р ЄЧ. First, we replace the real hyperplane 
5 4 
IR in (16) by the hyperplane 
ra 


IR" +in ={E+in;E eR} (we shall fix n eR? later); 


in fact, from (15) it follows that 


ф(х) = f eio Etin?y(piin)ag ала 


| 5 
| IR 


609) ay = у ilal (grin) Gy (Erin) de (а = (apr: 195) 6280) 
5 
IR 

q a UE 

Since by definition za бсо ау ‚ $ = (61: -- 765) E 


e сЗ 


‚ Using the inequality 
q q,*2 
[ЗК RET 
q: 
k k k 
leel аии 
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=== em mu o 


+2 
| ja (S (к) | <ехр(-<х,п>) S (212161875) oto | 


nd ( 
mi 
dE, ооо dE, 
+ 
(E1*1) oco (Бе 1) 
ч 9' 
where 4+2 denotes (9+2,.--,9.+2). By assumption we get 
(q) E. N E 
(18) |$ 9 (x) | «exp(-«x,n?)* Cg exp(m,,(n)) + 
р", lal 
B и" 
р ~ 
exp(m_,(n))) ( 
" 5 р 
р", [9+2 | 
where p" € IN, р" >р, is chosen so that 
R 
(19) зар i гш |a! eIN,} «e (see C.4). 
Cp" ‚ [9+2 u 
s 
For x = (хрл...) ER?, Hype XS #0 we choose each 
component пу, К=1,2,...,5 of n e TR? such that xD »0 for (2 
every k-1,2,...,s. Taking the infinum by n of the right hand г 
side in (18) we obtain 
16D (x | < Bow exp (=m, (x) - { ———À 4: a) [ 
р, |а| р", ja*2l [: 
for some By? 0, which depends also on the sign of Xy: к= 
ре 
---,5. Howewer, we see at once that a constant Boe at | [ 


found which depends only on РЕМ. Hence 


exp (m, (x)) - [$ (D) (x)| «B с Cp lal + plal [ 


Ср, laj p" ,|g| р", [9+2] 


| 
P 


and by (19) we get at last 


Yp ($) <>. 
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The space of entire analytic functions which satisfy 


(15) for every (р,|а|) ем xIN, we denote Бун м}. From Lem- 


mas 1 and 2 we get 
THEOREM 9. The Fourier transformation te a topolo- 
gical isomorphism between ом} and iM}. 

The Fourier transform of Te ota is an analytic 


functional T on H (M5). We define it in the usual way: 


«T,0» := 21 <Т(х),ф(-х)>, à Ee 


(Obviously ф (-х) eciM) if ф(х) eoim h- 
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AB 
REZIME 
c ( 
Th 
O KLASI PROSTORA TIPA S^(M, (x, (si) 
ar 
U radu je analizirana struktura prostora c (My), 0 LU A 
ispi © 
Pod odredjenim uslovima za matricu tc gp CE (M, G0) ispitan T 
Д р ' c 
i i ij 08} 
je odnos prostora er SE i prostora ultradistribucija. Тахо? 
je ispitana Furijerova transformacija па prostorima ом, su 
1 
9 (My. ( 
т 
5\ 
t 
in 
M 
F 
| 
у r 
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NUCLEARITY OF THE SPACE o{H (x, а )} 
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21000 Novi Sad, ul. dr Ilije Djuričića 4, Jugoslavija 


ABSTRACT 

The aim of this paper is to prove the nuclearity of the space 
с {м (x,a)} under suitable conditions on the matrix (M (x,q)), peN, чен. 
This space is investigated in paper [5] (in this journal), so for notations 


and notions see [5] z 


1. In the proof of the nuclearity of the space K(M,) in TZ] 
some conditions were supposed. In this part of the paper we are 
going to discuss some of them. First, we shall repeat some fa- 
cts from [1]. 

Let {M_(x)} be a sequence of continuous functions on R 
such that: R 


(1) 0« 6 <M, (x) м0 ОД хек. 


The space км} is defined as the space of smooth functions 6$ 


Such that 
191: =зирім G0 1$ cols <р; хек ат ДЕЕ: 


the sequence of norms ul Ib A 
monotonically 
: then 
Xi X4 20, 


the topology in K{M_} is given by 
\ Moreover, tet us suppose that M_, РЕМ, 
increase as |x| += (this means if |x,|? 1; 
pen) = M,(%_)) and: 

(N) For every peN there exists peN such that 


r - otonically as 
p,p- (X): =M oM S, Gd ег (В) and м mon 


|x| э» 


0): 46F05 


ai 
AMS Math 2 

emati ; ifi 198 
K ties subject classification ( adsis 


e О 
У words and phrases: Ultradistrtbutrons» 
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(I) For every peN and every k ен, there exist р“ EN эм 


»0 such that 
Bp,k 


| e (x) | <Вр, xp „ (х), XER. 


Under these conditions, it is proved in [2] that K{M D is nue. 
lear. 

The supposition that M (>) ‚ РЕМ, аге smooth functions 
and that (I) holds, can be changed in some sense with more ge- 
neral conditions. Namely, the following theorem holds. 


THEOREM 1. Let м (х), p EN,be a continuous functions 
on R such that м. (х) monotonically increase when |х| >% . If 


this sequence satisfies eondition (1) and 


(T) There exists є 20 such that for every р EN there ez 
st p'eN and K . 0 such that 


PrP і 
K 2 
Мр) S S, pag oc Е) фо» x2 К pot 
alte o - К zx 
Mb (x) sk; р,р Мр (х+є) for x< р,р 


then the space K{M_} ts equal to the space КМ, } for а suitabli 
sequence of smooth functions {N_(x)} for ONE (1) and (1) hol 

If the sequence {м} satisfies condition (N), the seh 
ence ШЕ) satisfies this condition as well. 


Р г о о f. For the proof we shall use the followim 
construction ([4]). 


[i 
Let w(x) eC? oR); supp ш =D, Е, e, (x) 20 ава f ш 


= 1. 
; :nterval 
We define the sequence of smooth functions on the inter 


[t,9) by 


Np 00:7 М(х) кш (х) = f M G-t)u (tdt, xe [eer 


о 


pen 


o 


So we have 


(2) М (x-e) <Ё (x) <M í), xe [e,9) Jon 


(3) N(x) = Npr GU, хе fe, 9), peN. 
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= LI дЕ 
HE 
со 
d similarly, let w,(x) ЄС (R), suppu, <[-e,0], w, (х) 30, 


fe (x) dx= 1, and let 
2 


o 
NO = КОБОЕ RUF М (4-Е) > (Е), хе (-®,-Е], РЕМ. 


This sequence satisfies the following inequalities, 


o 09) mp (+E) <N (x) <m x elere] ‚рем, 


(3°) N(x) £a 


There exists a sequence of smooth functions {№ (x)) on 


(x), хе (-~,-e] , рем. 


| R such that: N, (x) is equal to N(x) on the interval [Е,®); 


N (x) is equal to М (x) on the interval (-»,-e] ; 0 «6 «N, (x) < 
P 


021. 


< N 10? on the interval (-£,€), рем. 


pt 
Thus we construct the sequence of smooth monotonically 
increasing functions(as |х| >=) {N ), which satisfies (1). From 


(2), (2°) and (T) it follows that for any рє М there exists p“ €N such that 


ble go a E. «M (X) for Хок 
ў (277) М/Ж S Mp (x e) ЗМ (x) < p ( p;P 
ols. 
- 9o А .(x) for x<-K, 27 
qu (3%) MO) MK, SME) 9р0) M, ( р,р j 
Thus the spaces кім.) and Км} are the same in the topologica 
sense. 
4 Condition (I) for the sequence (Np GO) follows from 
€ Es T(K) 
х) IN) Gale fac e) Jw (e) Jat sw, 60. f. ur (ides 
p = o p 16 A^ P [o] 
al | S CM, Gx) S eM. (х-є) «c Np/ (x) + x > Kop’ , 


| Since similar inequalities hold for x <. Dd : 
e sequence (Mj G0) If 
correspond 


р Let condition (М) holds for th 


P еМ corresponds to рем in (N) let р" and Ky-,p* 


H 


| to p7 in condition (T). For x >Ko“ p" we have 
, 


N (x) — M.) M, (x) 3 
P a к ` “л 
М" GO <a Oe) SED Мр- + i y 
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A у крон : 
Since a similar inequality holds for x< р^,р" ' it follows " 


(N) holds for the sequence UN (х)}}. 


2. In paper [5] we defind the space o{M, (x,q)} 5 


suitable matrix te, g? and a suitable sequence of functions 


{exp (m_(x))} where we have constructed the sequence {m M ва 
that this space may be investigated by a Fourier tran 
tion. Since in this paper a Fourier transformation is not ne- 
eded, we genaralize the conditions for the matrix Mp (xo). 


Namely, we suppose that 


= eN qeN_, 
Маса бах рен о 


where {с } is a matrix which satisfies some of conditio 
(Go) 7 (6.2), (C.3), (C.4) from [5] (see remark about (C.1) in! 
< for every (p,q) ЄМхМ ; 
(C,1) e а орага 3 


(C.2) For every peN the sequence {e.g q e Nj) monotoni 
cally tends to zero when q>% ; 


(C.3) For every рем there exists p €N,p^ > р, such thi 
for every є »0 there exists ч (c) EN with the pr? 


2 for > В 
EAS d S ора 12d +} 


(C.4) For every peN there exists р'ем, such that 
sup spram" ; СА } <o} 
Ер [ql 
and (C.5) (see below), and (M, (x)) is a sequence of fU 


which satisfies the conditions of Theorem 1. It is el A 
ese conditio 


nction 


the sequence {exp(m_(x))} from [5] satisfies th 

n 

Let us denote by E US , where I is a closed M. 
interval in R, the space of etn functions $ on I such 


(q) "re 


B= А N 
Illy, x suple {14 Ч (x)| ; хет, чем 


Я 0109" 
in which the sequence of norms {|| ll т} defines а toP 
' 


form 
If fe, q? , PEN, ЧЕМ, , are of the 


= sel 
- N N 
Cp,a P Ма peN, qe о, 
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is a suitable sequence of positive numbers, then 


where {Ма} 
х this Rice becomes the space E = from [3]. 

The nuclearity of this space follows from the appropriate 
condition on {м } ((M.2), see (31) . So if we give an appropriate 
condition on i we shall obtain the nuclearity of E, €, 

t 
i LEMMA 1. Let for the matrix (6, a › (c.f) and (со) 
ГД 


hold, where: 


(C.5) For every РЕМ there exists p/eN, such that 
i 7 -1 
с CN о, 
Ps gen, pid “рф © 
c ` 
Then the space Е 1 P/d ұз nuclear. 


The proof of this Lemma is similar to the proof of Pro- 


1 5 
j position 2.4. from [3], so we have omitted it. Let us only re 


mark that(C.3) follows from (C.5). ( ) 
с 
р,9 


LEMMA 2. The sequence of norms {|| lp, rl on Ет 


ts equivalent to the sequence of norms 


co 


= (9) (x)|2ax)1/2, рем, 
m | Ф ll psx ato Coq J [Ф х) | P 
0 if (C.1), (C.4) and (C.5) hold. 
(c ) р е 
Proof. If 9€6& Р.Я (c.5) implies 
edi 


ll^, iso ley here € 1 ано pra ba 


From the Sobolev Lemma ( see [6], Theorem 4.1) it follows: 


| ла 
°ч sup{|¢$ (x) |; x €I} <supí ( ; 4 =0,1,2} 


J e P co Гаю 

hat 

E So we have : 2, 1/2 
Т, (9) (91 ах) 

e | Suptc, ql? (ч) (х) |; хет, d єн} <suplep" qí f не 


с 
(9+1) xx) Pag! ирд + 


+ 
Ср", ана ( [ |o Cp",g+1 
c ( Fa (9+2) «y 2, 1/2 Pet — А qeN, } 
р",а+2 Д Je x ] Cp",g+2 
Am ү? 
Ф aes 
эч ix Thy A 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar E 


——————— —————2222200 


Digitized by Arya Samaj Foundation Chennai and eGangotri = 


SEE 


172 Stevan Pilipović 


TM 
where p" corresponds to pl in (C.4) and p^ corresponds to 
also in (C.4). From this inequality it follows that 


Well p, SG +20 Helps where 


The constant A exists because (C.4) holds. 


Let (M, (x)) satisfies the conditions of Theorem 1 ам о 
dition (N); {с g? satisfies the conditions (C.1), (C.2), (Œ 
А | 


and (С.4). Let us denote by Ор, M } the sequence of noms on eth. gi 


ned by 5 м ‚РЕМ, where {Yp } is the sequence of norms in ом, (хе 
} 


defined by 


: = (9) ; R 
Yp (9): supíe, qM, (x) Ф (х) |; GEN, XER}. 


СЕМКА 3. The sequence of norms 189 м) is equivale 
ГА 


with the following two sequences of norms 


2 (q) 2541/2. сем)! 
(i) sup{c, 4 ( [M (x) $ (x) | “dx) ; чаем 


Yp M’ 
© ntl / 


wo Vect] le (х) | 2ах) 1/2, рем; 


where 


н = М (n+l), пей = -NUN 
P о 


i 
P roo 6f. (1) It is clear that every norm from ү, 

2 u 

seguence {ys ‚м? may be majorized by some norm from the seq 


ce Hs м) Ris [2] p. 82). 
From (N) it follows that for any geN_r Np (x) 19 
as |x| >. 


(g) J 


Using this fact and (I), for x €R we have 


x 
|н (х) ф (9) (ху | < | jJ me (9 c) ac] < 


(q) 


р gë 
< Јом. 009 9 (x)) “Jax < Jw (х) ф(9) (x) [ах+ JS, (Ge 


|^ 


Bp,1 f м x) [$ (9) (x) |ах + j N(x Jo (927 (x) [ах о 
-œ as А А 
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ying this inequality by c from (C.4) we obtain 


р Multipl р,9 ' 
B 2 + 2 
(4) Yp x (9) £Bp itp cr PAYER 
^ corresponds to р in (C.4) and A =ѕир{ T 
where P p Cora Sp "e 
а єн) . 


From Theorem 1, more precisely from (299) and (399, , 


A that the sequence {y }on cíM, (x = 
it follows p,M p 995,4) =сїн Ge, о 


Ur is equivalent to the sequence Uy) Using this equivalence 
ll for the left hand side of (4), and (299) and (889) for the ri- 
ght hand side of (4) we obtain that every norm from Qus м} may 
} be majorized by some norm копи У M lc Е 

, 


(ii) Since the sequences (y, ,J, (y, ү} and (y^ } 
PM p,N p,N 
are mutually equivalent we ought to prove that (тр N } and 
ГД 


on к) are equivalent. This follows from: condition (I) for 

i Li 

[2 

їн (х)}; the monotonicity of Np GO if |x| +o , рем; condition 

(T) and 

p 2 2 
J м2 6016 (9) (х) ] ax = 
вр 

Let us prove this assertion. 


If neZ, deo (м. (х,а) ср } we have 


ntl 
D М2 (х) 19 (P (х)| ах. 
ne n 


‚А 
n+l az 
2 (q) 2 2 (q) 2 
N (х) | ах, 
ка (x) баки y J № | 
s T и 
\ Y Ур, м (9? <Ур,м (9) ‚ рем. N59) , РЕМ monotonically increase 
и when |x| +=, thus for a large enough |n| we have 
jet 
р MS n+l 2 
| Јом (x) [$ (9 оор 2 (9) (х) |2ах > 
| A n E (x)| dx 2 up 1 pi Ц ]ó 
# n+l 
2 (q) 2 
> D (x) | dx 
2 Dp,p}"n,p f 1% | 
Where we choose p, and D »0 such that 
( 1 PrP} 
5) N ( 
X-1) >D N >D А 
i P 2 Р.Р pl for X PrP} H ; 
N (х+1) >D N x«-D zs u^ ры 
Р, = "PR Py p% for P:P) a: 
. á 
- M + г; E Ч 
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The existence of Pi and рр р follows from (T) , if thi 
oral 8 


condition is taken m-times where me > 1. If the numbers p 
1 и 


diverge to infinity the corresponding р in (5) also diverge to ing 
nity. So for a suitable C and any ф ес {м (x,q)) we obtain | 


р! LEN y 


Thus Ве sequences (y^ „} and{y" } are equivalent. 
p,N p,N 


3. Now we are ready to prove the following theorem. 


THEOREM 2. Let М (x)) be the sequence of functions 


from Theorem 1 for which (N) holds, and let ios а) be a matris 2 


of positive numbers for whitch (C.1) — (esa) hold. The corres- 
ponding space ЕВИ ts nuclear. 


Proof. For the proof we need to check that the 
conditions from the construction of a nuclear Space by a known 
nuclear space, given in [2] p.p. 80, 81, are satisfied. 


If we put m = р n€Z, рем., we have 


n,p n,p' 
mit, pč™, p? пем, PEN, 

because Ыр (x) increases 
ma »m 20, ne-N, PEN, 
ri) пр if |x| increases; 


m «m +1 ' because No (x) <N 100, peN. 


n,p— n,p pt 


Let us prove that for any рем there exists p_eN such that 


m 
(6) yo 29927 
në Z "n,P; 


For large enough n eN we have 


m N (n) N (n) N (n) 
= "TN ) < ® mop e м m 
NP» P5 Sa P2 п — PP? P1 


where P, Corresponds to p in (N) and P3 is chosen in order E. 
0 
make м, (п) Shy) hold. The existence of р, and Dp, P2 


M UNT to 

lows from (T). Namely, if (T) holds for (M (x)) it is easy 
ue 

prove that this condition holds for iN, (x)) as well. The c? 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ver 


bec 


the 


$t. 


REFE 


ur] 


B 


Bl, 


ООО 
3 Digitized by Arya Samaj Foundation Chennai and eGangotri 


э 


On the nuclearity of the ... VE 


vergence of the series follows from (N), By the same arguments 


we obtain that 
-0 m, 
n, 
Oe atk < œ ‚ SO (6) holds. 
n-- n,p, 


tet us denote by Ф(Ё ) the space of GASNE of the form ф:= 


(c (©) 
(ety бт" trta ---), меге ев a Фе Е, ў 


(с ) 
q 
бе єЄЕР oI rect such that 
Nol, 7 m ЄК < N 
Рф nez ПР n"p,I Lu | 
= [n,ntl], nez). à 


The proof that $ (Е а) is nuclear is the same as the pro- 
of of the nuclearity of the space $ (M) given in [2] р. 818 


c 
because the Space EE p,q) is countable Hilbert nuclear 
Space according to the sequence of scalar products 
ОУ tse ср $ (Ч) cog Ga , рен. 


We embeded the Space EU. } into the space $(E_) by 
the isometry D 9 


Lib foul ; n= ОТ 
n 


T The space < (g(N pe, а») is а closed subspace of А 
E,) and so it is пасі 80 É 5% 
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NUKLEARNOST  PROSTORA oin, (x, q )} 


U radu je pokazana nuklearnost prostora o{M_(x,q)} 
j = i adovoljavaju 
gde je M, xq) MG, gt a (M, (x) } i бра, 2 javaj 


odredjene uslove. 
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REMARKS ON DIFFERENT SPLITTINGS AND 
ASSOCIATED GENERALIZED LINEAR METHODS 


й Dragoslav Herceg 
Prirodno-matematički fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuričića br. 4, Jugoslavija 


of the Newton-SOR and SOR-Newton type, [12]. Some sufficient conditi- 
ons for the convergence of the linear method and for the local convergence 


of the generalized linear method are given. 


INTRODUCTI ON 


We shall consider a system of n linear eguations with 
n unknowns, written in a matrix form 
Ax = b, 
where A is a nonsingular matrix with nonvanishing diagonal ele- 
ments. One of the basic principles used in the generation and 
analysis of the iterative method for linear equations is split- 
ting. That is, for the linear system Ax=b the matrix A is de- 


composed, or split, into the sum 


A=B-C 


у 
f 
2 
ABSTRACT 
In this paper we consider some iterative methods for a linear sys- 
tem of equations Ax=b and their connection with the generalized linear method 
\ 


A . 

$55, (a henatios subject classification (1980): Primary 65F10, 

е . LI 

55 and phrases: Iterative methods, linear and nonlinear 
s 


» Newton-SOR, SOR-Newton, AOR. 
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= @ 


of two matrices, where В is nonsingular and the linear s 


Ystem 
Bx-d is easy to solve. Then an iterative method is defined by 


(1) POE CE СХЕ ЕН D  me9,1,... . 


If we set нев С then (1) can be written as 


ONE ULIS HU... EB (ax? = 5) 


, 


where E is the unit matrix. Iteration (2) is convergent for 
all x? if and only if the spectral radius P(H) of matrix H 


is less than 1. 


We shall now give some Splittings of A and associated 
iterations of form (2). Let 


A = D-T-S 


be the decomposition of A into diagonal, strictly lower trian- 
gular, and strictly upper triangular parts. Let F= diag(f,, 
eef ) be a nonsingular matrix. Let for o,c e IR, #0, 


D a G"(seom, Gao (F-uDt(u-c)T-FuS) . 
Matrix B is nonsingular, А = B-C and 


(3) віс = (F- от)  (r-up + (ш-с)Т+ oS) . 


We denote by H(F,w,¢) the matrix В !C апа by VAOR the associ- 
ated iteration (2). If F- D the VAOR reduces to AOR, [6] . Fur- 
ther, the AOR method for specific values of the parameters uj 
reduces to well-known methods: for o=0, w=1 the AOR method 
is the Jacobi method, for g- 4-1 the AOR method is the Gauss-Sei- 
del method, for g=0 the AOR method is the JOR method, for o =W 
the AOR method is the sop method. 

The sufficient conditions for the convergence of the 
AOR methods are considered by many authors including р], 21, 
[6],[7], [9],[1б], [1I]. In this paper we shall give some Ee 
cient conditions for the convergence of the VAOR method. Using 
these results we can also give some sufficient conditions #05 
the local convergence of some generalized linear methods #07 
the numerical solution of the system of nonlinear equations: 
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our results include some results from [5] and [12]. 


ON CONVERGENCE OF THE VAOR METHOD 


We shall begin with some notations: 


n,n 
For A= fa; 5] ЕС ' (= set of complex nxn Matrices) we define 


for i-1,2,...,n 
i. (53) e ) Е Е 
e jen(i) 74 4 


where М = {1,2,...,n}, N(i) = N\{i} . 


THEOREM 1. Zet A= [а, ;]ec™" be euch that 
(4) alan, j 
laj,]la55| >P; (А)Р.(А), fen, jeN(i), 
or 
(5) «е [0,1], [а | > PAANO (д), EN 
1780) «VB ga be IG Ыы? 
or 
(6) 
ae [0,1], la;;! > ар, (А) + (1-0) Q, (А), ien. 


Let = di 
F= diag (ғ +++, fu) е Сол and let £,/a,,eR, £,/a,,>9, 
Тем, а= i 
q nee ату © Жс for we (0,9], се [0,q] , ve have 


PEE, а, с)) < 1. 


meth ваб The iteration matrix H(F,w,o) of the VAOR 
9 is defined by (3). We assume that for some eigenvalue A 


of H 
о |X| »1 holds. For this eigenvalue we have the fol- 
ng relation 


det (H(F,w,o) - ХЕ) = 0. 


=det(F) #0, this is equivalent to det(Q) = 0, 
E is] is defined by 


кот) (Н(Е,ш,с)-АЕ) = (1-A) F-wD+(w+g(A-1))T+WS . 


r 
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ET 


In (6) it is proved that for |A|21, О<х<1, 0<y<1 we have 


[^-1+х| > [у(л-1) +х|, [A-ltx[>x . 


Now it follows that 


m 


а, 
9+1 = |O-1)f twa, al inks 1+ o- ПЕ, | > ola; il 4 сі 
fi | 


апа 
Gian 
g 11 


а.. 
ii D 
[чү > 10-21) {у SG Е: [= | (А-1) ot] |а,, | 


(2 


ѕіпсе 0 < wa; :/6; < 1 0<oa,,/f; < 1. It is easy to show that 


Y 


fc 
noa і |р, (А), a tay < | zii [ 0, (A), ie NIE 
aii Sat) 
and 
P4 (Q)P (Q) < 19:119451, ieN, jeN(i) , 
if (4) is true, 
a l-a 4 va 
Pi (9)0; (О) < 9; ; | ,ien, | 
if (5) is true, \ 
aP_ (Q) + (1-а)0, (Q) < |a,,] , ieN | 
ап 
if (6) is true. (7 
It follows now from [8], 2.4.1, 2.5.1, 2.5.2, that 
p F 
detQ#0. This contradicts the sinqularity of H(F,0,0)-AE. Ше м 
refore, p(H(F,u,c) < 1. 
Si 


r 
COROLLARY. Zet A= (a; glec^' "П be either strictly 07, m 
G 
irreducibly diagonally dominant. Let F= diag (f) ABODE G 


nonsingula» and let 
fi 
>0, ieN = min 
, 1 q JEN aji 


Then p(H(F,w,0)) «1 for we(0,g), ce[0,q] - 


£1/a11 € IR, £,/a, 
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Proo f. We see that the eigenvalues of H(F,u,c) 
` are the roots of detO- 0, with Q given in Theorem 1. With 
TEST we know that Q is irreducible when A is irreducible. 
If A is (strictly) diagonally dominant, then Q is also a (stri- 
ctly) diagonally dominant matrix. With these conditions, the 
value of A such that || > 1 сап: not be the eigenvalue of H(F, 


и,0) because Q is nonsingular. 


THEOREM 2. Let A= |a,. = di n,n 
e [a,j], F= diag(£,,...,£,) есп, 


vith a,.,f,>0, ТЕМ, and let q= min —— . Then p(H(F,u,c))< 1 
11 at ? a 
ieN $11 


11 


ИОВ 


азза уу >Р, (А) +Р (А) , ieN, јем(і) . 


i for we (0,q], се [0,9] cf 
aii min(P, (A) „1; (A) )p- Sh ORY y 
PETTO (oj fr. As in the proof of Theorem 1 the eigen- 
values of the matrix Н(Е,ш,с) are the roots of detQ- 0. With 
|\| »1 we have 
[diil [2,1 
ii ii А 
\ Ta) Ti (А) 7 Р (Qis m P(A), ієм, 
іі іі 


у Cra! 
(7) min (Р; (Q), T; (Q)) < ay min (P; (A) ,Q, (A)) < Jays] - 
ab 
Further, 
19.4 1+19;| > las] OT) (£,+£,)tw(a, ужа) | : 


Since , 


N 
f. + £ i f 
1 3 i. . 
a ra > min(—+; SL jing, чем, en CE, 
Пао = aca = 
We have 


' aS in the proof of Theorem 1, 
те d rs 
19:5 чу! >а жант) 1 
la; sta, | 2|O-1)o+u| (a, , 124) 5 
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Now it holds for i EN, j €N(i) 


| | P (A) +P (А) 

(8) P, (Q) +Р. (0) < |q..t+q.. | —————— < + 

i j = ii “jj a 54 lay; | la; 3l O 
From (7) and (8) it follows by Theorem 5 from [13] that deto = 0, 


which contradicts the singularity of H(F,w,o)-\E. 


ON SOME GENERALIZED LINEAR METHODS 


In this section we shall Беш. the system of nonli- 
near equations Gx=0, where с:р=1тв^ > IR” ‚ and suppose that G 
is F-differentiable and G^ is continuous on an open neighbour- 
hood So CD of a point x* for which Gx*=0. 


One way to utilize the VAOR iteration in connection 
with nonlinear eguations is to get approximate solutions of the 
linear systems which must be solved to carry out Newtons method, 
‘In this case, we would have a composite Newton-VAOR itera- 
tion, with Newton“s method as the primary iteration and VAOR 
as the secondary iteration. In [12] it is shown that such a 
combination can be written in the form 
(NS sere (Ee eG) уву edt ко, 


where B and H are defined by j 
B(x) = W{(F(x) - oT(x)) , 


C(x) = w | (F(x) = wD (x) + (w-o) T(x) +wS(x)) , 


l 


H(x) = B(x) C(x), woeTR , o£0. 


In this case F(x) is any nonsingular matrix and 
G^(x) = D(x) - T(x) - S(x) 
is the decomposition of G(x) into its diagonal, strictly H^ 


wer, and strictly upper triangular parts, and it is assumed 
that D(x) is nonsingular. 


ic- 
Under the above assumptions, x* is a point of attra 
tion of the iteration defined by (9) if B: 50 + RU? js ont” 
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at xt, BUX*) nonsingular and if p(H(x*)) «1, 10.3.1 from [12]. 


We can now use the results of the previous sections to 
some sufficient conditions for a local convergence of 
wton-VAOR method, if we apply Theorem 1 and 2 to H(x*). 


obtain 
the Ne 
We have considered linear iterative methods in their 

traditional role of solving linear systems. However, it is also 
possible to give a direct extension of these methods to nonli- 
near equations, n 2] . SO, ме have the one step SOR-Newton process 
and some of its modifications and generalizations (3],[4],[5], 
[12]. The one-step vSOR-Newton method, [5], i$ given by 


where, as usual, g,,...,g, are the components of G:Dc mR” nan. 
1 п P 


k,i_ pH k+1 „К 


Кот 
we R\ {0}, x a реж ү, Bere eX, d SECO SO oc 


and functions fi:Do IR, i-1,...,n are continuous on D with 
Е; (x) >0, хези ЕВ 


For f, (x) = 94 (x) z 1=1 .,n, this method reduces to the one- 


dad 
Step SOR-Newton method. 

In [3] a generalization of the vSOR-Newton method is 
Jiven. This is the one-step vAOR-Newton method 


kl k g; (2%) , 
27 = XQ pm izl,...,n , 


(1 ay 
E k g (x*) g (2) 
a 1 JENNI i 1-2 ово 
M cm — o5 e rero r г 
£, (x ) i 
Where 
^ к-т = 
9,0 € \{0}, Seil PR A Fe Et Us ear un 

ang 


d f D> R are continuous on D and £x) »0 for xeD, i= 


"осоо 
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This method reduces to the vSOR-Newton method if ce 
Clearly, (10) may be written in the form tle E 

0) 
although now the mapping Gy е becomes rather complicated 
Г, . 


[3] it is shown that 
s -1 
6, c? = (F(x)-oT(x))  (F(x)-uD(x) + (w-o) T(x) + uS (x) ) 


Now it is easy to see that со = Н(х) with F(x) = diag (є (x), 


о (x)) 


To prove the local convergence of the VAOR-Newton method 
it sufficies to show that Gi 5 is F-differentiable at х* 


ГА 


and that р(Су (x*)) «1, see the Ostrowski theorem, [12] 
Li 


So, 
for the local convergence of the Newton-VAOR and vAOR-Newton 
method we consider the same matrix H(x*). We may apply the 
results of the previous section to H(x*) in order to obtain 
some sufficient conditions for the local convergence of these 
methods. In [3],[4] are given some sufficient conditions for 
the local convergence of the vAOR-Newton method. As special 
cases of this method we have the vSOR-Newton method from [5], 
and the SOR-Newton method from [12]. The Newton-VAOR method 
also contains, as a special case, the m-step Newton-SOR method 
(m > 1). Now, we can summarize our consideration of the sys 
tem of nonlinear equations in the next theorem. 


THEOREM 3. Let G:DC mP + IR" be F-differentiable i" 
an open neighbourhood S, ED of a point x*eD at which G^ 18 
continuous and Gx*- 0. Let D(x), -T(x), -S(x) be the diagonal 
strictly Lower, and strictly upper triangular parts of G (x): 
ЕВЕ С £4 (x) 20, i=l,...,n, are continuous on D and F= 


= diag (Е; (x),..., £ (x)) . If G'(x*)- [9:5] onal 


9,, ^0, 911933 > P4 (6 G9) P; (6^ (x*)), зем, jeN(i) / 
or 


41) ае [0,1], gj; >PE(G-(x*)) Qt 8 (e^), ем, 
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e a € [0,1]; g,; ? GP,(G^(x*)) + (1-а)0, (G^(x*)), TN 
or 
g,,»min(P,(6 (X )),T; (G"(x')), ieN, 
11 
“(yk 2 х : 5 
Badass > Pa (8 (x*)) ЕВЕ (x*)), LEN, jeN(1) , 
or 


G'(x%) ts irreducibly diagonally dominant, 


G^(x*) ts an M-matriz, 
then X* is a point of attraction of the Newton-VAOR and vAOR- 
Newton iteration for c,u€ (0,q], where q = min £1(x*)/91, 2 

| ieN 

The proof of this theorem in the case that G°(x*) is an 
Mmatrix, 0« c «o « q is given in [3]. If G^(x*) is strictly di- 
agonally dominant, then (11) is true for a=1, and it follows 
that the statement of Theorem3 also holds in this case. 
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U radu se posmatraju neki iterativni postupci za reša- 
vanje sistema linearnih jednačina Ax-b nastali dekomponovanjem 
matrice A u sumu A-B-C dve matrice, gde je B nesingularna mat- 
rica i takva da se sistem Bx-d može "lako rešiti". Formiran je 
VAOR iterativni postupak za iterativno rešavanje sistema Ax=b; 
koji kao specijalne slučajeve sadrži AOR, SOR i JOR postupke. 
Dati su neki dovoljni uslovi ze konvergenciju VAOR postupka. 
Takodje se posmatraju kombinacije nelinearno-linearnih i line 
arno-nelinearnih postupaka za iterativno rešavanje sistema пе 
linearnih jednačina. Dati su neki dovoljni uslovi za lokalnu 
konvergenciju ovih postupaka. Kao specijalni slučajevi posmat 
ranih postupaka javljaju se postupci Newton-SOR, SOR-Newtol / 
[12], i vSOR-Newton, [5]. 
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ON A NUMERICAL SOLUTION OF A TYPE OF SINGULARLY 
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SPECIAL DISCRETIZATION MESH 
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4 


ABSTRACT 


This paper presents a generalization of a mesh const- 
ruction from [1] for a finite-difference discretization of a 
singularly perturbed problem (1). We give a class of functions 
that generate mesh points, enabling a quadratic convergence 
uniform in small perturbation parameter €. 

The possibilities of linear interpolation of numerical 


results is investigated as well, and the method is shown to be 


Uniform in є апа to retain the accuracy order of numerical 
results, 


1. INTRODUCTION 


We consider the problem 


Qa и 
) RWS Scr бе) =. x€1= [0,1], 


u := (u(0),u(1)) = (U,U) , 


AMS = 
Key pathematics subject classification (1980): 65L10 
monoto S and phrases: Singular perturbations, inverse t 


t ne: D 
Е nteity, consistency, stability and convergence uniform 
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under the basic assumptions: 
b(x,u) e с^(т х IR), kEN ; ye fu 
b (xu) > 8> 0, (к,а) e I xm ; 0 < e Some as 
8, Eo’ Uo: U, СИР 
where є is a small perturbation parameter, 2. 
А problem of this type was considered, among the ot- 
hers, in [2] and the linear case of it in koje hale il, [8] . 
It is well known that (T,B) is an inverse monotone operator 
and that there exists a unique solutions uc € ck*2 (т) to 
problem (1), see [2], [3]. The corresponding reduced problem E 
b(xmu)z0, хет, 
also has a unique solution in c (т), which, in general, Ob 
does not satisfy the boundary conditions (1b). Therefore ч. (2 
shows two boundary layers at the endpoints of the interval I. 
We use a classical finite-difference scheme on a No 
non-uniform mesh to solve (1) numerically. The discretization 
mesh is constructed in a Special way, which generalizes the 
idea from [1], see [4] as well. This enables the second order це 
convergence, uniform іп €, the result of which we shall A 
State in section 4 and Prove in section 5. To obtain this we fr 
have to know the estimates of uc and its derivatives and fr 
that is the subject of section gc he 
In section 3, we shall give a general mesh construction; ju 
Where the mesh points are obtained via x, = A(i/n) , fr 
=F осо п ем, with some suitable ЕВЕ À. 
In section 6 we shall show that our discretization 
mesh is suitable to get the approximation of ч. at any point Ed 
x € I by interpolating numerical results. The linear interpo^ (3 


lation retains the Second order accuracy and informity in £- 
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Section 7 contains some numerical results. They agree 
y with the theoretical ones. 

Throughout the paper M will denote each positive 
constant independent of є and of the discretization mesh. 


full 


2, ESTIMATES OF и. AND ITS DERIVATIVES 


Define the linear operator as: 


Lz := -є^ш" + g (x)z, x e I, z e C(x), 


where 


1 
g_(x) = b(x,u_(x)) - b(x,0) = ! b_(x,su_(x))ds > 8? > 0. 


Obviously (LB? is inverse monotone and we have 
2 + = I 

(2) L (u? + b(x,0). 

Now we can easily get: 


LEMMA 1. For the solution u; to problem (1) 


Ше have Jul) G9 | < Me i, i = б, Кет 


Proof. For і = 0 the proof follows immediately 
from (2). For i = 2 we get the desired inequality directly 
from (la) and for i = 1 we can use Lemma 1 from [1]. Furt- 
her inequalities can be proved by differentiating (1a). We 
Just have to use the formula for differentiating b(x,u(x)) 
from [2], page 35. O 


a LEMMA 2. For the solution u, to problem (1) 
E following estimates hold: 
(3) (i) =; ; 
пау <M + ec уй) i= To. хёт, 
ühene 
V = 
в eS] SE) o 


Ve (x) 


= ехр(-Вх/=) , м. (х) = ехр(-В (1-х) /є) . 
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2 
1) зе (©) @ во ШЕСЕ Z © Ca (I) we take 
Lz = —є2х" + b. (x,u_(x))-z / 
UPA № T 


Then: 


L(tu!) = yb (xu). th 


Because of the inverse monotonicity of (L,B) we can get (3) 
for: i= 1. Here we use Jus (s)| АМЕ в = бул, а Lemma | 
Now suppose that (3) holds for i = 1,2,... ДЕШ 


Fr 
2 <j < К. We shall prove (3) for і = j. Consider 5 
Сы u 
meme) = (xu) 2) - > (хм )«u 2?) у We 
E UE irse eser € 
and use the already mentioned formula from (2]. 
We get Be 
+, (5) =A) 
L( u ) < M(1 + € Ve) g 
We could use the inductive hypothesis since on the right hand an 
side of (4) we have derivatives of u; up to the order j-l. 
The proof now follows from the inverse monotonicity of (L,B).U 
The following theorem is proved in [4] in the linear 50 
case. pr 
A 
THEOREM 1. The solution u, to problem (1) can be 
represented in the following way: 3. 
Eh Ss 0500 
where for i = 0,1,...,k and хе I we have 
Wi 
(5) Im) (xy) om , 
(6) ly 806 < Me ТУ. (x) . 
Proo f. Consider the operator Г. We can extend an 


G_(x) to the interval [-1,2] 2 such a way that the smooth 
ness and the Property а (x) > B? still hold. Denote this 


extension by [A (x). In US Same way we make the extension 
b(x,0) of БМ, 0). 
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Let m(x) be the unique solution to the problem 


КЕ + 9. (x)m - -b(x,0), хе [-1,2] , 
m(-1) = m(2) = 0. 


(5) is obvious. 
Now YE u -m and we have 


Then 
€ 


Bey = 0; x € I, УЕ (s) =ОШ (э) не Well a 


From the inverse monotonicity of (L/B) we get (6) for i = 0. 
Suppose that (6) holds for all i - 0,1,...,j-1, i < су 


We have 


1 Gy?) = $009. Coy.) - 9. Gay) 


Because of Lemma 2 it follows 


Is? (x) | м(1 + el Vay =ОШ ROE 


|^ 


and 


^ 
= 
m 
U 
u. 
< 


o5) 
Boye 15 


50, we can prove (6) for i - j in the same way as we have 


Proved (3) in Lemma 2. O 


„еее a —— 


3. MESH CONSTRUCTION 


From now on we shall take k - 4. S 
= Let а € (0,1/2). Consider the function ф € C^ [0,q) 
th the Properties 
600) 
(=) s0, 7305209122539 t € (0,q) 


$(0) = (9c $(q) = to, 


u(t) := $r (t) exp(-d(t)) € c? 10,41. 


& 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


192 д 
Relja Vulanovié 


Let A(t) = j u(s)ds , t€ [0,9]. We have 
t 


‚ | 
$(t) = - InA(t), ЕЕ [0,q) | 
[ 
апа е 
(7) eG) < МА), 4 = 1,2,3, t e [0,q) 
à $ 
The examples for such a function are: i 
$ (t) = -In(1 = (t/g)P), for p= 1,2, / 
ог ре [3,ә) ; 
and ) 


suppose ae $” (0) < 1. Then y'(0) < 1 and there exists a 


unique point a € (0,q) at which w(t) contacts its tangent 
line from (1/2,1/2). 


d 
$1(t) = (qg/(q-t))P - 1, for p> 0. 
Let w(t) = aed(t), t e [0,q), where aß > 2 and ( 
Let 
y’ (a) (12а), Y’ (a5) =EN 
A 


The points a, and Я exist uniquely and we have 


0 < а) < а < a, < 9. Е 
Take : 
W(t), te [0,o] 
A(t) = ф(а) + y’ (a) (+-а), t€ [o,1/2] 
Lo AME), € Ке 172711] 3 
We construct the mesh points x, by i 
(8) X, = A(t), t, = i/n, 8b e 0,1,...,п 0 
n= 2no, No EN. : 


To use A(t) we have to know a. It is the solution 
to the equation 
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| (9) 


nich can be solved by successive approximations as in [1]. 
{ vi 


E Note that for фу with р = 1 (9) reduces to a quadratic 


equation and a can be easily evaluated. 

For p= 1 Фо is the function from [1]. The function 
б, for р ЄЧ is more convenient for practical use because 
it is a simple rational function. 


4, DISCRETIZATION OF (1) AND THE CONVERGENCE THEOREM 


U Let в; =ч. Ex i = 1,2,...,n. We form the 


i 1-1” 
discretization of problem (1): 
ч = Us 
(0) Tu, := -EŽD u, + b(x,,u,) = 0, і = 1,2,...;n-l, 
4 


yet hæl 
where u = Ui 


(hy + Ju, + h,u,,,)- 


Diu А E Bo 


hi? zy 1+1 


үйд e moth to the 
Non-linear system (10) exists uniquely and it can be evaluated 
by the Newton method, see (71 for instance. Note that the 
perturbation parameter causes no truoble in the convergence 
9f this method. 

The system (10) can be written in the form: 


The solution us = [ug,u 


ALU, + Bhh = fh 2 
M + +1,n+1 
pores f= (Serres О КОШ em*l; љ = Га, Је т" ' 


i 
За tridiagonal matrix with elements: 


an 4 
d for den 


= ; 
ау т T ae ee yy hy) + 
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2 . 
aj, = 2e°/(hyhy у), | 


2 \ 
ЕЕ ce (he teh by y 7 ) 


[ug G6) ug G5) +e uz (х 9] T e RHI and 


T n+1 
m= [0,r, r5... rh _,,0] € [R , Where 


Ic ry (uc) (Tu) 64) d Ty Ug (ху) 


И 


and Bu = diag(0,b(x;,u),...,b(x. ju ),0) € Re boni 
c? (D, u (x;) - u"(x,)) і = 1,2 
Dicit ERE z D 


we can easily get, see [6]: 


h 1 
(11) lat" o ul! хв 1х! - 
` 


a 


Here [|.| denotes the maximum norm: Iz, | = max |2.| for 
0<1<п 

= T n+1 —— 
t e [20,2 1 eim о 


pert, 


Thus, for our discretization (10) we have a stability 
uniform in є, (11). 


In the next section we shall prove the following 
theorem (a second order consistency, uniform in e): 


THEOREM 2. Let the mesh points be given by (8) and 
let aB > 2, aco? (0) < 1, n > 3/q and k = 4. 
Then we have 


2 
1 Il xy ll © МИ” о 
From this and (11) we get immediately 


THEOREM 3. 


Under the assumption of the prevtous 
theorem we have 


h 
lus > ul < M/n? . 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


` 


2 


EC Le 


ш Digitized by Arya Samaj Foundation Chennai and eGangotri 


On a numerical solution of ... = 


S AUT RE 


PROOF OF THE CONSISTENCY THEOREM 


To prove Theorem 2 we use the same technique as in 
Theorem 3 from [1] - 
First we have r, (u_) = r; (m) + ri(y,), i = ой 


and since |x, (m) | < M/n*, we only have to prove 


, 


2 
(12) Ir; (9) | < M/n', 1 = 1,2,...,ng-l 


because for i - ng:ngtl,...,n-1 and LA the proof of (12) is 
analogous. 
Now let г; = r,(v,). We have 


2 à m 2 12 iv 
a3 [ry] < €^ 30G,,, - в, У) +e баяна [УЕ (0,21 
апа 
(14) Iz] < є2.2 у" (у, ) | 
que = = ЧА 
with UM € Gu 173444) Using the definition of mesh points 


and the estimates from Theorem 1 we get from (13) 


15 2 
(15а) [| < M(P, + 000770067 
(15Ъ) = д" 1 
Pi A (CE? zVg (Ху) , 
(15c = (л, 2272 ; 
) QE (61,42) € ve 0 1.1) ; 


and from (14) 


(16) Ix; | £ Mv_(x;_1) . 


For the function A(t), t Є [0,1], we have 


1 
G2) A'(t) < 1/(1 - 2q) , 


[А"(&)] < aeo"(a,) 
and because of (7) 


(18) " E 
IA" се) < Mea(a,)~2 = Me($"(a,)/u(a,))? < M/e . 
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1 Let t > o5. Then 


l^ 
«4 
= 
> 
R 
N 
| 


= ехр(-аВф(а,)) < exp (=26(a,)) = 


2 


(u(a,)/9" (а„))? £ ME 


Using this ineguality and (18) from (15b) we get Р, <M. 
Егот (15с) and (17) we get Qi < М in this case. Thus (15) 
gives us (12). 


o 


2 Now let ty) < а, апа tici < qd - 3/n. Then 


Е <q- 1/ <q and 


(19) a-t, > F(a о t 


Because of 


from (15b) we get 


P, 
1 


їл 


Mo" (t, ,)exp(-26(t,.)) < 


2 


la 


М(А (Еу 1) /А (6, 41)) 


11) 
and because of (19) Р, <M. 
In th , t 
n e same way we use Л (ti) < Y’ (Е +1) to ge 
Qi 2 M from (15c). Then from (15) we have (12) in this case. 


О А 
3 The last case is q — 3/n < ti- < вл. Note that 


1 
q - 3/n > 0. Now it follows 


exp(-20(t, .)) < exp(-26(q - 3)) = 
= A(q - 2)2 < m/n? 


and from (16) we conclude (12) in this case and the theorem 
is proved. 
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6 LINEAR INTERPOLATION 


T n+1 
For any [2,2у,...,2] ER and x € [х,,х,,у], 
je 0,1,..-,0-1, let 
ES 1 
#(2{,х) = zi t po (EE x). 


Ll 
We aproximate u_(x), xE ху их; +11, by Llu, x), where, as 
before, U; denotes the solution to the discrete problem (10) 
on the mesh (8). 


THEOREM 4. Under the assumptions of Theorem 2 we have 


luG) - 2,5] < M/n?, x? хх]. 


Рт о o f. Жее е [xs 5, +11 . Because of Theorem 2 
we have 
[або Ск) ох) = (цох) | < Mn? . 


Now we shall prove 
2 
luc (x) - £t, (х;),х) | < M/n* . 


Again, it is sufficient to show that 


(20) 2 n 
IR, | < И” р i = 0,1,...,n$-1, 


Whe = 
(2 ip ho = ve(x) - # (у, (х,),х). For other i's the proof of 
0) is analogous. We have 


IR; | < MO’ (Е, 


2 -2 2 
ix Е ve (x;)/n 


and w 
Б 588 (20) in both cases 10 апл ЕНЕ proof of 


оге 
№ 2. In case 3° we use 


|ы [| < Му (х,) 


to 
ead (20) again. п 
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7. NUMERICAL RESULTS 


We shall test our method on the following linear 
problem from [8]: 


2 


=e u"(x) + u(x) = - (cost rx аР 2 (єт) 2соз2тх) 7, 


(21) 
x'e€ I, u(0) = u(1) = 0, 


Й 5 
with the exact solution: 
E 


uc(x) = (exp(-x/e) + ехр(- (1-х) /є))/(1 + ехр(-1/є)) - cos i. 


Since u, (1/2 ap 59) = u (1/2 - x), x € [0,1/2], it is sufficient 
to solve (21) on the interval [0,1/2]. 


We use the mesh given via $1 with p - because it 


| 
= 
M 


is the simplest function and the results for $6 and $1 
with p #1 are very similar. Note that here а =q- Vage , 
and we do not need the condition аВ > 2 in Theorem 2. So, a 
is such a constant that 0 < ac "ds m 

In our numerical Ке Еа we shall vary Е, а, d 
апа п. The width of the boundary layer is of order є. We 
Shall be interested in a number n of mesh points in (0, 


l 
For a,q and n, fixed, this number is invariable to the 


change of є. Let 


Е = max lu (х) - о, | 
ЕЕ i 
1 о = 
€ 
E. = max |u (х) - и. | c 
2 Gee 2ш 5 


and let P and Р, be the corresponding maximal percentag? 


errors. 
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Tables 1-4 contain the results for чу. In Table 5 


e the results of linear interpolation. We interpolate 


\ we giv! Я 
( ШС numerical results of the first row of Table 4. 
TABLE 1. a= 1, а = 0.4, no = 10 => пу = 4 
A E, E P P 
zu 2 
0.1 7.22.10 3.14- 10 1.3 4.4 
Ето: 16 *) 1.35-1072 1.727107? 2.2 21, 
*) ^ 22S a 8 
Е was changed as є = 10 „8 = 1.269 
m" TABLE 2 a = 0.5, а = 0-48, nod 10 => n; = 6 
А 
t € Ei E Py P 
0.1 176291082 2.21-10 7 3.3 3.9 
1072-19-16 1.74-10 ? 203191086 3.1 3.6 


1 
A 15-10 5.70-10 3 0.83 359 
4520 008. 7.24.10 ? 0.74 0.87 


4 4 


1.32-10 171-100 0.021 0.021 


4 


0.061 0.074 


75 3.78-10 
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5. а = 1, д = 0.4, п = 100, e= 10 © 
x 271 (а; Yu, (x) | (E/ |ы, (x) | 49g 

fone 5.62-10 ° 0.56 
1077 2217-1055 0.0033 
10-3 1.65.10? 0.0017 
беп 4.19-10 ^ 0.046 
0.2 io go nom 0.021 
0.3 6.96-10 > 0.020 
0.4 1.05-10 4 0.11 
0.45 688-105 0.26 
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REZIME 


O NUMERICKOM RESAVANJU JEDNOG TIPA SINGULARNO 
PERTURBIRANOG PROBLEMA KORISCENJEM 
SPECIJALNE MREZE DISKRETIZACIJE 


U radu se daje uopátenje konstrukcije mreZe iz Di 

za diskretizaciju singularno preturbiranog problema (1) meto- 
dom konačnih razlika. Nalazi se klasa funkcija koje generišu 
tačke mreže, omogućujući kvadratnu konvergenciju, uniformu po 
ШО pe turbacilonom parametru =. Takodje su ispitane moguć- 
ROS tirean interpolacije numeričkih rezultata i za ovaj 
mtoa al okazan С o а po Е i očuvanje reda tačnosti 
numeričkih rezultata. 
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vAORN METHOD 
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tion of the vSOR-Newton method (vSORN). When the two parameters involved 
are equal, it coincides with the vSORN method from [1]-as a special case. 
This method we call vAORN ('verallgemeinerte' Accelerated Overrelaxation 


Newton) method. 


1. INTRODUCTION 


We shall consider the system of nonlinear equations 
Fx = 0, 


where Ie SIC m? > ж? . 


k For some xÜe S and some o,we IR, oz 0, the iterates 
(х7) are defined by 


( E (zÉ) 
VAORN kl k i л 
) zu =Xj -wW === z jc1929 22 


a, (2 ) 


ABSTRACT 
In this paper we consider a method for the numerical solution of 
nonlinear systems of equations. The method is a two-parameter generaliza- 


AMS E к 

Sec Mathematics subject classification (1980): Primary 65H10; 

ow агу 65F10 б 7 

ассо S and phrases: Iterative method, nonlinear system, 
Оп? s method. 
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k k,i 
where 2 =xX mu? z“ =x“ mates =. 
= - = р = — —-— i=2 
ПЕШКЕ; а (21) "97 
1 1 \ 
k k k k k | 
dx. CAT 
gru = И : 
у5! 
апа d,:S>IR, steal S P e o pte 
We assume that: (v: 
1) F is F-differentiable on an open neighborhood S CS of 
a point x*, for which Fx* = 0. ч wi 
2) The functions dj, i=1,2,...,n are continuous on S and fr 
d, (x) > 17727 rn XES. 
oF, G 
3) fi = EA (x*) #0, i-1,2,...,n, and without any restric- 
tion of the generality we can suppose that fi > 05 dz192/9 5 v nf (1 
Under these assumptions we shall prove the local convergence of 
the AORN method using the theorem of Ostrowski, [3]. 
In case that o=w the vAORN method reduces to the vSORN 
method from [1]. In this case, if F^(x*) is a strictly diago- д 
nally dominant Matrix, we get the convergence interval І for (1 
wider than the one from [1]. For oe То, using Theorem 1 from (al; 
we get a narrower convergence interval for w than in 9-28, fr 
se that а. ( = Sa i d 
,U)9 = 3x; (x), i=1,2,...,n and Ех = Ax *b, where AER 
(7 set of real i n is the = 
пхп matrices) and be IR ,the vAORN method is 
AOR method from [2]. 
Bee S, be an iteration function for (vAORN) and let 
ЕО. Le Ор be the decomposition of F^(x*) into its diaj 
я r et 
gonal, strictly lower, and strictly upper triangular parts. : su 


Е СОУ ОЗЫ 


ae [0,1] we define for i-1,2,...,n 


a= } | } 

Ba) = p Qo alio. Q, UN) = А 

Eu on А 
jzi jzi 


P, ig (A) = aP, (A) + (1=a)Q, (A) о 
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ee 


THE LOCAL CONVERGENCE OF THE vAORN METHOD 
2. 


Let 670 and let G, be an iteration function for the 


ygORN method 
k,i 
E (mien) 
k+l k at 2 
x. = хрос — —L—- ; i-1,2,...,n; k=0,1,... 
(vSORN) 4 i d. "zs , 
i 
kii 30.18 kl k кат 
vite xkr = [xi poner Ke pr Xp ree rx] ; 
= ш ш 
from [1]. Then Ga СЕБЕ Gy: 
Since G, is F-differentiable at x* (Theorem 1 from 11), 


is also F-differentiable at the same point and 
1,0 


m 
if x) = - "v = - + U 
СЕ 0 ) = (р сг.) (р wD, + (ш o)L,, шй) 


For о=0б, G (х) = x-uD (х)Е(х) and G^ (x*) = E - 
PI^ 0,0 


- uD p- (x*) , which is a special case of (1) for с= 0. Thus, 
(1) is true for g,we IR, o7 O0. 


From now on we shall assume that the assumptions 1)-3) 


from the introduction are valid. 


THEOREM 1. Let ae [0,1] and let d,-lo|P, , (bg) »0, 
2,...,n. Then 


[d;-u£f, |+|w-o|P, & (Ly )+|w| Pi, (Up) 
0067  (x*)) «max E Eae co 3 
s i - |c[P, 00.) 
x та GE 


БЕШ ОДО Б Let A be any eigenvalue of CE p and 
Suppose that 


[а.-шЕ. |H- г.) + |р; (Up) 
1 i ш i! 10 dP; al =) ] o] n F = ч З= 2 E 
а, - m o Cg? 


Afte 
r 
Some manipulations we have 
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а; 4 | = | Q-1)d, tuf, > a(|wto(A-1) IP, (L4) + Jw|P,(U,)) u — 
+ (1-а) ([ш+0(^-1) |Q; (Tp) * | o|0; (U,)) = sin 
2 Wa. 
=aP, (A) + (1-0)0; (А), slt 52565 gran 
n,n m H » E 
where A- (a; 5] € IR 1 A= (X-1)DtoDy- (wto (А 1)) LouU. Then Us 
Theorem 2.5.2. from [6] shows that detA#0. Since (D-oL,,) (AE = 
(el * = e -oL 1 SATZ Cas! 
CIE )) A and det (D-o E) #0, it follows det(\E 6; (Х*))я" 
#0. This contradicts the singularity of \E- ci Eo 
ГА 
THEOREM 2. Let for some а є [0,1], £,> P, (к 
, 
i-1,2,...,n. Then for | 
28, 
Е) 
and = LEO 
=w (f. -P (F{(x%)))+2max(0,wf.-d,) 
xax es ПЛ @ а 
1 22. (Гр) 
(Е. +P, - i ‚-0Ё. 
eee w(t, Pia Up) Peg (Up) ) *2min(0,d; ФЕ, ) 
1 2P; g(Lp) 
p(GC oU) <1 holds, i.e. the vAORN method converges locally. 
ГА 
Proof. We shall prove that for all 1=1,2,.-./П 
the following implication holds. 
2d; ) 
0 < w < OOS 
NUS (x*)) 
= "D = (eee п 0514 
m ofi ia (x*)))+2max(0,wf,-d,) "T = 
2P. .(L 
alg (917 19 


ше Ру g(Dp)=P; (U,))+2min(0,d;-wf,) 
Ри (3 
11700) ШЕ. 


(3) [8,79£, |+[ш-о|Р, , GJ +102; (Up) «1 


а.- ; 
A Fija by 
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в сеси 


e for c and w from (2) we have 4;-|a|P; (0) »0, Theorem 


sinc 
Р * 1 
Men (3) show that o (GENE <A 


Let us introduce the following notations: 7. TE. ть), 
1 [1s 
uc ey 


To prove implications (2) => (3) we consider the next 


cases. 


-@(#,-#,-и,) 
Case 1: 0<ош< 


А ee ОКО 

і hi = 
- Fol -ol +шц, < а, tog. . 

Then а; of; oii o%; tou, i Oh; 


di 
Case II: O<w< T 0 O<o<w. 


H 


- у - c - i tu, =" 
Then EM wh toti Oh; wu, «d; 07, 51псе Un u <fi 
+ Ves ^ 
6 (2:12; ui) 


1 . 
Case III: Осо ет 7 UKI 2 


H 


T -wf , +09. -w2 , +u ‚= o 
hen а; ofr 92: ш? { wu, < d: 0%, 


а. 2а, o (£,*2,*0,)-2d, А 
Case Iv: „1< y<- , о. 
+2,+ " 22 ЕГ 
fi fi +, i 
The = nom ; 5 t 
n ofr dtu. OL; +601 « a toki 3 
а: 2а. m 
Case V: e eoe y cete M 
i sues" cM | { 
Тһеп d £ = = A 
uf а, we of, +00, «d, Oh; / 
= - +2а 1 
Case vr En 291 «oie DO MOTTA E E 
> = <w <> , U 27. 
+ 
fi fi L tu; i 
Then = É 2 7 
wt dito wh, tou; < а, оў, 
4 COROLLARY 2.1. Let F'(x*) be a strictly diagonally 
brte 
Tnant matric, Then for 
2а; а 
0<w<min т = Oa 6D 2" 
+ 
i fi Pi F(x 
Е * 
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Ka  — — 


-u (f -P (Е ^(х*)) )*2max(0,uf,-d,) 


max <= o. «0 
i 2р; La 
) 
= +2mi s т 
| w(t, +P; (Ly) P_(Up)) 2nin(0,d; wf) 
emn 2P, (L 
i ab yas! 


2 * " I. 
P (GS w (x ))<l holds, t.e. the vAORN method converges locally 


The proof follows immediately from Theorem 2 with a=] [ 


COROLLARY 2.2. Let F^(x*) be a strictly diagonally 
dominant matrix. For the iteration function Ga of the vSORN 
method the following implication holds 

24, [ 
wa ТР, 7 (х*®)) => p (G^ (x*)) <1 


[ 
РИТ (©) © En For ш= с we have e "nta =G. Since 
for any i=1,2,...n, —u(£,-P, (F{(x%) ) )+2max (0,ш#,-а,) <0 and [ 
2d. + = +2mi -uf, 
es SA | w(t, P: (Ly) P (Up)? +2min(0,d, sta 
iP  (F{(x?)) 2P_ (Ep) , | 
using Theorem 2 we complete the proof. H 
R 
REMARK 1. The local convergence of the vSORN method 
was proved in [1] for we (0,q], where q=min = under the R 
i i j 
same assumptions as in Corollary 2.2. Our interval for w i$ We 
der. 
local t 
REMARK 2. Theorem 2 enables us to consider the 10 3 
convergence of the vSORN method for a wider class of matrice t 


than in [1]. 


41 
REMARK 3. From Corollary 2.2. and Theorem ! fron Ё. 
it follows that 
А 20, 
<w<o<min 
= я + (хх 
i fi Ps 7 (x*)) 


=> ge c em en 


Our Theorem 2 gives us more. 
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Шо ZU mu mu 


i 
REMARK 4. For d, = тут , Рх=Ах+Ь, Aem", per", 


meorem 2 is а special case of Theorem 3 from [5]. 
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REZIME | 
I VAORN POSTUPKA 


umericko reSavanje sis- { 


О LOKALNOJ KONVERGENCIJ 


u U radu se posmatra postupak za n 
ema nelinearnih jednačina Fx=0. Taj postupak, koji je dvopara- 
postupka (vSORN), razma- 


m 
etarska generalizacija vSOR-Njutnovog 
gemeinerte" Accelerated 


E u [1], nazvali smo VAORN ("уега11 
relaxation Newton ) postupak. Pod odredjenim pretpostavkama 
= funkciju F i matricu F~(x*), 9де je x* rešenje sistema Fx=0, 
sredjeni su intervali konvergencije 2а parametre c i w. U spe- 
2 jalnom slučaju, za g=w i kada je F{(x?) strogo dijagonalno do- 
rada > Je od odgovaraju ad = a Analogni се? : g 
a slučaj sistema linearnih jednačina dati su U [5]- 
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ABSTRACT 
t 


Let &(t) =fg(t,u)dn(u) be the proper canonical representation of 


o 
the Gaussian process (E(t), t »0) and let He be the linear closure of po- 
lynomials Py (E(t,),---,€(t,)). The conditional expectation EC) = 


=E( [5 (и), u<t), t20, is a resolution of the identity in the separa- 
ble Hilbert space H_. 
n 


It is proved that the measure |l dn(u) |2 is the uniform maximal 
spectral type of the infinite multiplicity in ШЕ 


Let {Е (+), Е > 0) be a Gaussian process with the pro- 


Per canonical representation (f2]). 


(1) ie 
E(t) = f g(t,u)dn(u), t >0 
| > 


Th 
S Process Ín(u), u»0) isa martingal with 
2 2 ў 
И nce) || ^ =Еп< (=) =F(t) =f f(u)du, f(u)»o a.e. 
0 


4Mg 


As 


Mat a 
hematios subject classification (1980): 60615, 60612. 


rds А 
rect, send Dhrases: Proper canonical representation, 
an Уре of stochastic process, Hermite polynomials of 
Process. 
$ 
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a 


AE н! (=) (KOE (5)) be the linear closure of {¢ (u), u>0) 


((£(u), 0<u<t}). It follows from (1) that gen (5) SU ii 


t20. The linear time-domain analysis consists in the deter. 
mination of the measure dF(t). More precisely, the determi- 
nation of the class of all measures equivalent (by absolute 
continuity) to dF(t), (GJ) 


The conditional expectation Е, (-) =Е(. | (и), u <t) 


1) 


as the operator in н! (5) is the projection onto NO (E). 


So {E,, Е >0} is a resolution of the identity in the separa- 


ble Hilbert space н) 


tion (1) means that the space Н 
ctral type dF(t), ([5]). 


(£). The proper canonical representa- 


i ‚ ; . 
(т) (€) is cyclic with the spe- 


Now we shall consider the Hilbert space Hoe (Ha C8) 


as the linear closure of all the polynomials (the degree not 
exceeding n) of the random variables (t(u), u 20}, ({&(u), 
u<t}). The space ДЕ reduces {E(t), t 20}, [6]. So (E,, t 20} 


is a resolution of the identity in Ha The non-linear time- 
domain analysis consists in the determination of the spec- 
tral type of (Ер, Е >0} in Ha 


THEOREM. The spectral type of (E,, Е »0) in ui. 68 
dF SEW > ooo 


In the terms of the spectral analysis of selfadjoint 
operators in the separable Hilbert space, ([5]), the Eu 
states that the spectral type of the cyclic subspace H 
the uniform maximal spectral type in Н . The multiplicity of 
dF in H, is infinite. It is proved in T3] that the spectral 
type of mL t»0) in space H of the polynomials of the Wi- 
ener process {W(t), t>0} is e PG 045 о WE present theo" 
rem is a generalization of this result. The idea of the PFO” 
of is the same as in [3], but the technique is more complica” 
ted. , 


is 
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u 


proof. The first step in the proof is the de- 


composition of Ha in the orthogonal sum of the subspaces 


ЇР), р=1,.-+/П. y (P? (H{P)) is the linear closure of the 


ls Н (t,,...,t.) =H р 
yermite polynomials H_ (ty р) p (Е), 24697 <t 


eon ty of the degree p. We conclude by the relation ([#]) 


EH, (E(t) Eus = Hp (Ep (ty) s+. ELEC), 


fee y O reduces {Е,, t >0}. So it will be sufficient to 


prove that the spectral type of {Е,, t »0) in н(Р), р>2, 13 
dF(t) »dF(t) >... 

= In this way the theorem will be proved when we find 
the mutually orthogonal martingals {np (t): Е >0}, =, 2... 
in н(Р) such that 


T (1) = (p) 

(2) р eH, ^ (ry НСА 
n-l 

and 


t 
O iial? = f tQ ca 5,00 >0 ane. de 


We recall the fact, [6], that HP) concides with the 
Set (I р) of Ito-Rozanov intestate 


со ti tos 1 f 
=] Г. sa $ (tyre bpl dn (tz) -edn (ep) r . 
оо 
ety tel )...dF(t_) 
Il zl MS Jr $? (ty r++ rbp) dE (Ер) -aF (ty). ( 
Denote by S(t) the section of A, ={(иу,...,Чр) :0 Sus $ 
Stele 
T) ERS at u =t i.e. S, (t) -((t,u5,...,u)e А1). The 
Measure o й ағ ) 
f S (t) in R__, is ‘mS,(t)) = f  dF(uj)...dF(uy). 
1 p- 1 s, (€) 2 E 
We partition A, into two subset ^, and A, such that 
^ 


the 
measures of the ра section S,(t) and S, (t) are 


p m(s 2(t)) =m (53 (t)) = 5 m(S, (t)) for each t. Then parti- 


tion A 


2 into Aq and A; such that m(S,(t)) =m(S_(t)) = (5 (8), 
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t 20, partition A3 into Ag and А. such that п (5 g(t) )= -m(s a(t 
))= 


— 


zm(S, (t)) and so on.Let I(t) be the support of the mea 
Sure 


dF (u COM оп 5, (Е). We suppose that the diameter og 


$1 (Е) n I(t) tends to zero as п e, uniformly in t in each #1 


nite interval. One construction of A п’ П=1,2,... is done aft 
e 
the proof. = 


Let the partition of ^n be Ал, апа Ang - We define the procesa 
(п (Е), 620}, n=1,2,... by 


t 
n,(t) = /{ { dn(u,)...dn(u_) }an ( 
во о Fa E P \ Е 


, 


n Ko i ff SIG ..dn(u ))dn(u,) - 
о Sp, (uj) P 1 


off Ч dn(u,)...d d = 
J ne j n(u, n(up)}dn(u;), n-2,3, 


It is easy verify that (na (t), n-1,2,... are mutually ort- 


hogonal martingals. Also 


t 
2 
MU ra COM ЕЕЕ Т ЧЕ (ug) ...dF(u_)} dF(u,) = 
o S (u.) P " 
c ness] 
= J m(S,(u,))dF(u,) where m(S, (u)) $() аъ 


with respect to dF(u). Condition (3) is satisfied. 
gonsider the martingals {ca (t), t 20}, п=1,2,... 


$n 
ie (t) = In Sf dn(u,)...dn(u ))dn(u,). It is easy to 
о S (u) P ш 


see that, for each t, t 20, and n, n=1,2 (t) is the finite 


re.. © 
linear combination of Пк (=), k=1,2,...: 


x Pi 
Esp (9 ni (t), čs (t) =z(n, (t)+n, (t)), 


tg. O =з бы San соо o 
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L 

A 5. (t), t > i = 

ILIO d Sp ) 20, where Bap env, k=1,...,% are dis- 
Я 5, 


Е 
= Y 
int, then Box (Е) xm бс. (E) ог Gen (E) = ({ dn(u_).. : 
j Jk S o So) 2) «« «di (u) Jah (uj), 


asurabl f 

let S(t) be а me e subset of $, (=). We apply d 

n : . Ф 

the standard limit procedure: if 5% (t) ^S(t) asm+o, then j 
t 

E | 

gi * eg CH or zg(t) Jot if dn (u5) .. „ап (uj) )dn(uj) 7 5E UE t 


о $ (u) 
We conclude that 


65 (t) a) 


(1) 
H (TM), E10. 
п=1 t n x 


Let D be a bounded measurable subset of 4, and let ' 


ВЕ s (us... u ) € D}, t= suplu: СКЕ € D). Consider 


a partition s=s «s, <... S," t of [s,t]. Denote by fo, (t), 
t20} the martingal {t (Е), E20} = 
2 ‚ t» 0) where S (4) (uj) for u ==; 
is the section of р at uy =s.. Let 
J 
E $j 541 m-1 
E ас (u) ze SPUREN TER 
n з= $5 i PES 3m 3 Je 


It fo 
llows that ami dn(uj)...dn(u.), when max (s, -s.)-0. 
b P 0«j«m—1 


So y 
we have proved that 


| 9n) ...an( у e T ө HO т) or 
єч, u mu 

Г] SAUNE u )dn(u )...dn(u ) в 
© ТЫ ptm, 1) ++ san (a, 
ù ө u) 

n=] e MEL Go 


T is 
Complets the proof. 


© 
Snstruction of the sets Ayr п=2,3... First we consi- 


dey the 


c = 
spl 79 P-2. Let ф (ц) =0, $(u) =u, u20 and $,(u) = 


= 


(S(p 
2 (Фо (и) )+Е ($; (u))) =F (5F(u)), u20. Remark that 
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ве n 


$, (u) J u> 0 is continuous and nondecreasing. Also 0< ф (u) 
2 <u, 


u»0. (Of course, we suppose that t=0 is the increasing poi 
nt of 


) | 
F(t). We may put S, (t) = [0,t], $. (+) = (0,4. (t x (4 
Я [0,6], 5, Pro, $3(€) = D (o, 
0]. Indeed, m(S,(t)) - F(t), m(S,(t)) = | АЕ (u) = r($ (t)) Шш 
S, (t) 2 M 
mii D. 2 
= F(t). Now let фз (u) =F (5 (F (65 (Q0) ) *F($4(u)))). Partiti- 
on S,(t) in S4(t) = [0,6,(t)] ала 55 (Е) = [$4 (€) 6, (LIT. Gene- tzr! 
rally, for S(t) = [g. (t) ,g4 (t)] let Ivin 
1 УУ есу 
titd 
(а) =F} (lr 
one (5 ООА А ч› 0. se (t 
The function Ф„х (Ч) ‚ ч> 0 is continuous and nondecreasing. р?» 
Also, on, (u) < фах (0) < gn tw) ‚ч> 0. The partitions of S(t) A co 
аге S,-(t) = [bn (t), Ф000] and S), (t) = Dna (t) 9, (Е, be- dom 
Е ф пж (6) 24 field 
cause м5 .(+)) = | dF(u)-F($ ,(t)) -Е(ф_ (t)) ==(F(4, (t)- 
n n 2 n 
9n, (+) 1 : 
1 1 rela 
-F($, (t)) == = = 
on )) =5 m(S, (t)). Let p=3 and S, (t) = ((t, ,t,t,) € Aj) 
Consider the subsets S, (t) = { (+. 6,64) :0 < t3< ty <5 t} and 


» = 1 ; 2 
97 (9) {(t (65.63) :0 < t3 Sty, 5Ё< Е < t}. Partition 51 (t) 


in $5(t) ={(t 213) :0< t3<o5(t,),0<t< it Jand Sj(t) ={(t, 


tort,): (ty) < t4 « tzr O<t <5®}. We have m(S;(t)) =m(S3(t)) 


2 
ло $50) 
i 2 СУ! F(u,) 
(sz? р because m(S5(t)) = 7 f aF (иу) 2 
ul о o д 
andum|(s =. ағ (и )ағ(и,). Similarly, we partiti? 
о ф (u ) 1 2 
1 
п " Di и (#)2 
$1 (Е) in $4 = (Е ЕЕ) :0« t, « 6, (€), ЗЕЕ < ®) and гд 
= {(t (62,3) b(t.) <t,<t,, ЕЕ, « t) . Define 
t t t t t 
mz >= S у=] ә Mey Jj Де] Л 
о 8, о 52 о 55 o 54 o 55 
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E———— ИН E 


à 

t 

1 | 

ш the next step we partition S5(t) ((S3(t)) by qt and 6,(u) f 
iti " " 3 Ё 

(o 0) - We partition the set S/(t) (Si(t)) by qt and $,(u) р 
i, c and so on. Define п, (п), ng (nj), and so on. ү 


Passing to the case р=4 we use the sets S(t) = { (Е, 


3 
ез6) ese) where 5! ! ce belongs to the sets invo- 


lving the partitions in the case p-3. At the same time we par- 


tition S, (Е) = (€ ,£5,t,,t €4,) 1n s(t) = (Ox e, «Te апа 
sjlt) = { 5t <t,<t} and so on.The procedure for arbitrary p, 
р>5 follows by induction. 


Aconsequence. Consider the Hilbert space H (н) of all гап- 
don variables n, En= 0,En? < +” measurable with respect to c- 


Held generated by {g(u), u» 0) ({E(u), O«u«t)). Noting the 
€T (p) 

relation Hy = 7 Ө H p , t>0, ([6]), we have: the spectral 
p=o 3 


tye of {E,, t£ » 0) in H is dF »dF»... 
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REZIME 
SPEKTRALNI TIP POLINOMA GAUSOVOG PROCESA 
ABST 
t 
Neka je &(t) = f g(t,u)dn(u) Sisto kanonička reprezen- ting 
[o 
tacija Gausovog procesa (E(t), t» 0) i neka je H, linearna P 
za n conh 
zatvorenost polinoma Palë lty) reseita). Uslovno očekivanje 
ELC) =Е, (. |t (u), u« t) je razlaganje jedinice u separabil- 
nom Hilbertovom prostoru Hae 
Dokazuje se da je mera || dn (м) || а uniformni maksimal- j Sa 
ni spektralni tip beskonačnog multipliciteta u H . B 
n 
tive 
for 
ntit 
Vari 
Putt 
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A NOTE ON PRODUCT CURVATURE TENSORS 


Mileva Prvanovié 
Prirodno-matemati&ki fakultet. Institut za matematiku 
21000 Novi Sad, ul. dr Ilije Djuritica br.4, Jugoalavija 


ABSTRACT 


The purpose of the present note is to find some relations connec- 
ting the product conformal curvature tensor, the product projective cur- 


vature tensor, the product concircular curvature tensor and the product 
conharmonic curvature tensor. 


l. An n-dimensional differentiable manifold Ms of 
Class c^ 


Ш 


is called а locally decomposable Riemannian space 
if in Mn a linear transformation field F#I and a posi- 


t 
ive CM Riemannian metric g are given, satisfying 
Е? = I, g(X,Y) =g(FX,FY), (VF) (Y) = 0 


fo 
* any Vector fields X and Y on M , where I denotes the ide- 
n 


nti 
ty transformation field and V is the operator of the co- 


ү 
ariant derivativ 


р e with respect to the Riemannian metric 9. 
Utting 


F(X,Y) = g(FX,Y) = g(X,FY) 


AUS у 
Mat 
Key hematios 5 subject classification (1980): 53015 


ситуа rep ae 2560005 Locally decomposable Riemannian space, 
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F(X,Y) = F(Y,X). 


The matrix (e$ has +1 as the proper values 


Li Let us 


denote by T(x) the tangent vector space of Ma at a point р 
and let P(x) and Q(x) be the proper vector spaces correspon 
ding to the proper values +1 and -1 respectively. If we put 


dim Р(х) =p, dim Q(x) =q, then p and а are constants and it 
holds that ф = Fi = p-g. In the following we suppose P>2, q»2, 


Considering the infinitesimal product conformal and 
infinitesimal product projective transformations on a locally 
decomposable Riemannian space, S.Tachibana [2] obtained the 


product conformal curvature tensor. 


C(X,Y,2) = K(X,Y,2Z) 


+ a[K(X,Y)2- g(X,Z) K(Y) +К(Х,ЕУ) ЕЁ - g (X, FZ)K(FY) 
- K(X,Z)¥ * g(X,Y)K(Z) - K(X,FZ)FY + g (X, FY)K(FZ)] 
- b[K(X,FY)2 -g(X,FZ)K(Y) +К(Х,У) FZ - g (X, Z) K(FY) 
- K(X,FZ)Y + g (X, FY)K(Z) - K(X,Z) FY + g(X, Y)K(FZ)] 
+ [k (aa -bB, ) *K* (ав, -ba, )] [9 (X, Z) Y-g (X, Y) Z 


(1) 


+ g(X,FZ)FY - g (X, FY)FZ] * [K (a8,7bo) + 


+ 


K* (aa, -b6,)] [о (X,FZ)Y - g (X,FY)Z + g(X,Z) FY - g GGY)FI] 
and product projective curvature tensor 
P(X,Y,2) = K(X,Y,2Z) 
(2) + а, [K(X,Z)¥ - K(X,Y) Z + K(X,FZ) FY - K(X,FY)FZ] 
+ в, [К(Х, FZ) Y - K(X,FY)Z +К(Х, 2) FY - K(X,Y)FZ] 
where K(X,Y,2), K(X,Y) апа к are the curvature tensor, the 


Ricci tensor and scalar curvature of the Riemannian Space: 


K*- кр FP and 
a 


= -n-4 = == 
(3) а = 5—07, ——5 
"m (n-4) ое - (п-4)^ 
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p n-2 Ü 
(4) #1 (азоо By a ee Н 
In (3] the product concircular curvature tensor is A 
obtaineđ: Bn 
S(X,Y,2) = K(X,Y,2Z) t 
(8)  - (eK*8K*) [g Gt, Z)y = g(X,Y) 2 * g(X,FZ) - g(x, FY) FZ] 
- (BK*aK*) [s (X, FZ) Y - g (X, FY)Z + g(X,Z)FY - g(X, Y) FZ] j | 
where 
| EU n -n)-8? = 29 О) | 
M eL roa ee (02-92) [(2-п) 2-92] | 


In [4] the product conharmonic curvature tensor is 
defined as follows: 


W(X,Y,Z) = K(X,Y,Z) 
+ a[K(X,Y)Z - g (X, Z) K(Y) +K(X,FY) FZ - g(X,FZ)K(FY) 
(7) - K(X,Z)Y + g (X, Y)K(Z) - K(X,FZ)FY + g(X,FY)K(FZ)] 
- b[K(X,FY)z - g (X,FZ)K(Y) + K(X,Y)FZ - g(X,Z)K(FY) 
- K(X,FZ)Y tg (X,FY)K(Z) - K(X,Z) FY - g(X,Y)K(FZ)] . 


1 The purpose of the present note is to find some re- 
a М - 
tions Connecting the tensors C(X,Y,Z), Р(Х,Ү,2), S(X,Y,2) 
and W(X,Y,z). 


me. 2. First we note that the contraction of (2) with 
© Z gives the zero tensor. 

We transvect (2) by (х,у), мһеге TG is the co- 

tensor of g, and denote the obtained tensor by P(Z). 

have 


nj Ugate 
Then we 


P(2) = 
ang) (14204) K (2) + 28 K(PZ)= (a K+8 K+)Z— (a, K++8,K)FZ 


| (8) 
P 
(2) = (1+2а )K(X, Z) + 28, K(X,FZ)-(aK + 


+ BiK*) g (X, Z) - (a, K**8, K) g (X, FZ) 
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—— 


P(X,Z) = g(X,P(Z)). 


where 


Now, we calculate the tensor 
P(X,¥,Z) * A[P(X,Z)Y - P(X,Y)Z+P(X,FZ) FY - P(X,FY) Fz] 
+ B[P(X,FZ)Y - P(X, FY)Z € P(X,Z) БУ - P (X,Y)FZ] 
(Д 


where A and В are some constants. Taking into account (2) 
and (8), we find that this tensor can be expressed in the 
form 


K(X,Y,2) + 
+ [oy +A(1+2a)) + 2BB,] [K (X, Z) Y-K (X, Y) 2+К (X, PZ) FY- 
K(X,FY) РА НВ *2A8, +B(1+2a, )] [K (X,FZ) Y- K(X,FY)2 + 


+ K(X,Z) FY-K(X,Y)FZ] - (Ао +BB, ) K+K (AB, +Ba, )K*] 


Eg (X,2)¥-g (X, Y) 2+9 (X, FZ) FY-g (X, FY) FZ] 


-[(A8 +Ba,)K+(Aa, +BB, ) K*] [s (X, F2) Y- ( 


g(X,FY)Z*g(X,Z)FY-g(X,Y)FZ] . 
If we determine the numbers A and B such that 
a) * A(1*20,) + 288, = 0, 


By + 2АВ, ae B(1*2a,) = Wy 


we get 
2(81-а{)-о, в 

(9) А = ре и В Ep 0 
(1*2a,) -481 (1+201) -481 


Ву straight forward calculations we find 
(1*2a,)? - 4g? = Sor 
1 2 не 
(n-2) “-¢ 
А 2 42 252 0 
Since пў ф, п -ф +0. Since р> 2 and а> 2, (n-2)'-9 70. 


Also, by direct calculation, we obtain 


Aa, + BB, =a p АВ. + Ва. = В + 


1 1 
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к LL 


Therefore: we find 
P(X,Y,Z) * A[P (X, Z) Y-P (X, Y) Z+P (X, FZ) FY-P (X, FY) FZ] | 
(10) + B[P(X,FZ) Y-P (X, FY) Z£P (X,Z) FY-P (X, Y) FZ] = S(X,Y,2Z) | 
E 


„here the numbers A and B have the values (9). 


3. We contract (5) with respect to Z and denote by { 
s(X,Y) the obtained tensor. Then we have 


S(X,Y) = K(X,Y)+{ [а (n-2) +68] к+ [В (n-2) +ф K*}q (X, Y) 
*( [фа+ (n-2) 8] к+[фВ+ а(п-2)] K*)g (X, FY) 


Taking into account (6), we have 


a(n+2) «687 - —"— , af + B(n-2) = 
n -ó n -ф 


Therefore 
Q1) S(X,Y) = K(X,¥) +g (-nK+$K*) g (X, Y) 
n'-ó j 


+ rine 


Taking into account (5) and (11), we get 


S(X,Y,2) + a[S(X,Y)Z-g (X,Z)S (Y) *S (X, FY) FZ-g (X, FZ) S(FY) 
- S(X,Z)Y4g (X, Y) S(Z) -S(X, FZ) FY+g (X, FY)S (FZ) ] 

- b[S (X, FY) Z-g (X, FZ) S (Y) *S (X, Y) F2-g (X, 2) S (FY) 
- S(X,FZ)Y4g (X, FY)S(Z) -S (X, Z) FY*g (X, Y) S(F2)] 

a[K (X,Y )Z-g (X,Z)K(Y) +K (X, FY) FZ-g (X, FZ) K(FY) 
- K(X,Z)Y*g (X, Y)K(Z) -K(X,F2) FY*g (X, FY)K(FZ) | 

- b[K(X, FY) Z-g (X, FZ) K(Y) +К (X, Y) FZ-g (X,Z) K(FY) 

- K(X,FZ)Y*g (X, FY)K(Z) -K(X,Z) FY*g (X, Y) K(FZ)] 

[(-a + 2(ап+фЬ) k _ (в+2 (2962) ) K*] [5 (х,2) ¥-g(X,¥)Z + 


n -$ n-o 


U S (X,FZ) FY-g (X, FY) FZ] + [- (В + 2189462) x + 
n 


U 
я 
E 
x 

È 
+ 


+ 


+ 


(-а + 2tantbo) ) K*] [а (X, FZ) ¥-g (X, FY) 2+9 (X.Z.) FY-g (X, Y) FZ]. 
n -$ 
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———  á— 


fen 2 (an + $b) Mt pg 
n -ф 


2(aó*bn), _ 
-(B + 21а# +00) = аву - ba, It 


and 


n^-$ 


because of (3) and (6). Therefore it follows that: 
he 
S(X,Y,Z) + a[S (x, Y) Z-g (X, 2) S (Y) +8 (X, FY) FZ-g (X, FZ) S (РУ) 
"e 5(Х,2) Y*g (X, Y)$(2)-S (X, FZ) FY*g (X, FY)S (F2)] 
b[S (x, FY) Z-g (X, FZ)S (Y) *S (X, Y) PZ-g (X, 2) (Fy) 
S (X, FZ) Y*g (X,FY)S (Z) -S (X, Z) FY*g (X, Y) S (Fz)] 
C(X,Y,2). 


(12) Tak 


4. Taking into account (5) and (11), we find: 
S (X, Y,Z) +a, [5 (X, Z) Y-S (X, Y) 2+5 (X, FZ) FY-S (X, FY) FZ] 


+8, [S (X, FZ) Y-S (X, FY) 2+8 (X, Z) FY-S (X, Y) FZ] 
= K(X,Y,Z)-*a, [K(X,Z) Y-K (X, Y) 2+К (X, PZ) FY-K (X, FY) FZ] 
*8, [K (X, FZ) Y-K (X, FY) Z+K (X, Z) FY-K (X, Y) FZ] 
$8,-no, $0. -nB, n 
Wen Kt (cg — 5) Ka] [аху д) 

n ba -nfi 

-g(X,Y)Z+g(X, Z)FY-g(X,FY)FZ]+ [-6 +: JK t 

$8,-na гё 


ar (S буа» ——3À) K*] [g (X, FZ) Y-g (X, FY)Z + 
ES 


(14 


n 
* g(X,Z)FY-g(X,Y)FZ] . 
But 


ФВ. zna, $a, ng and 
= 1 = 

ААУ а апа = В 

Ene n -ф 


because of (6). Therefore it follows that: 


(16 


(13) 3(Х,У,2) + a, ($(X,Z) v-S (x, Y) 24S (X, FZ) FY-S (X, FY) F2] 


+ 


By [S (X, FZ) Y-S (X, FY) 24S (X, Z) FY-S (X, Y) FZ] 


= ERIA o 


5. Contracting (7) with respect to Z, we obtain 
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p————— 


[1*a (n-4) -bó] K(X, Y) + [a6-b (n- 4] K(x, FY) 


wx,Y) = 
+ (aK-bK*)g(X,Y) t (aK*-bK)g(X,FY). 


meds easy to see that 


ee RR 


1+а(п-4) - bo = 0 and ad-b(n-4) = 0. 


у 


gherefore 
W(X,Y) = (aK-bK*)g(X,Y) + (aK*-bK)g(X,FY). 


making this into account, as well as (7), we have 


w(x,¥,2) +a, [W(X, 2) Y-W(X, Y) 2+W(X, FZ) FY-W(X,FY) PZ| 
1 +81 [W(X,F2Z)Y-W(X,FY) 2+W{X, 2) FY-W(X, Y) FZ] -W(X,Y ,Z) 
*[(ao, -bB, ) K* (-bo, ag, )K*] [g (x, Z) Y-g (X, Y) Z*g(X, FZ) FY- 
- g(x,FY) FZ] *«[(-ba,*a8,)K *(aa,-b8,)K*] [g (X, FZ) Y- 
- g(X,FY) 2+9 (X, Z) FY-g (X, Y) ЕЁ] 
i.e. 
W(X,Y,Z) +a, [W(X,Z) Y-W(X,Y) Z4W(X,FZ) FY-W(X,FY)FZ] 
(14) +8, (W(x, FZ) Y-W (X, FY) 2+W(X, 2) FY-W(X,¥) FZ] 


= C(X,Y,2). 


6. Taking into account (8) and (11), we can easily 
See that 


05) P(X,¥) = (1+20,)S(X,¥) + 285(Х,ҒҮ) 
and 
2 
(16) 1320 зд P(X,FY). 


50,1) = —j—y P(X,¥) - —— 373 
(1420, ) -46 (142a,) -467 


К 7. Relations (10), (12), (13), (34) , (15) and (16) are 
e required relations connecting the tensors C(X,Y,Z),P(X,¥,2), 
(X,Y,Z) and W(X,Y,Z). | 
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REZIME 
JEDNA PRIMEDBA O PRODUKT-TENZORIMA KRIVINE 


Dokazane su relacije (10),(12),(13),(14) i (15) koje 


povezuju sledeće tenzore: tenzor produkt-konforme krivine (1), 


tenzor produkt-projektivne krivine (2), tenzor produkt-koncir- 


kularne krivine (5) i tenzor produkt- konharmonijske krivine (7). 
(7). 
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ABSTRACT 


In this paper we study a Riemann-Otsuki space R-04 and one of its 
mdimensional (m« n) subspaces, which is also a Riemann-Otsuki space, (see 
[| and [2]). We denote that subspace by R-0,. Our aim is to determine the 
conditions Бу which the autoparallel curves of R-0,, are the autoparallel 


curves of R-0,, too. 


In [4] the author considers the autoparallel curves of 
- Weyl-Otsuki spaces. Using the fact that the coefficients of the 
7). Connection of the covariant and contravariant parts of Otsuki s 
Spaces are different, he gives the autoparallel curves of the 

covariant and contravariant kind respectively. Following this 


Way, we shall study autoparallel curves of the covariant kind in pa- 
Fagraph 1,and in paragraph 2 we shall consider autoparallel cur- 
ws of the contravariant kind. In paragraphs 3 and 4, we shall 
observe the above two kinds of autoparallel curves, especially 
if the Subspace has an intrinsic or induced connection respec- 


tively. 
\ AMS | , 
/ Sec Mathematics subject classification (1980): Primary 53805; 
Чора 8 and phrases: Riemann-Otsuki spaces, subspaces, 


rallel curves. 
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— НЕНЕЕЕГ 


PRELIMINARIES 


The theory of Weyl-Otsuki spaces was laid down b 
Y A 


Moór in 3|. We get R-O Spaces from W-O. Spaces р 
е 
, n n P if we SUppose 


that in the relation V ‚1 = д 
mV 9: - Yk915 it holds that Y= 0. Nanely, 


the R-O,, space is an n-dimensional differentiable Manifold wit, 
Riemanni 
an metric tensor Jij’ аек ) #0 and Otsuki-s come 


tion. The AC 1 - 
i elements of the R on Space are Jij and the ten- 
sor Pj, det (pi 3) #0. As in [3] and [5] the invariant differen. 


tial in the spaces of the Otsuki kind with the coordinates x! 
is defined by 


i i.b-.a 
(0.1) DT. : = ртр; 
j a jPTb 
where 
(0.2 рта: = ЕЮ eh с 
) b (3, Tp t T Skip buna ) ахк е 
i A 
Tensor Эг and the coefficients of connections ae and "Ty, 
J 


satisfy Otsuki^s relation 


i t i ae 
0.3 T 
(052). © рше ТЕ. 


We suppose that the tensor в. has an inverse о and the rela- 


tions 
(0.4) a) pio) = gi СЕР 
j C ' 33 a 1 


hold. 
We define the subspace in R-O, by the relation 


(0.5) о oen). 


By our supposition rank (хі / ju?) = п!/ , and we use the no^ 
tation 


i 
(0.6) pi Bae ox 4 
а NT 
by 
The metric tensor of the subspace R-O n is defined as usually 
F nd greek 
from 


1/. In this article Latin indices run from 1 to п а 
indices a,8,...,A run from 1 to m, but yu,v,...,0 run 
(т+1) to п. в 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


229 


Autoparallel curves of .., 


(0.7) 


: a 
The basic tensor Po of the subspace R-On is defined by 


the projection of Р; on the subspace and 


a To) 

(0.8) Pg : EU 

where 
а В) 

(0.9) В; > 9,56 Вр ^ 

We define the inverse tensor of the tensor u by бо, i.e. 
САВИ CO 

(0.10) Рв0ү oy . 


As in the embedding space, in the subspace we define 
* 2 
the invariant differential D of the tensor D defined over 


the subspace by 


(0.11) Dr% .= ррАйтҮ 
в : РОС 

where 

(0.12) B У E nf „гҮ £ = "AE Y X 
т, := (3. T4 + TEXTA I yre)du 


We suppose that the tensor C a8 is a metric tensor of the Rie- 
mannian kind i.e. det (G g? #0 and DG ав = 0- From this condition, 


usi 
g (0.12), we shall determine "pa and by using Otsuki s re- 


BY 
lation a * ka ky 
nalogou а га " et T 
gous to (0.3) for Par Day and Toy we g By 


s B. We can determine the coefficients of the connections 
Of the Subspace in other ways, too. This will be seen in para- 
Sràph 4. 

Ж. T Using the tangent vectors ві we can determine the vec- 
Orthogonal to the subspace в-О by the equations В in} = 
0 and we get 
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u 
It is known that if m#n-1 the vectors Ni are not uniquely ge. 


termined. 
РА 
1. COVARIANT TYPE OF AUTOPARALLEL CURVES 5 
be 
We shall now consider the subspace R-O,, defined by re- ( 
lation (0.5). The curve С:00 (5) is an autoparallel curve Of the u 
( 
subspace if the tangent vector du” / ds (a is a parallel displa- 
* 
ced along C. Applying (0.11) and (0.12) in à (du? /às) = 0, con- 
* e 
tracting’ by Qn and using (0.10) we get an equation of the ү o5 
autoparallel curve of a contravariant type in the!) form сі 
2 а В дү 
du Oe а 
(1.1) ТЕРГ Tey ds ds Ог 
с 
We ask under which conditions will the autoparallel curve of Е 
the observed type of the subspace be, at the same time, the Е 
autoparallel curve of this type in an embedding space,. too. 
Let 
(1.2) C: xl = xt(u%(s)) о 
be the autoparallel curve of the subspace R-O,. Using the dif- 
ferential quotient of (1.2), applying (0.6) we get 
S 
ахі 28 ах au? = pt du? c 
ds MC ds a ds Е 
апа i 
тт ахы О cae END diua : 
ds gue ds ds © ds 


'u- 
Since, according to our supposition, C is the autoparallel © 


о from 
rve of the covariant type, eliminating au" Jas? with (1-1) 


(1.3) we' get 
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ne < i 
i 
2 Зв B | 
ахх кау Bal ві 79 du" duY 
aa. == su! ST SEE - 


Hence if C is the autoparallel curve in the space 8-0, it must 


be i 
( 3B, + "pi, ВВК ац du! _ .i,toa du? duY 
(1.4) AU sk Ву ds ds a Byds ds ^" 


gu 


j Nor we can formulate. 


THEOREM 1. Relation (1.4) is a necessary and sufft- 


cient condition for curve C to be the autoparallel curve of the con- 


avartant type on the subspace R-On and in the embedding spa- 


tr 
- too. 
ce R On 


P ro o f. It follows from the above condition,that the 
condition is sufficient, Now we shall prove that it is neces - 
sary, too. From (1.3) and the supposition that curve C is auto- | 


parallel in R-Ou, it follows that 


i 


1 2 
Е: бе 
| jk ds ds gue ds ds а — gg? 
or 
i 
Bi ue - (гі вів + "s ) аш? аш? 
а ds? jk a В au ds ds 


Substituting (1.4) and contracting by вё, we get (1.1) and 


curve C is autoparallel on R-O,. It is obvious that (1.1),(1.3) 


Е j k 
and а?х® jag? A GPS ах? dx” _ 0 do not hold at the same time 
1 jk ds ds 
Е (1.4) does not hold. 
After general theorem 1, 
cial cases. 


a 


we shall investigate same spe- 


THEOREM 2. If (1.4) holds for curve C of the subspa- 


[d 
ү Room and the vector Еі = pig? ts а vector of the subspace 
efined along curve C in its direction, then along C it holds 
| (1 5) жо а 
| i DE_ _ pagigiD 5. 
ds P 802 ds 
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1) 22 (e) (e) eg From (1.4) it follows that the c 


+: e i 
curve is autoparallel in the subspace and in the emb ac N 
e 
se, too. Using definitions (0.2) and (0. 6), the basic = ge 
differential guotient of gt in R-On is peg 
A і, В 
сз д} а(в 1 
ше = ( BE ) Ma BSz%pk au? p 
ds ds ska 8 ds X 
(1 
Multipl 
plying by 9:38) ме get 
ho 
j BE вр : 
(1.6) g,.B ак? а 288 eri в duY р 
ij а ds Jij B ME заў sk В SB MIS "ds. ] 
paconding to the stipulation of the theorem, vector t? Satis- on 
fies 
in 
(1.7) iS oui | 
ds th 
and (1.4) holds. Substituting (1.7) and (1.4) we get 
| 2, 
a 22 
(1.8) BIDEE = qe duž 
Jij a ds Jij BY Be LE y yon J 
Using definitions (0.7) and (0.12) we get 
(2. 
* 
с а Bet е DE? 
ij By "ds. aB ds wil 
Expressing the basic covariant differential quotient D/ds PY on 
the covariant differential quotient D/ds and contracting by © | i 
we get | 
р! 
* 
8, «бї Dee | АСЕ! di 
ij вле t ds у Ge 7 
Using definition (0.9) ana contracting by PČ according to 
(0.10) we finally get (1.5). R 
Relation (1.5) means that the covariant differential | № 
of the contravariant vector in our subspace does not depend т 
only on the projection of the covariant differential of the 
à | 
space R-O4 , but also on the tensor P8 of subspace R-On and © (2, 
space" 


tensor oi which is the inverse of tensor P. of the R-O, 
j 
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Instead condition (1.4) it is possible to take a stron- 
; condition and formulate the following 


ge 
THEOREM 3. If in the subspace R-O4 along C ue suppose 
that condition " 
i2fw („уды Ёё To " j aul 
(1.9) B BY ds aut к 00 Вр вк ҮЛ age 


holds, then (1.5) holds for the optional vector ge defined alo- 
ng С. 


i) Se ОЛО fi Condition (1.9) is stronger than conditi- 
on (1.4) and it follows from this that curve C is autoparallel 
in R-On and К-0 A calculation analogous to the above gives 
(1.6). Using (1.9) we get (1.8). It is not difficult to see 


that this is identical to (1.5). 


2, COVARIANT TYPE OF AUTOPARALLEL CURVES 


Curves satisfying relation 


(2.1) ae (9,400 ax? = 0 


Will be called autoparallel curves of a covariant type. In Ri- 


Sen Spaces this equation is equivalent to relation 


50 E ) =0 because Dg, a= 0 and the Leibniz formula holds. Ap- 


l 
E ting definition (0.1) and using the contraction by of accor- 


di 
ag to (0.4), from (2.1) we get 


аа. T 1 j k 
ks) ах] a a?xJ ELO ах? dx* _ 0. 
ds "ds " 9rj ds rjk ds ds 


O, SPa- 


0, we get 
+ "ri ахі ax* = 
jk ds ds 
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(see [4] (3.2) and (3.2a) with Үк ^0). This is the equation og 


the autoparallel curve of the covariant type.in R-o Th 
n° e equ- 


ation of the autoparallel curve of the covariant type in sub 


space R-O,, is 4 
hav 
2 В au" 
d^u "*0 du" duY _ 
(253) “ds * “Tey ds “as ^ 9 
x 
re Boag О and s is the arc lenght as parameter, Substity- 
ting d'u*/ds^ from(2.3) in (1.3) we get Fin 
i 
a?xi A 285 - pin ty уи? auf 
ds? gu? Y af’ ds dag \ (2. 
From this follows the condition of the covariant case, which is 
analogous to (1.4). This is 
i 
oa eee Uk sus du e £i. апо dub Ur 
E эце jk а 8 ds ds Y af ds ds "' 
ved 
It is not difficult to see that the following holds. tha 
THEOREM 4. Condition (2.4) is sufficient and neces- (2. 


sary 80 that the autoparallel curve of covariant type of the 
subspace should be the autoparallel curve of the embedding 


space, too. 


Now we shall study whether theorems analogous to theo- 
rems 2 and 3 of the first paragraph hold in this case, too. T | 
Applying definition (0.2) оп vector Бү, which satisfies 5, ® ЛЛ 


and multiplying DE /ds by g 323 we get 


B X 
д г АЕ 9B; du 
ij.a. E mise В pb i "nS рВАК ep] i 
(2.5) g B5 тав: g ВЕ as sit piter - Tish £g ds 


At first, using the definition of в? ме galculate 


УВ 
В г әс 

A 9B л ag. эв J| o 

1) а ab ig а ir yB УВ в — 

в. — = : * c + X 

d ager ecran qa Б Tine “бы б 
= Es В авг = 59 ме get 

Using that Dg;,7 0, the definition of BS and B. Y Y 
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о. 


әв? 282 

EL. ( MU DD E Кв) = (SEK BEL + = ) pig , 36%" эс®Ё 

: g дих X j X 
gu^ 


substituting it in (2.5) using Gabe which we get from (0.7) ,we | 

have j ty 

AND dé 

їј ра $1 2 сав a4 (ri ates Pn восе; cone эс®Ё_ aux | 
X gu 1 8 ds х ds - i 


" duX 
Finally we add and subtract свн] i SE and we get 


ШОО БЕ. DE «В 
1954 1 = ap UP cfe; " *g GA НЕА) jnak 
| (2.6) 9-8: = G er La = + DS + ( ГукВУВ, $ | 
pi ću 
9B X | 
8 maT B du^ | 
+ X) Ps G JEg CEP © T 


aux 
Using the property that £g is a vector tangential to the obser- I 


ах 
ved curve С and сүв. = = є. and using the proposition 


that condition (2.4) holds, from the above equation we get 


* 
TENDS DE B x 
i В x * 
Cot ® ^B ds x eu ds * ( 6 ее "TS TD Eg aa i 


gu 


It is known, that in Otsuki^s space it is possible to define the 
‘variant and basic covariant differential with respect only 
to one of the coefficients of connections. We denote these dif- 


fi = = 
‘tentials by -D аһа "р or © and "Б respectively. Hence we 
See that 


* 
эс®В * x X „5-08 
(Sonu: oot We euo ee IM. 


Since 
we know that in the observed space Dcug = "DG = 0 and 


Gite ы 
C M ‚ One can see that "Dat /as = 0. Now from (2.7) it 
follows 


* 
(2.8) D D 
r ij a PEs) _ AaB 58 
ЕЕ Е 


$ 
“stitutin во t 
9 B; from (0.9) and contracting by G,,, we ge 


“ 
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= * x 
4 "С Dev 
Ep "sU asl Using (0.1) and (0.4) or (0.11) pue (0.10) res- те 
pectively, the basic invariant S a CAE D, D can be exp. fi 
ressed by the differentials D, D respectively and so fi 
= — * 
DE DE DE DE 
i qs r З — RS a : JE. 
= Q1 "ds and ds о, "s > Finally from (2.8) we get r 
b DE T 
(GL iets = (2 
(2.9) TE P BVO; SE 
and it is possible to formulate = 
THEOREM 4. If in subspace R-Omw (2.4) holds, vector 
ba ts a vector defined along curve C їп its direction and D 
= OB gu» then along C (2.9) holds. 
Usi 
The above theorem can also possible be formulated along + 
C for all vectors of subspace R-On but with a condition stron- n 
ger than (2.4). This condition is vin 
i 
B 
plea duX 978 rt pipk duX (3 
2.10 n = [— + "rB . 
| ) Pa "py ds зах Гк в в] аз 
Substituting the right side of (2.10) in (2.6) and using the Thi 
"5.08 Чо 
n in 
fact that in our space —q= = 0, we get (2.8). So the following 
holds. 
Е Ас 
THEOREM 5. From (2.10) it follows that for vector sq 
of the subspace, components of which in the embedding spac? 
b- 
R-O, are 6) = Ea? along the autoparallel curves of the su Now 
space, (2.9) holds. 
(3,; 
SUBSPACE 
3. SPECIAL CASES WITH AN INTRINSIC CONNECTION OF THE Nd А 
е of the р 
In article [1] the author gives the formula iid Sive 
* u 
coefficients of connections З апа pie . In these form 5 базе 


* 
the coefficients of connections ES and a. or 


4 
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respectively are connected in a special way. Indeed, the coef- 
а ka 
ficients of connection Tey and du in this case are the coef- 


ficients of intrinsic connection of subspace А-О. Substituting 
" ха і 
ie and "Tg, in conditions (1.4) and (2.4) respectively, we 


get conditions equivalent to them, which we denote by (144) and 
(244) respectively. 


At first we observe autoparallel curves of the contra- 
vatiant type. From [1] (24) we have that 


* * 1 
«m o УЯ кф а 
Г 0 Bi [ВВ Pa Tjk 


= papintybunt pc 
by GEL Rome 


u 


a_j i i,j 
- Pi BLN М) + Pl 
Р.В; а (24 y) PB : 


2 


Using transformation u% + и оғ the coordinates we see that 


g ‚* 
: i given. in the above form change themselves in the follo- 
wing way 
зл) _ +78 = -4B эм? sub au, aub a ud Piso b, 
Su VY aub aud auY aub gum t a © 


This is the transformation form of the coefficients of connec- 
tion iff 


i,a’ *8' b 
B 
P Que Bs 


A contraction by РА pe gives 
NO 
6 Ва ' 


IZA ,.b b 
P-B (84 ММ) = Pp a 


bi 
Now 
it is Possible formulate 
" THEOREM 6. Condition 
+2) i ô’ 
P Bi ч, =e 


есе c zie й 
^ 88ary and sufficient for coefficients Pays which are 
tve 


n 4 А t 
cae „ү "(3-1 Ito be the coefficiente of connection. In this 
i e the formula 

3.3) * 
-nB э са 
Г" = та |в с, ‚Ва ея holds. 
бү T oa BgBS + BaBsy , Бу: $ 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


, 
р 
1 
^ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


238 
Djerdji F. Nadj 


i —— 


Substituting (3.3) in (1.4) we get 


i 
ðB В ау 
В ева апап 1 а арс 
(— + T^, вов.) = —— = B(T? B-B.B apa du" ацї 
mu sk ВУ’ ds ds О ырсда В v Bio ЕДЕ as 


Using (0.13) it follows that 


B Y 
pP BE du du _ 
(3.4) NN, (TEBE, + ва 9 ug 9. 
This relation is now stronger than condition (1.4) апі 
it holds. 
THEOREM 7. Condition (3.4) is sufficient, but not ne- 


сеззату for the autoparallel curve of the contravariant type 
of subspace К-0 to be at the same time the autoparallel curve 


of the contravariant type of the embedding R-O п Space. 


-39 39 (©) ©) во Let the curve C:u^- u"(s) be the autopa- 


rallel curve of R-O.. Then substituting d2u /as* from (1.1) in 
(1.3) and using (3.3) we get 


2 i 9B а А В Y 
GUESS Jie) Gur С а= b.c du" du! . 
ds? jue ds ds Вава! Tp BgBy + Bay) da ds ds 
j . а 
According to relation (0.13) and ax = BJ Gus we get 
ds a ds 
Pr at j B Y 
Cisne i dx) ax* b.c, а du" du. 
ds? ШЕК ds ds +N} Wa С ГьсВвВу + Bgy? ds ds 
e of 


Applying (3.4) we get that the observed autoparallel curv 


e 
the subspace is at the same time the autoparallel curve of th 


contravariant type in the embedding R-O, space. 


i" 
Now we shall consider the inverse question. Let the 9 
ven curve be an autoparallel curve of the contravariant type 
in R-On; i.e. 
2.i j k 
(3.5) ах + cpl dx- dx _ 
s as? jk ds ds 
OY j du^ we 9 
hols. Multiplying (3.3) by e S and using EE ees ds 
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E ааб du’ та Be ах? ax? pep? du? ацї 


D ds ds bea dsi da PAPE 
b c 3 
га а dx dx | 
since (3-5) holds we can eliminate TP S Ях. ang using (1.3) " 
we finally get (1.1). So we can formulate E 
COROLLARY 1. The observed autoparallel curve of the 1 


contravariant type of the embedding space B-0, vithout new n 
conditions is an autoparallel curve of subspace R-O , tf it be- { 

2 Щщ | 
longs to this subspace. hi 


> 

й 
№ a 
[69 


(ѕе * 
© (m (16)). The coefficients Tie, cohstruced in this way р 
Sati 
oe the condition necessary and sufficient for the covari- 
differential of the metric tensor G,g Of the subspace to 


_ The stipulation of the above theorem follows directly 
fron the relation (3.3), too. A contraction of (3.3) by 


ô sul 
k du du 7 
Е aa ds. according to (0.13) gives 


k-#8 du? au"! _ 


B = du? du’ 
B Sy ds ds 


Sak BP c k ла D cA ô 
T А, mU GL 
LOT e 58, + Boy) = NN, Tp CPB yay) las “дв ^ 


, „*В 
i.e. if Doe has the form (3.3) it is not sufficient that (1.4) 


is Satisfied, (3.4) must be satisfied too. 


Further we shall consider autoparallel curves of the 


1 * 
covariant type. For 2298 we use the formula 


(3.6) „ха i ај. і 
Г = "pi вві 9p 
Bs гӯкВіВ + ВВ 


be z 
ŠTO. Substituting (3.6) in (2.4), using (0.13) we get 


(3.7) ; a 
Newt npr ра К т hp Gu 
r m' ГакВаВв + Eme EET "ds 0 


ow 
We can formulate 


eceg THEOREM 8. Condition (3.7) is a sufficient, but not 
за LA H 
0 ТУ Condition to be the autoparallel curve of the covariant type 


Ubs 
Pace R-O CA Bie Ono CO the autoparallel curve of 


сорар 
tant type of the embedding К-0 space. 
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COROLLARY 2. The observed autoparallel curve of 
, en- 
bedding space R-O04 wtthout new conditions ts an autoparalle] 


curve of subspace "R-0 m tf tt belongs to this subspace, 


The proofs are analogous with the proofs given by the 
contravariant type. 
Now we use the notation 
У k 6 


n v ES n j 
Hra : Spr ( T$, B2B, + Be NANE 


given in [3] (3.5). Contraction by по, and substitution of the 


term which we got in (3.7) gives 


: В 
£g Hg du? ап 
(3.8) мурбоћин Beds ds 


We suppose that in our к Pace; (3.2) is satisfied and from 
this it follows that м 105 = моі (ѕее [2] (1.8). 


малн v aut? av? 


Substituting it in (3.8) we get о OŽN Hee ZE TE 


= 0, 


As it was proved in [3] NUES = "Ява . It is known that in 
Otsuki^s spaces обох "ў ова = B ije halds and finally (3.8) has 
the form 
mal 
pi du% au? = c ОВ. du% Sto 
alle ds ds ds ds z 


4. SPECIAL CASES OF A SUBSPACE WITH AN INDUCED CONNECTION 


The induced connection of the subspace R-O n can be de- 
termined in various ways. For example 

A/ If we suppose that for the covariant vectors d 
of the subspace R-O satisfying Ej = Bit. we can define the i 


variant differential by 
(4.1) БЕ := BIDE 
Y a a "i 


- со“ 
then the coefficients of connection "ГО have а form like 


* which 
efficients of connection 87 of the intrinsic connection 
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pe E 


үе given in (3.6). Using Otsuki^s relation to determine the 
a 2 

Е connection ^T and 2g ~a 
coefficients o 1 By substituting Pay and "Tey 


in (1.4) and (2.4) we get results which are the same as in the 


former paragraph. With (1.4),(2.4) and (1:4),(2.4) we shall 

quote the equations we get from (1.4),(2.4) if in place of 

kg "а T9 "га AR ща 

ieee Tey we use Гву, Pay and Tey! Tey respectively . 
B/ If we suppose that for the contravariant vectors 


j i i 
of the subspace satisfying Е = HE we define the covariant 


differential by 


= i 
(4.2) DE" := BiDE 
then we get the coefficients of connection 225 in the form 
2 zu j,k api 
(4.3 a = -ri BÜBJBS + ВОВ 
| "By Tikva Boy i By 


( [1] (26) and [2] (1.1)). This is equivalent to (3.3), and 
the contravariant case coincides with that observed in the for- 
Mer paragraph. 3 

The coefficients of connection Ее in the form 


(4.4) "pU = prpsgr (= pop. po ) + РВ ("rS вів 
гү 


га -p$ Ts 
8y а 043 rk a ү jk A Y Ay S^8 


We get from Pe and 7% using Otsuki s relation. Now the tensor 


NGC 
Твү 


tsuki -s relation. Since we study the Riemann-Otsuki subspaces 
it must be that bc =0. In [1] it was proved that form (3.6) 
a 


p E 
g and the coefficients of connections Toy and satisfy 


B 


of z T 
the Coefficients of connection cine is necessary and suffi 


ci 
Sa for the metric tensor of the subspace to be a covariant 
nst 5 A pa 
Sa ant. This means that the coefficients of connection "Гру 
я (4.4) сап be used only in the special case in which (4.4) 
u 
ces On (3.6). But in these cases, for the auroparallel 


Curves ; 
Bom 9f covariant type the same holds аз- in the former para 
for the curves of that type. 
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C/ If we suppose that for the covariant апа contr. 
а- 
variant vectors of the subspace R-O,, satisfying £, =B% ie RE 
i i’a 
ab ару; A ч 4 T 
a= By respectively the invariant differential is defined by 
(4.1) and (4.2) respectively, we get the coefficients of conn 
e~ 
ctions defined by (3.6) and (4.3) (see [1] (26) and [2] (1,1)) 
In this case the coefficients of connection ius and MS d 
Y 
the tensor p? must satisfy Otsuki ^s relation, or as was proved ot 
in [2] it must be ve 
je 
dog tra 5 К a i b SOC tr 
4.5 BLN TAB NHL Ug" а I 
УР? 1 и sk gPy + Bay? a PpBgNi( T'ykPgBy + BEN. 345 à ve 


Relation (4.5) is sufficient for the subspace of the R-O, SPa- 
ce to be a Riemann-Otsuki Space with the coefficients of con- 


nection о апа ki, and the basic tensor РА. From the above 


observation it obviously follows that the autoparallel curves 
of the co- or contravariant type of subspace R-O,, are at the 
same time the autoparallel curves of the embedding space, if 
(3.7) and (3.4) are satisfied. Inversely the autoparallel curve 
of the co- or contravariant type of the embedding space R-0, 
is at the same time the autoparallel curve of the observed ty- 


pe of subspace R-On if it belongs to this subspace. 
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p = ииет сыы 


PREZIME 


AUTOPARALELNE KRIVE RIEMANN-OTSUKIJEVIH 
y PROSTORA 


U radu su posmatrane autoparalelne krive potprostora 
otsukijevog prostora. Odredjeni su uslovi pod kojima su te kri- 
ve autoparalelne krive i u okolnom prostoru. Pošto su koefici- 
jenti koneksije ko- i kontravarijantnog dela koneksije posma- 
tranih prostora različiti posebno ispitujemo autoparalelne kri- 
ve kovarijantnog tipa i autoparalele kontravarijantnog tipa. 
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ON THE SPECTRUM OF MENDELSOHN 
n-TUPLE SYSTEMS 


Zoran Stojaković 
Prirodno-matematički fakultet. Institut za matematiku 
21000 Novi Sad, ul.dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


EIS ааа м... 


їп [6] Mendelsohn n-tuple systems (MnSs), which represent a generaliza- 


tion of Mendelsohn triple systems, were introduced and the spectrum of such 


systems investigated. In this paper we obtain some new results on the spectrum 


of MnSs using the results from [7]. 


1° тп [3] Mendelsohn introduced a generalization of 


Steiner triple systems which he called cyclic triple systems. 
Such systems are now called Mendelsohn triple systems (MTSs). 
À cyclic triple is a collection t of three ordered pairs, 
none of which has equal coordinates, such that an element 
occurs as a first coordinate of an ordered pair iff it occurs 
às a second coordinate of an ordered pair in t. A MTS is a 
Pair (S,T) where $ is a finite nonempty set and T is а col- 
lection og cyclic triples of elements of S, such that 
Svery Ordered pair of distinct elements of S is contained in 
“actly one triple of T. The number |S| is called the order 
= (j The spectrum of MTSs is the set of all integers 


Aus 5 А ; 
05 Mathematics subject classification (1980): Primary 05830, 


15 20 
Key > N05; Seeondary 20N15 
quae ods and Dada de MN DER n-tuple system, n-ary 
group, сусїїс, idempotent, self-orthogonal. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Zoran Stojakovié 

E 
g?1 such that q#2 (mod 3) except g=6. A MTS is e 
to a ее satisfying the identities (xy) x=y (Semi sym 
metric) and x” =x (idempotent). 

In [6] a generalization of MTSs called Mendelsohn n- 
tuple systems was defined. 

Let S be a finite nonempty set, п> 3. A cyclic n-tu- 
ple is the set 


«Est "o CSCAE PRAES MX y) 


DL 


of n distinct ordered (n-1)-tuples of elements of $, among 
which there is no (n-l)-tuple the coordinates Of which are 


: n 
all equal. (By x, we denote the sequence Em X If 


m?n, then хп will be considered empty. The sequence x,x,... 
-..,X (n times) will be denoted by R 59) 

А Mendelsohn n-tuple system (MnS), n>3, isa pair 
(S,T), where S is a finite nonempty set and t is a collec- 
tion of cyclic n-tuples of elements of S, such that every 
ordered (n-1)-tuple of elements of S, the coordinates of 
which are not all equal, belongs to exactly one cyclic n - 
tuple of T. The number |S| is called the order of the MnS 
(S,T). 

In [6] the spectrum of MnSs for different values of 
n was considered. It was proved that if n and q are even num- 
bers, then there is no MnS of order q. The spectrum of M4S 
was determined to be the set of all odd integers greater 
than 1 and the spectrum of M5S was also investigated and 
some properties of MnS described. In this paper we obtain 
some new results on the spectrum of MnS using the results 
from [7] . 

29 an n-ary groupoid (n-groupoid) (Q,A) is called 


an n-guasigroup iff the equation Рахат ур has 4 


n}. 


unique solution x for every ajb ЕО and every ieN={1,--"! 


An n-quasigroup is called idempotent iff for every 
XEQ A(X) =x. 
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An n-quasigroup (Q,A) is called cyclic iff it satis- 
he identity 


fies © 
А (А (x пуу хи ay =x 
n 
An n-quasigroup $8 cy clictifeEstor every ie E and all Ca ай 
by = 1-1 
А (ху) cox SE => А(х? aus х; 


cyclic n-quasigroups are a generalization of semisymmetric 
quasigroups . 

А quasigroup (Q,*) is said to be self-orthogonal iff 
for every pair (a,b) є o? the system xy=a, yx=b has a uni- 
que solution. An n-quasigroup (Q,A) is called self-orthogonal 
iff for every (а?) є 0" there exists а unique (by) e o? such 


n 4 
that A, (b) =а;, i-1,...,n, where A =A and А, are defined by 


n 1—1 р 
A (xp) e A Pax] ), i-2,...,n. In [1],[2],[4],[5], the spec- 


trum of self-orthogonal semisymmetric quasigroups (SOSQs) was 
investigated and in [7] the spectrum of self-orthogonal cy- 
clic n-quasigroups (SOCnQs), which generalize the concept of 


30505 to higher dimensions, was considered. 


o 
3 In [6] the following relation between idempotent 
cyclic n-quasigroups and M(n-*1l)S was established: 


Let n+l be a prime, then there exists an idempotent 
Cyclic n- 


quasigroup of order а iff there exists a М(п+1)5 of 
Order q. 


{ Now we shall prove that every finite SOCnO is neces- 
arily idenpotent. 


_ THEOREM 1. ту (Q,A) is a finite SOCnQ, then (Q,A) 
idempotent. 
hit, SE OG Е. Let (о, А) be a finite socng and ає 0 an 
fis “тҮ element, Then А(8) =b implies A, (8) = Ь for all 
К n „i-l 


соб ' Where A, are defined D A, (x, 2) = A(x; SQ), 1=2,... 
` Hence the ЕСН n-tuple (а) om a eros of the 
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а 
(1) А; (хү) -b, і=1 п y 


...ь " 


where A, =A. Since (Q,A)is self-orthogonal, the Solution dj 


of system (1) is unique. 

This holds for all ae So hence for every aeQ there 
is an element be O such that (a) is the unigue solution of 
system (1). The mapping f:a»b is obviously injective and 
since Q is finite, it is a bijection. 


Let ae Q be an arbitrary element and A(À)- b. If 


cil n 
Е (a) =c, then A(C) =a. A is cyclic which implies 


n-1 n-2 -] 
Dem а ЕК (a nb a Je a... AC A a. | 
Непсе 


п Da л 
A (С) =A, (b, а), W=l ти 


and from the self-orthogonality of A it follows that a=b=c. 
So, we have proved that for every aeQ А(а) =а. | 


From the preceding theorem and the quoted connection | 
between idempotent cyclic n-quasigroups and M(n+l)Ss, we get 
the result that if n+l is prime then every SOCnQ of order 4 | 
defines a М(п+1)5 of the same order. Hence, using the results 
on the spectrum of SOCnQ obtained in [7], we get the follo- | 
wing two theorems. 


Q ' and 
THEOREM 2. Let n>3 be prime, Pjs -e> Pr primes an 


. . D kj = 
к... positive integers such that y= 1 (mod п), і 
=1,...,m. Then for ‘arbitrary non-negative integers Qj» E : 
-,m, there exists а MnS of order 
s k, a, а 
qu Py +++ Pm 9 

r 
rimes 4 
THEOREM 3. Zet n» 3 be prime and ру›-·:>РвР 3 
| 

gers 


ж inte 
such that p. >n, i-1,...,m. Then there are positive Tn 
i 3 3 
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<s,<n-1, i-l,...,m, guch that for all positive 


} integer? 04» i-1,...,m, there is a MnS of order 
2107 5 т 
а= ру D Pg 
REMARK. In some cases the values of Si in the pre- 


ceding theorem can be determined as degrees of irreducible 


factors of the polynomials which are defined in [7]. 
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REZIME 


O SPEKTRU MENDELSONOVIH SISTEMA n-TORKI 


koji predstavljaju gene- 
sani i odre- 


та та Mendelsonovi sistemi n-torki, К == 
dene ciju Mendelsonovih sistema trojki, su iu о — 
dobi; Su neke vrednosti iz njihovog spektra U | f= | E 

Jeni su novi rezultati o spektru Mendelsonovih sistema m 


tor 
ч koristeći rezultate iz [7]. 
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Dj. Paunic and Z. Stojaković 
Prirodno-r 


21000 Novt 


attékt fakultet. Institut za matematiku 


Sad,ut.dr Ilije Djuričića br. 4, Jugoslavija 


ABSTRACT 


An n-guasigroup (0,A) is called a G-n-quasigroup iff A-A? for all 


o€ б, where G 
defined by: 


is a subgroup of the symmetric group of degree п+1 апа AÏ is 


Mx sree Aa EN 


on) чүш iff А(х\,...,х )=х 


n+l’ 


In the paper G-n-quasigroups are considered, and some of their properties 
described. 
o : 3 
l First we shall give some basic definitions and nota- 


tons. Other notions from the theory of n-quasigroups can be 


found in [1]. 


The sequence x 


{x,} n ; 
ies or by ke - If m»n, then xn will be considered empty. 


п’ Ха," Хр will be denoted by 


An n-ary groupoid (n-groupoid) (Q,A) is called an n-quasi- 


f the i 1-1 n 
equation A(ay ‚х,а; у 


gr : 
Sup if )=b has a unique solution 


* for 
e n 
Very a), beQ, and every ieN -(1,...,n]. 


ip E An n-quasigroup (Q,A) is isotopic to an n-quasigroup 
б” ТЕЕ there exists a sequence T=(a}—) of permutations of O 


Such t 

hat the following identity 
MS M 
$ ath " . К 
reg dam 20500 subject classification (1980): Primary 20115; 
# Yords and : 


Phrases: n-quasigroup, isotopism, parastrophism. 
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n =I n 
B(x)) =o a1 (9434) 4.4) 


holds. T is called an isotopism, B is an isotope Of A 


‚ and by 
АТ =B we denote that A is isotopic to B by T, тї AC) R у 
lned 
-1 -1, nFL 
by T c (Ча ү )i23)- 


If (Q,A) is an n-quasigroup and ce 5 +1, Where oa | 


is the symmetric group of degree n+l, then the n-quasigroup д? 


G 
defined by 
e 
с a = => M = j 
PS) = Fofr) > AG) =х 
Е е 
is called а O-parastrophe (or simply parastrophe) of A. If 
Ov. лот 
Orvte Sant then (A`) =A and 
t 
n ке А n E 
A( x41 No (rt) TU A (Xorg yea = X от(п+1)` { 
ntl 2 
If T = (*4 ) is an isotopism of A, then (aT )%= (a9)T ‚ n 
S 
where T= nal 
e EE era aaa) 
м. 
If (Q,A) is an n-quasigroup and c € S541 such that 
2 
A=A°, then 6 is called an autoparastrophism of A. The set of 
all autoparastrophisms of A is a subgroup of $, which will 
be denoted by П(А). 
A T i for 
An n-quasigroup (Q,A) is called cyclic [3] iff ar 
every i€ Na and all xP" Тео 
n H зи 
А = ntl „i-l = 
Аи ах. ei 
G 
о and * 
2° DEFINITION 1. If (Q,A) is an n-quastgroUuP M 
ther 


ts a subgroup of Sn+1 Such that A-A" for every E 
ts called a G-n-quasigroup. 

It is obvious that an n-quasigroup (0,2) 
group iff А = АО for alloer , where T is a set ел 


of the group С. 
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Some examples of G-n-quasigroups are: 


]. Totally symmetric n-quasigroups are G-n-quasigroups 


with (Gi Sn+1" 

2. Cyclic n-guasigroups, investigated in [3], are G-n- 
-quasigroups , where G is the cyclic group generated by the cycle 
(12. ..n*l). 

3. In [2] D.G.Hoffman has given a construction of a 
g-n-quasigroup (0,2) of order mp, for every m>n, p>2, and 
every subgroup Gc $,,,, such that П(А) =G. 


4. Let (Q,+) be an Abelian group such that x+x#0 for 
every х# 0. If a ternary operation A is defined by 


A(x,,x (x) =x _+x,-x 


2 1 2 Ву 


then (0,А) is а G-3-quasigroup, where С is Klein^s four-group 
{(1) , (12) (34), (13) (24), (14) (23)}. It is easy to see that A is 


neither totally symmetric nor cyclic, and that there exist 
such G-3-quasigroups of every order >2. 
From the definition of a parastrophe,we get the follo- 
wing proposition. 
Let = {= 
(Q,A) be an n-quasigroup and g € $,,,, gi=ntl. 


CELER X 
ASA iff for all xeQ 
Aoc n ? = 
се (1-1) rA GG Xy ret on) = Холт) ° 
em Consequently, every G-n-quasigroup can be defined as 
N-quas 


igroup satisfying a system of identities. 


ць, PROPOSITION 1. Let (Q,A) be ап n-quasigroup and G a 
ro 
“up of Sa А is a G-n-quastgroup iff for all gep and 


+1 
ал уп 
160 
A(x n a: 
01" т ооа) AX) (X 5441) t оп) Хо ta)? 
There DE 


=l 
28 а set of generators of С and i-9 (ntl). 


In the preceding proposition, of course, T can be 


Хер] 
а 3 
Sed by с. 
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ee 


From Proposition 1 it follows that the direct 
А Product 
which gives the) pos 
bility of constructing new G-n-quasigroups from а. 31- 
n ones, 


of G-n-guasigroups is a G-n-guasigroup, 


m 
PROPOSITION 2. I ; -n- ; j 
f (Q,A) is a G-n quasigroup and res " 
ts such that the group С is invariant under the inner aut i 
j 4 Quto- 
morphism induced by т, then at 18 a G-n-quasigroup 
P r oo f. Since С is i i í 
| invariant under the automorphisn ; 
O » TOT i à 
, it follows that = every 9,€G there exists 9.66 
E i 04 [ 
1 3 Gy — 0; P 
such that Ga ЕЕ Непсе А =A =A, and (АГ) АО 1 
: TE 
for all С; ЕС, which means that А isa G-n-quasigroup. ) 8 
A, 
COROLLARY. If A ts a G-n-quastgroup and С a normal 
subgroup of a group G) SS +1’ then every parastrophe A" TeC 
ts also a G-n-quastgroup. 
PROPOSITION 3. Let (Q,A) be a G-n-quastgroup, where 
G=0 (A). А parastrophe A‘ ts a G-n-quastgroup iff С is invariant 
under the inner automorphtsam induced by т. 
i) Ye (@) ©) te, Iftar 1-6, then from Proposition 2 it vh 
follows that A" is a G-n-quasigroup. E 
Conversely, let A' be a G-n-quasigroup. Then for all go 
va T Wenn у (7 
® O @ (A) NUR аъ ів, A = A. Since G = (a), the on If 
parastrophes which are egual to A are parastrophes induced by & 
permutations from G. Hence то ЕС for all o,€G. 
Now we shall consider isotopes of G-n-quasigroUps. бу: 
THEOREM 1. Let an N-quastgroup A be isotopic to a U 
* g L 
G-n-quasigroup B. Then A is isotopic to the parastrophe AV m 
every С ЄС, and every parastrophe А where Т is а permuta 
tion such that G is invariant under the inner automorphism 
induced by т, is an isotope of a G-n-quasigroup. 
; uU fe all У Wh 
P roo f. B is a G-n-quasigroup, hence B-B d si- | 
: -qua 
сес. Since the corresponding parastrophes of isotopic 019 = 1t 


=B 
groups are isotopic, it follows that A" is isotopic to p 


for all JEG. 
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Е 


If t is such that С is invariant under the inner auto- 
morphism induced by T, then Proposition 2 implies that В? is 
д c-n-quasigroup. Hence the corresponding parastrophe a of 


pis an isotope of the G-n-quasigroup Bt 


THEOREM 2. Let (Q,A) be an n-quaeigroup tsotopte to 


its parastrophe A9 by an tsotopism T= «296 A =д° , vhere 
п eS 41" and let (i...iy) G1 34) -e (LL KL) be the decom- | 


position of о into v disjoint cycles (where the cycles of length 


1 are included). Then there exist permutations 915.8 
M 


of the set O and an  n-quasigroup (Q,B) which is isotopic to 


A, such that В 18 isotopic to В by the tsotoptsm 


ERN RC 


1 ec 


OBS yin Ou ely oo 
ij oli) am) : 


ЖОО о 


2 07,1,... 


ji e GEM 


=} 
5,1,0, Ax Ee ooo Ө 
1 1 


vhere there are at leastn+l-v identity components, and at most 
one nonidentity component for every cycle of с. The nonidentity 
component which corresponds to the cycle (i,,---,i,) сап be at 
any of the places ірл... and analogously for other cycles. 
17 à) ts a cycle of length 1, then the corresponding noni- 


. zl 
dentity component is 6, a; 9 
1 


P roo £. As in Theorem 5 from [3] , let B ре ап 
аг 
bitrary isotope of A, В = А, SE ЧА o and since A = A? we 
have 


1" 


=i! 
Е п 
BS , where S TS” =({8 i 218947421) © 
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(1,) 8. a lk Miri d -1 
1 i, i, o(i.) i i. o(i_) r 
l -1 
(1,) à о а лыш | 
2 92 32 9 (35) А ах Ja оз) 1, 
= -1 | | 
(1) eh, 9 оссо 
ОС Зая Sica e s 
| 
and take Ha, Оз) AONE to be arbitrary permutations of 0, 


then solving the systems (1,), (1,) осоо (1) аз it is done ip 


[3], Theorem 5, the theorem follows. 


THEOREM 3. If an n-quasigroup (Q,A) is isotopic to an 
n-quastgroup B which cotnetdes with one of tts paras tpophes 
3 
B-BÜ,then A is isotopic to АО by an tsotopism т= (o P) such 


that а. а a = 1 
4: З) ~ К 
19€ 1) GE JOE) 
for every cycle (i...i,) tn the decomposition of о into dísjo- F 


int cycles including cycles of length 1 (where, if (j) isa 
cycle of length 1, then Ei) . 


Р roo f. Let A be isotopic to n-quasigroup В, such 


с 

that B=B°, by an isotopism s- (821) , A9-B. Then ao = В = В = Е 
5.0 o. S. s(s)r1 с 

=(A) = (A")? , so A =A". As in [3] , Theorem 6, denote Т 


9-1 , n+ 
T-S(S') "-(o*l) which implies 


-1 0 
S XTS =T=(1,...,1)), 


(2) By GBS K ай... nE L. 


nd to 
If we solve the subsystems of (2) which сое ШШ е 
as it is don 


ij 


the disjoint cycle decomposition of o separately, 


in the preceding theorem, we shall have for the cycle eer 


zl 
Ва Chong ооо B =] 
i o. з à 0 
1 іу o(i,) Ga ce) ta 
: roof. 
ог о Ч (: )---9 , =1, which completes the P 
1 1 o (i) 
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А 


REMARK. Theorems 2 and 3 generalize some results оп 


cyclic n-quasigroups from [3]. 
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jo- REZIME 


PARASTROFNO INVARIJANTNE n-KVAZIGRUPE 


n-kvazigrupa (Q,A) se naziva G-n-kvazigrupa ako i 
Samo ako je A = A^ za svako о € G, gde је G podgrupa si- 
eae grupe stepena n+l, a Aa je definisana sa: 
A ? 1 = 
(Корина) = Хо (n*1) ako isamo ako je еа а) Xn41. 1 
U ovom radu razmatrane su G-n-kvazigrupe i odredjena ? 


neka njihova svojstva. 
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ALTERNATING SYMMETRIC n-QUASIGROUPS 


Zoran Stojaković 
Prirodno-matemattékt fakultet. Institut za matematiku 


21000 Novi Sad, ul.dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


Alternating symmetric (AS) n-quasigroups are defined 
and considered, -An n-quasigroup (Q,f) is caled an AS-n-quas igroup 
Mf f E. = = 
(x), хи) xat <=> F(x; o Хоп) Жо (n1) 


every even permutation o of the set {1,...,n+1}. AS-n-quasi- 
groups 


for 


represent a generalization of semisymmetric quasiaroups. 
Severa] 


and it 


equivalent definitions of an AS-n-quasiaroup are given 
is proved that every AS-n-quasigroup, n > 3, defines a 


family of totally symmetric (n-2)-quasigroups. Some properties 
ШАШ) 


“associative AS-n-quasigroups are determined and full 
characterization of AS-n-aroups is given. Autotopisms and 1$0- 
topism of AS-n-quasigroups are considered. Necessary and suf- 
ficient condi tions for a principal isotope of an AS-n-quasi- 


gro 
ЧР to be an AS-n-quasigroup are given. 


79 


First we give some basic definitions and notations. 
sr notions 


n fy. 


from the theory of n-quasigroups can be found 


S Ma 
t B М 
is; Senatios subject classification (1980): Primary 
iY von ge ondary 20105 | 
Potopi зт and phrases: n-quasigroup, n-group, parastrophism, 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


| 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


260 Zoran Stojakovié 


ee 


The sequence Xn +1755 a we shall denote by 


n n n а 

хп or by Xm icem, then Xn Will be Considereg 
empty. The sequence x,x,...,x (n times) will 

3 E ‚х, , be denoteq by 


X. If n <0, then x will be considered empty. 


An n-ary groupoid (n-groupoid)  (Q,f) 


i is called an 


n 
n ‚хау уу = Бра 
unique solution x for every a, rb € Q and every 


ien = Caos nes 


An n-quasigroup (Q,f) is isotopic to an N-quasigroyp 
n+l 


1 ) Of permutations 


n-quasigroup iff the equation f(al 


(Q,g) iff there exists a sequence Т = (a 
of Q such that the following identity 


g(x?) = Oe leja л у 
holds. T is called an isotopism, g is an isotope of f, and 
by ЕТ = g we denote that Е is isotopic to g by т. If 
OL is the identity mapping, then g is said to be a prin- 
cipal isotope of f. ТЇ is defined by T! = (fa, Hth. 
If T is an isotopism of (Q,f) to itself, that is, 
ЕТ = f, then T is called an autotopism of f. | 
ву Sh we denote the symmetric group of dearee n | | 
and by Ah its alternating subgroup. } 


If (Q,f) is an n-quasigroup and ое 5+1, then the 
n-quasigroup £° defined by 
£°({x ae eae <=> f(x") = x 
ci i=l o (n1) Gl n+1 


is called a o-parastrophe (or simply parastrophe) of f. 
me Cpt (2) Shui then (£°)* = £9" and 


bei en) Ре) STC £^ Cor $e = Xr (ntl) ` 


oT | 
+ 1 THORS ) o: 
If T= (ол Жу ig an isotopism of f, then (Е) (£ 
c n+l 
where Т = ({а pi). : 
ci' i-1 such that | 


If (Q,f) is ап n-quasigroup and о € S541 


f= ЕО, then o is called ап autoparastrophism S 
set of all autoparastrophism of f is a subgroup of буз 
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which will be denoted by П(Ё). 


An n-quasigroup (Q,f) is called totally symmetric 


iff £° = Е for every oes 


(TS) п+1° 


Ап n-quasigroup (Q,f) is called (i,j)-associative 
iff the following identity holds 


itn-1 2n-1 
3E > 


ma T, 4 
pit (ts "ey f(x) ШЕ: n 1j „21 1). 


ratni 
An n-quasigroup which is (i,j)-associative for all 


ем, is called an n-group. 


29 


DEFINITION. An n-quastgroup (Q,f) їз called alter- 


nating symmetric (AS) iff for every o € А +1 


f eic e 

It is obvious that an n-quasigroup (Q,f) is an 
AS-n-quasigroup iff f = #7 for all ое Г, where Г isa 
generating set of the group Ael 

From the definition it follows that every TS-n-quasi- 
group is also an AS-n-quasiaroup. But there are AS-n-quasi- 
groups which are not TS, which follows from [2] where D.G.Hof- 
fman has proved that for every m > n, p > 2, and every sub- 
group Gc 5+1 there exists an n-quasigroup (Q,f) of order 
їр such that m(f) = G. 

When n = 2 from the definition it follows that a 
Wasigroup (binary) (0,-) is AS iff (+) = Ce 
= (y 032). i.e. iff xy = <=> yz = x <=> zx = y. These 
“duivalences imply that (Q,°) is an AS quasigroup iff the 
Identities 


(1 
| y(xy) =x, (ху)х = у 


hola, 

a A quasigroup satisfying the identities (1) is called 
qe umetric, so binary AS quasigroups are in fact semisymmet- 
(s; 

X Wasigroups. In [5] so-called cyclic n-quasiqroups where 

Хойцсеа and such n-quasigroups are another generalization 
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— o 


of semisymmetric quasigroups (an n-quasigroup (Q,f) | 
Е 5 


іс і i it еж) = 
cyclic iff the identity  f( 6G) x3 ) X, holds or "i. 


Е ЕЕ о = (1,2,... ,nt1)). 


AS-n-quasigroups can be described as n-quasiaroups 


satisfying certain systems of identities. If (Q,£) 


is an 
n-quasigroup and o € S41 ok = ntl, then f? ТЕР у. 
all xS 2 ©) 
k-1 n n 
(хо: lieka) BED 
3 
So we have the following theorem. j 
THEOREM 1. An n-quasigroup  (Q,f) тз an AS-n-quasi- 
group tff for every o € T and all x ео 
k-1 n n = 
Brae ый = x engages 
where T ts a set of generators of A and k= c (n). 


n+l 

From Theorem 1 we get that the direct product of 
AS-n-quasigroups is also an AS-n-quasigroup and a subquasigroup 
of an AS-n-quasigroup is an AS-n-quasigroup. 

Now we shall give explicitly some of the systems of 
identities defining AS-n-quasigroups. A well known generating 
Set of A. is P= ((123),(124),...,(12n)), and from Theorem 
l we get the following corollary.. 


и і 
COROLLARY 1. An n-quasigroup  (Q,f) is AS iff at leas 
one of the following (eqivalent) systems of identities holds 


i-1 n 


ОЛЛС 


п " n 
= oP р 1 = no co RO 
(2) ) (х1) 


£(x,,£(x)),x0) = x, 


гу = {(123),(124),...,(1,2,n+1)}, 
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ee OCT UU NIRE C ыы. 11. 
n n-1 
£(£(x4) ,x5 ‚ху) = X; 
n n=1 
£(x,,£(x)) x4 1%) = 
2 п ит 
(3) (хи (x1) rx, 1X4) 508 
п-2 
f(x, (£O) x) 1) = X; 


m = {(n+1,n,1),(n+1,n,2),...,(n+1,n,n-1)}, 


[. rox eo) = x 


Ee 


(4) 


f(x? (CES =e 


r тт {(n,n+1,1),(n,n+1,2),...,(n,n+1,n-1)}. 


If (Q,f) is an n-quasigroup, then (see [1]) a para- 


т. 
strofe f t, where i € М, is defined by 


n E m ny. 
1 X41 7+1) = <=> Е (ху) Xl 


T. 
The operation £ i is called i-th inverse operation for f. 


An AS-n 


-quasigroup can be defined also using inverse operations 
for £f 


THEOREM 2. An n-quasigroup (0,2) ts AS iff 


for every i,j ем 
n* 


exi The next theorem shows that for n > 3 every AS-n-qu- 
"Stoup defines a family of TS-(n-2)-quasigroups. 
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ии 

THEOREM 3. Let (Q,£) be an AS-n-quasigroup 

and a,b @ Q arbitrary elements, i,j EN 
(n-2)-quasigroup (Q,f) defined by 


2» 1 > 3 
nt+1’ i # j. The 


п-2, = = i-1 Ume n-2 
g(x, ) = Kon > f (х7 ‚а, х; B xj p) = x 
ts a TS-(n-2)-quasigroup. 
Proof. Since the alternating group A a 
n 


(n-1)-fold transitive permutation group, it follows that for 


each two ordered (n-1)-tuples of elements from N 


n+] there 
exists a permutation from A 


"eS which maps one of these 
(n-1)-tuples onto another. This means that the equality 


£(xi 2 


1 j- 
1 aux 


b,x172, — 
, (X332 Xa-1 , 


which has n-1 variables, remains valid if all variables are 


arbitrarily permuted (where a,b remain at their places), i.e. 


i-1 j-2 n-2, _ S i-1 j-2 n-2, _ 
fox ‚а,х; rb,xj_1) mix <=> f(yi ‚а,у; 73-1) У 
where (у) is an arbitrary permutation of (а Hence 

MQ _ as n-2 
E e еә сй MEM 


which means that @ as 9S, 
4° 


Since every cycle of odd length is an even permutation, 
we have the following proposition. 


E ta 
PROPOSITION 1. If n 5з even, then every AS-n-quas 
group 28 a cyclic n-quastgroup. 


tained 
From the preceding proposition and the results ob 


1 "n : 1 сше 
in [6] for (i,j)-associative cyclic n-quasigroups, we 9* 
following two theorems. 


THEOREM 4, Tet (Q,f) be an (1,i)-associative 
AS-n-quasigroup, n even. Then f is (i*m,j*m)-assoc7a 


every integer m (where (i+m,j+m) 48 reduced modulo 


tive for 


п). 
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THEOREM 5. Let (Q,£) be an (i,j)-asesoeciative 
sgen-quast groups n even, where j-i їв relatively prime to 


п. Then f 18 an n-group. 


THEOREM 6. Let (0,#) be an (i,j)-assoetative 
Jg-n-quasigroup, n odd. Then Е ts (i*m,j*m)-associative, 
phere m is an arbitrary integer such that 1 < irtm £n, 


Поа n» 


Proof. Let f be (i,j)-associative. Then for 


i- i+n-1 2n-1 
agra: nes 


£(x L itn 


Let i,j <n. £ is AS, hence f = £?, where 
Ои. п), that is 


£( std itn-1 2n-2) a 21 


j+n-1 2n-2 
Xon-1'*1 „Е(х ) 7х ate: 


„f(x ),x 


2n-1'*1 j jin )* 


i.e. f is (i+1,j+1)-associative. If 1 < i,j, by an analogous 
procedure, using g instead of о, we get that f is 


(i-1,j-1)-associative. 


Hence f is (i+m,j+m)-associative, where m is an 


arbitrary integer such that 1 < itm < n, 1 < jtm <n. 


THEOREM 7. Let (Q,£) be an n-group. Then  (Q,f) 


18 AS iff there exists an Abelian group (Q,+) such that £ 
Nae) For all x € О, and j 


$ n 
Eoi y e 


then ; E 
ё € is a fixed element from Q. 


H Proof. Let (Q,f) be an AS-n-group. Then by 

OSS+) 

EET theorem there exist a group (Q,:), its automorphism 0 
an element се Q such that 


п, _ 2 „nal 
f(x) = x,0xj0 x,...0 хс, 
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= ==. 


= n=l = 
where бс = c and for all x€0 о X = cxe l 


ples al 
o 
hence f = f , where о = (1,2,n+1), and the followin de ET 
is valid us | 
1 
n n 
Е (хо, (ху), хз) =>, Е 
that is 
h 
2 j,n-1 2 n-1 
(5) x,0(x, Ox, 0 X3-+ +0 х6) 9 х3... 0 xc = x 
If we put in the preceding equality x, = е, і = 1 n p 
00сор 
Where e is the unit of (Q,+), ме get that се е. к, ° 
putting in (5) x, =e, i = 2,...,n it follows Өх, = 
: 1 1 x i.e. 
O is the identity mapping of Q. If in (5) we put x, = e 
i Г 


mes. A 2 zT . 
і 1,3,...,n, we obtain О х) = Xo which means that for 


-] P 
а eQ x = x ^. Hence (Q,+) is an Abelian group and 
W 
n 
f(x) = хІх... с. 
The converse part of the theorem is obvious. 
i 
Since the group (0,-) such that х = x for all i 
x€Q is of order De t € М, and for every t Є М there а 
exists such group of order 25. ve wo o following i 
corollary. 
i 
COROLLARY 2. There existe а nontrivial* finite A8-n- a 
group (Q,f) of order а "MP Ce = QE, ten. à 
DO 
h 


PROPOSITION 2. rf T= бр is an 00090 07 a 


an AS-n-quasigroup (Q,f) and сел then T° = (ае 


B n+l’ 
ts also an autotopism GP 386 


= fi 


P ro o f. Since T is an autotopism we пара а 
апа since Ғ is AS it follows fÜ = £. Hence f = (e 


i m T 
= (#9) = f , that is, T° is an autotopism of f. 


—— 
4 


Ап n-group (Q,f) is called trivial iff lol 
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E — a ER 


Soo РОН 3. Let a,8 be permutations of a eet Q, 

n- . / 

aes В, Е ) ts an autotopiem of an AS-n-quastgroup  (Q,f) 
-] ` п 1 : ; . 

TEE a and for some i,j е Nur i # j, the identity 


1-1 n $ = 
f(x, 1OXs 1X;+)) = #(х) 1 ах. хо ) 


(6) 
10148 (by Е we denote the identity mapping of 0). 
Рт ©) (о) шер (a, 8, P cl) be an autotopism of (Q,f). 


By Proposition 2 for every 1,6 Каб ij, Cea ЗЕ В) 
a z5 | 
= Се а, 23,8) are autotopism of f. Consequently 


fü ТЕ sien n е j n 
ВЕ (ху) = £ (ху "ахх 41) f(x; гах ух 1) 
Putting in the preceding identity с instead of Xi, 
we get 
De — den si je n 

£0) f(x, ‚а тх ор) 
i-1 -1 j-i- пао 
i.e. (е ‚а ^8 Е ie Е ) is ап autotopism of £f, which 


implies that (aan nal is also an autotopism of f. Two 


autotopisms which differ in only one component must be equal, 
hence a= g l 


Now let the identity (6) holds for some i,j € Noe 
іў ў. Putting in (6) on, instead of x,, we get similarly 
as in the preceding part of the proof, that (aya За ate 
an autotopism Of г. 


REMARK, ТЕ is easy to see that if the identity (6) 


h 
Olds for Some i,j е Nps i # j, then it holds for every 


Te Xi 


6 let (0,Е) be an n-quasigroup, i € Np” A permutation 

dni 2i is said to be i-inverse regular for f iff 

ls yan Е ‚а ^) is an autotopism of f. A permutation which 
inverse regular for f for every i € N, is called 


Ver, 
tati še regular for f. The set of all inverse regular permu- 
9ns for 


f will be denoted by V(f) (see n. 
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ТЕО (Ort) is ап AS-n-quasigroup, п then ү 
easy to see that if a is for some i e N. i-r em t is 
ег 
for f, then а is inverse regular for d "Tula 


Now we have the following corollary from Proposi t4 
On 3 


amai 
COROLLARY Sa ma (ав, ey вал autotopism of 
an 


AS-n-quasigroup (0,#), n > 2, then а and B are inver 
ве 
regular permutations for f. 


n+l 
PROPOSITION 4, Zet T= (a, ") be an autotopism of 


an AS-n-quastgroup (Q,f). 
nti? #4 #k #1, 


If n > 2, then for any i,j,k e N 
1 n= 3 j 

(a; $470, Ча di, Е ) or (95 Oye Oy а "9 a, €^) tis 

ап autotoptsm of f. 


ze Dil c n-2 zz = = 2 
If n» 3 then for all i,j ем іж) 
(cr oe п!) +. nulu » 
n AUS HD € tS an autotopism of Е. 
Proof. If T= (апт) is ап autotopism of E | 
zl 
n> 2, then T and т, О aK) storms e Noel! 
i #7 # К # i, are also autotopisms of f. Then 
E PT - 4 0б a ERE К ie | 
gig? = (151 4-1 Е -1. ар ea 


793 Or 


is also an autotopism of f, 
If c = (3k)(2j)(1i) and т = (12)(3k)(2j)(1i), then 
one des these two permutations is even. If o is even, then 
фус : then 
a 12 ) is ап autotopism of f, and if т is even 
(ТЕ 1т®%ут 15 an autotopism of Е, hence the first part of 
the proposition is proved. n-2 
Now let п > 3 and let S = (a, M icm % En (RO 
be' an S peni gie f (the proof is aia lerou: if š 
(o5! oral? ajro eh" Е 2) is ап autotopism). Applying hr any 
the first part of this Proposition, taking the first an 
two of the last n-3 components of S, we get that 


10 


= -1 = 
(а; 93,95 Cad e) is an autotopism of f. 
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PROPOSITION 5. Let n» 35 pp тА 


; 1 
il; topi" of а ШШ (0,£), then for every c 8 Sa] 
10 5 (69223-1) ts also an autotopism ОЎ qf 
n 3, ү 
proof. By the preceding proposition, for every 
; А = Sl =! n-1 К 
PIREN = Y dy s (E 947/94 G;, € ) is an autotopism 
of Е. Proposition 2 implies that 
j) (11) (34) (23) (li) i-1 -1 j-i- = n-j4 
g (25) ( ) = g itd) M = (een PORE TU 2 i) 
f 1 jJ eet 


is an autotopism of f. Multiplying this autotopism by T 
from the left, we get that 


= 1 + ij 
(a; TE ЕЛЕ (CI), 


gi 
3914191 (9341) 
is an autotopism of f. We have obtained that for every tran- 
sposition (ij) 5,3) is an autotopism of f, the set of 
all transpositions generates S 


S , hence T° is an autotooism 
n+l > 
for every се S 


DP 
For n > 3 some properties of AS-n-quasiaroups are 


very close to the corresponding properties of TS-n-quasigroups. 


Now we shall give several propositions describine such proper- 
ties, but we shall omit the proofs since they can be given on 
the basis of the proved theorems and propositions analogously 
to the Corresponding proofs for TS-n-quasigroups (see [1],[4]). 


мтч. Т“, 


PROPOSITION 6. If А; (Е) denotes the group Of i-th 
Components of all autotopisms of an AS-n-quastgroup  (Q,f), 
ue А; (Е) coincides with А. (Е) for all i,j € Nhi. 

group we shall denote by A,(£)- 


ntl 
PROPOSITION 7. If п > 3) and T= (а ) če ай 
Qut : -L 
, "topism of an AS-n-guasigroup  (Q,f), then a, a. 28 


inven 33 
Se regular for Е for every i,j € NISI 


Я +1 
PROPOSITION 8. Every autotopism T= (a) ) of ап 


“quasigroup (Q,£), n > 3, can be represented tn the form 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


270 Zoran Stojakovié 


— а 


gp m &(Х\|,...,А pe) 


where A АҺ CRVENE 


v 


PROPOSITION 9. If a component of an autotopism 7 
oF an 


nets 
f, 


AS-n-quastgroup (Q,f) їз €, n > 3, then all other compo 

of that autotoptsm are inverse regular permutattons fon 
PROPOSITION 10." ТР (Q,£) ts an AS-n-quasigroup 

n > 3, then the set V(f) of all inverse regular Permutations 


for £ is an Abelian group. 


' PROPOSITION 11. Zet (0,£) 
n > 3. If a component of an autotopism of Е is inverse re- 


gular for f, then all components of that autotopism are 
inverse regular ROLET 


be an AS-n-quasigroup, 


PROPOSITION 12. Let (Q,f) be an AS-n-quasigroup, 
п > 3. For every permutation а € A (Е) there exists exactly 
опе permutation ф е V(f), such that (@,аф) ts ап autotopism 
Oy xen 


PROPOSITION 13.: If Т = (0111) zs an autotoptem of 
an AS-n-quasigroup  (Q,f) such that go € V(f), then 
«уа... =e. 


THEOREM 8. A principal isotope (0,9) of an 
AS-n-quasigroup (Q,f), n > 3, £7 = яр me (aj, €), is an 
AS-n-quasigroup tff all components of T are inverse regular 
for Е. 


Proof. Let (0,9), g= ЕТ, be an AS-n-quasigrow: 
Then 
(7) glx,,g(x)),x3) = ху, 


which gives 


n n = 
NES yon (loss pee Пах а) = хү, 
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ры а. 


a since f as also AS-n-quasigroup, it follows 


n 
# (хунархо аз, iu) = af (fa x 9o 1) 7 
Hence 
„Пү = eu n 
£6) tof (ox, aa, Xo 1X4) ; 
cub ууа? Va) " a 
me (03,9201 ГЕ #9. 15 ап autotopism of Е. 


By Proposition 9 a, and a, are inverse regular 
for f. Using instead of (7) other identities which are satis- 
fied by every AS-n-quasigroup, we get by an analogous procedure 
that Agrees rn 
Conversely, let now an n-quasigroup (Q,f) be isotopic 


to an AS-n-quasigroup (0,#), #7 = 4, T= (92,6), where all 


are also inverse regular for f. 


components of T are inverse regular permutations for f. 
Then 


n Del » n n-i E: 
ang (g (x4) ,x» 1%) = a, f(a (ах, ур) и (аху 9,91) = 


ых у оса 


zl 
i^i i=2'X)) = £(£ (УТУ ry) =Y 


=a x, 
n. nen 


Where we have used that 9a and а, are inverse regular for 
f, that Е is an AS-n-quasigroup and we have put y, = x), 
Mens t= 2),. S m. 


Hence we have obtained the identity 


n п-1 ла D 
g(g(x1),x5 ,x) = X - Н 
M fan prove analogously that g satisfies all other iden- 

ties from (3), зо (0,9) is an AS-n-quasigroup. 


REMARK. Since the second part of the proof of the 
g theorem is valid for every n > 2, it follows that 
r 

“very such n a principal isotope of an AS-n-quasigroup 


(Q 
S 15 an AS-n-quasigroup if all components of the isotopy 
in 


Precedin 
fo 


ve 


rse regular for f. 
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REZIME 


ALTERNATIVNO SIMETRIGNE n-KVAZIGRUPE 


U radu su definisane i razmatrane alternativno simet 

riéne (AS) n-kvazigrupe. n-kvazigrupa (Q,f) se naziva AS-D 
д TS upa 
-kvazigrupa ako i Samo ako za svaku parnu permutaciju asks 


(1,...,n*1) važi f(x Ke 


<=> f(X re- "Хой 
ol iju 


pros eX) = X4] О 
T *5(n+1)° AS-n-kvazigrupe predstavljaju jednu generalizac 1 
polusimetriónih kvazigrupa. Date su neke ekvivalentne defin 
cije AS-n-kvazigrupa i dokazano da svaka AS-n-kvazigrupay а. 
n > 3, definiše familiju totalno simetričnih (BaZa eZ aed 
Odredjene su neke osobine (i,j)-asoci jativnih авнаа aa 
i data potpuna karakterizacija AS-n-grupa. Zatim su s. do- 
autotopije i izotopije AS-n-kvazigrupa. Dati su potre ави 
voljni uslovi da glavni izotop AS-n-kvazigrupa bude A977 
zigrupa. 
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ABSTRACT 


(k,n)-Nets, n € N\{1}, ке N\{1,...,n}, represent a gene- 
ralization of k-nets, k € N\ {1,2}; namely (k,2)-nets are k-nets 
[8-9]. Finite (k,n)-nets of order q Е № {1} are also called 
(n,q)-nets [7]. In this article a connection between k,n and 
9 is established. 

(k,n)-nets, neN\{1}, keN\{1,...,n}, represent a gene- 
ralization of k-nets, keN\{1,2}; namely, (k,2)-nets are k-nets 
[8-9]. F.Radó considered (4,3)-nets in [1-2]. (ntl,n)-nets were 
®onsidered by R.Bauer in [3], and (k,n)-nets by A.S.Bektenov in 
[1-6]. V.D.Belousov and A.S.Bektenov considered (k,n)-nets in 
pee aces are connected with multiquasigroups [10-11]. 

;n)-nets of order qeN:.(1) are also called (k,n,q) - 


Nets [7 
a s [7]. Some connections between k,n and q [7], [11] are known. 
this pa 


Per a connection between k,n and q is established. 


A Let T be a nonempty set of elements called points. Let 
no 
nempty set B have as its elements some subsets of the set T, 


Calle 5 
blocks, Finally, let the sets 590 keN\{1,...,n}, 


Ays М 
lath, s 
key Uonde setes Subject classification (1980): 20N05 


nd phrases: (k,n,q)-nets, multiquasigroups 
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be equivalence classes classifying the set В. Then we 
3 e 5 А Say tha 
(T,L Lg) is a (k,n)-net iff the following Properties hy, 
d: 
nRl. The intersection of any n blocks belonging | ge 
to 


DI rk} has 
exactly 


14 


different classes рая ; Apres ed e {1,. 
one element (point); and 


nR2. Any point from T belongs to exact 
1) ctly one block of | ge 


each class L,, i ЕТО KT 


(1) 
EXAMPLE. By superimposing the pictures 11 апа 1 


> we 
obtain the picture of a (4,3)-net of order 2. We have: 


Ее. гу И jen 
ВСА ва сэ}, ‚г, = ABCD АС BE EDEN 
iby = (BB^CC^,AA^DD^) j г: = {AA~ BB^,CC^DD^), and 
exac 
гд = (АВ C“D,AB‘CD*} . bre 


A B 
Fig. 1, 


oes mot | 
Taking into account nR1, we can see that there d 


exists a (k,3,2)-net for k> 4. 


The following statement is known: 
e 5% 
,k), have ti 


STATEMENT 1. All classes L,, 16 {1,--- 0° 
al umber of P 


me number of blocks, and all blocks have the Sana 
nts. Also, if IL; | = [0] and b, €L,, then |b, | = le |. 


f 
po 
s called the oM 


The number of blocks in each class i 


(k,n)-net. A consequence of Statement 1 is: 


Jati s 

Wa ar e d re 

1) In the description of (k,n)-nets, the incidence 
usually used. 


2) We write ABCD instead of (A,B,C,D). 
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о 
Ss | === SS Ee 
that STATEMENT 2. DENTS 


prt ) is a (k,n)*net of order 
ano then the number of points in each block is qum Ls 
q 


We are going to prove the following theorem. 


THEOREM 3. If (Т,ь\,...,) ts а (k,n)- net of order 


k of ge IJ, then 


Ш (k-1)...(k-n-l) < (п-1) 19271 
ме 
REMARK. If n=2, (1) becomes k-1 5 q, which is a known 
connection between К and а for k-nets of order q [8-9] 
р РАО О. f. Let b, E€ Li and Tb; (Fig.2). There are 
| 
exactly k blocks incident Vr T (nR2). —— the blocks 
В’ uu. 5257 from the classes L 


ПА. 
)-tuple of blocks from the set 
к} has exactly one common point with the 


respectively. Each unordered (n-1 


lb,,.. 
b ubi тии -,Б 


block bi € Li (nRl). 


Let 2m ADT 
di cos NN ) 
a a)’ ау 
апа b, €L; ; 
B, = 1 
в в" ъв) р 
n-1 i 
sg not | Fig. 2 f 
a | 
9 such (n-1) tuples; [в | [Be | = n-l, and let 
DN = (Fig. 2) and 
a -nb nb, = (T )en. g 
sa n d pcc 
oi Da Moga fl = {T Jel, (Fig. 2) 
p 8, Bnet b; = {T,}eL, 
er É V in pu then max |B, UB, | = 21-2 and min |B, U Bg | = 
U 


а Bg there are at pues n, blocks; so, NEA to 


follows that T af Tg provided that B,#B,. Namely, if T a Tg: 


n different p IGOR from B_U B, have pem different common 
T 
апа т ар, but this is a contradiction with nRl. 


О 
Plate 
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So, the number of different common points of 1 
а11 


Tee 


unordered (n-1)-tuples of blocks from the set {b aie POssib), 
1 00 


; : ~yrb 
-++,b, } with the block b, equals the cardinality of el 1 


Set 
ШОЛ кет} G-2) 


k-1 


i.e. this is the number ( Ni 


)« 


This number is not greater than the number of points | 
А п-1 S in 
bi, i.e. not greater than q (statement 2), So, it holds; 


n-1 


k-1 
а) а ; 


n 

па) < E q71. 

REMARK. It can be found in [6] ana [7] that 
К < (n-1)q* 1. 


In [11] it is proved that 


k<n+q-1 
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REZIME 

O (k,n,q) - MREZAMA 
(k,n)- rešetke, ne NN(1), ke N\{1,...,n}, predstavljaju |. 
Jednu generalizaciju k-rešetaka, ke N\{1,2}; (k,2)-rešetke su, | 
naime, k-re¥etke [8-9]. Konačne (k,n)-reSetke reda ge N\{1} zo- | 


у i eae SF 
emo i (k,n,g)-rešetke [7] . U ovom radu se utvrdjuje jedna veza 
izmedju k,n i а. 
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ON FUZZY QUOTIENT ALGEBRAS 
Gradimir Vojvodić and Branimir Šešelja 


Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul.dr Ilije Djuričića br. 4, Jugoslavija 


ABSTRACT 


For an algebra A and a complete lattice L, one can consider a fuz- 
zy congruence relation o (defined in LU). Here we define a guotient alge- 
braÁ/p. Since every fuzzy congruence relation is a special union of a fa- 
mily of ordinary congruences on the same algebra, it is interesting to con- 
sider the relationship betweenA/p and the quotient algebra А о by any 
of the congruences of the fami ly. Me prove that there is always a homomor- 
phism from A/P to A/p, and we give the necessary and sufficent conditions 
for it to be an isomorphism. We also consider the fuzzy subalgebras (defi- 
ned as in [2]) of A, and А, and assuming that these mappings preserve the 
homomorphism, we prove that a fuzzy subalgebra A of A induces Ap (ot A/p) 
$19 vice versa. Using the homomorphism from А/ p onto Ap, we finally de- 


termi ө 
ermine. the connection between the corresponding fuzzy subalgebras. 


l. Let S be an unempty set, and I= (L,A,V,0,1) a com- 
ue lattice. A fuzzy set S on S (or, a fuzzy subset S of S) 
is any mapping 5:S+L ([3]) р 
© me 5, and 5, are two fuzzy sets оп 5, then the relation 
~ and the operations П and U are defined as follows (BI): 


AUS Мо, 
Ke Mathematics subject classification ERE 
ords and phrases: Fuzzy sets. 
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- p : — is 
S,SS, iff for all xes $i (x) < S, (x) 

sng: Sng = Б, 

S," 85:8 +1, апа (8,05,) (x) = S, (x) A S, (х) 

$i U 55:51, апа (S, U S Xx) = 5, (х) V 8, (х) : 


(Тһе operations on the right are those from L), 


It is well known ([3]) that for any fuzzy set 8 on s 
the following equality holds: 


1.1. S= Ц p-(S.), where S =, зов 
soj p р 


i Pe 1g LE S 
and (51) :5 +1, (S (х) = | LESS 


p iff S(x) >р, 


09 ТЕ RES 
Я 8р 


| (the characteristic function of S . Here also 
(р: (S x) = S 8 | 
Р` (Sp)? (x) PA (S) (x) 


(From now on, we shall identify SP with its characteristic fun- 


ction Kec Clearly, if xeS, 
SE) а у PAS, (x). 


peL 


It is also known that from 1.1. it follows that for p,qel, 
I 
P<q implies $ Ss . | 
= а p 


Let A= (S,F) be an algebra. A fuzzy congruence relatio 
P on A is a fuzzy relation on S, i.e. ([1]) 


5:52 >L, such that 


(1) (ух e S) (р(х,х) = 1) ; 
(2) (¥x,y eS) (р(х,у) = p(y,x)) ; 
(3) (Vx,y,z eS) (0 (x,y) > ү (р(х,2) A p(z,y))) ; 
^" ZES 
1) 
(4) If p(x 1'У1) =ру,..., p(x, Di) Be fero Й 


РЕЖ»... у (Ут »- - „Уд )) 22 A рі - 
mm =). 


A 
1.2. If p isa fuzzy congruence relation on ^ 


o! 


ERU р · р Г 
рег, P 
ACID NES 
1) F(n) is a set of n-ary operations from F. 
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yhere Pp are congruenceson A, and p <q implies ра 0р: Here, 


j as in 11, 
ү ‚ if р(х,у) >р 


р(х,у)= УРА 0p CY) + P (x,y) = 
pe L 0 , otherwise. ([1]). 


The following definitions are similar to those in [2]: 


A mapping A:S +1 is a fuzzy subalgebra of A= (S,F), iff 
————— 7 
for every fe F(n), and for хине € S 


A (E (крлеж) A(X) A... NA(x,) 


Let A= (S,F) and В = (T,F) be two algebras from the same 
similarity class. If fisahomomorphism from A to B, then f is 


said to be a fuzzy homomorphism from a fuzzy subalgebra A of 
А to the fuzzy subalgebra B of B iff | 


А©В°#, i.e. iff for every xeS, A(x) < B(f(x)) . 


2. Let A= (S,F) be an algebra, [= (L,A,V,0,1) a com- 
plete lattice, and p a fuzzy congruence relation on A. Foran 
Xe S, let 


\ [15:5 эг, [x] 5 (a) = p(x,a), for allaeS. 


let us make the following definition: 
S/p = ( [x] 5 з хеб} o 


4 If p РЕК, is one of the congruences from the family 
Stermineq 5. р in 1.2., then let [x] ор be a characteristic 


1 


functi 
lon for lelg є 5/рь/ i.e. 


| 
1, if ае |х| 
[x] (a) der | Pp . 
p Oy a вуй [ЕЧ 


[х] Pp (a) = pp Ga) . Now we have: 


оц. [x]; = U (в ор), xeS. 
P 
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y Пн e 
{Ө зг © @ Ес [x]5 (a) = 0(х,у) = ( U p.p ) (x ^ 
peL p А = 


= V (p:p)(x,a) = V (р. 5 
peL P peL Е Pplx,a)) x 


Visi] o (а) = М (реге Е. 
per Pp vui p [X] pp) (a) = 


CU (-DJg))(a) . 
peL P 


For every ЕЕЕ(п), define an operation f on S/o : 
х е5 
п 


If 


хт 


= def 
(bs а-я, = E т er Bea у. 


where, as we noted, we use the characteristic function [x p, 
instead of a class Ix] рр , and thus 


frs lo осоо Е) = (е: х 
11р 5 250830 
p n Pp 1 n Pp 
Now we can prove the following statement: 
Bobs For ай s сих. GS 
n 

f(x}; 1) = Ex xp) 
Proof. d 


£ (515^. Balp? U (p- fE], бр E = 


peL 


= U (p:[f(x ETEN) EERE EE S - 
DET 


We can thus define a new algebra : 


A/p = (S/p,F), where F= (f; feF) - 


proper 
ed in 
tor 


The following two propositions deal with some 
1 be us 


ties of fuzzy eguivalence relations, and they wil 

= С 
considering the connection between А/р and the usual fa 
algebra A/p5 : 
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аа 
2.3. Let р be a fuzzy equivalence relation on S. Let 


pes, a#b. Then for every xeS, 


p(a,x) = p(b,x) 12E IE 


pP x o o гс. Let p(a,b)=1, afb. Then, because of (3), 
p(a,x) > р(а,Ь) A p(b,x), and thus 

(5) p(a,x) > p (b,x) 

Exactly in the same way, using (2) and (3), we get 

(6) p(b,x) > p(a,x) 


From (5) and (6), it follows that р(а,х) = (b,x). 
Let now р(а,х) = р(Ь,х), a#b. Then for x=a 


1 = p(a,a) =р(Ь,а), 17е pila Dene 


2.4. Let p be a fuzzy equivalence relation on S, and 
a,be S. Then 


[a] =" ш ше [а], = ap Е 


Bt oo f." Dee [a]5 # bl; . Suppose that there is an 
xe 5, such that р(а,х) = р(Ь, 3 =1. В ЕЯ (3), we get that 
Pb) =1. But then for every x€ S, by 2.3., p(a,x) = р(Ь,х) , | 
[а]; = [5]; , which is a contradiction. 1 


If [a]; = [b]; , then for every péL, fal, = blos ‚ 
апа 
һепсе lalo, = Ы, 4 


WE Же та now the above defined factor algebra A/p = 
tio 1, F), for a given algebra A, by a fuzzy congruence rela- 
n 
р, and a factor algebra А/О = (S/o, ,F), where 0р; peL,is 


any of 
the Congruences from the M Merc defined in 1.2. 


2.5. тһе mapping h:S/p > S/o, , defined with 
h([a]- p) = [aly ‚лае; 


à ho 
momorphism from A/p onto "T 
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JD $e (9 © чо Since for every aeS, and [a] е5/ 
р p 
P 


there is an original in 5/р namely [a = hi 
, 15 , S onto, We Algo 


have 


в( (5,5 reese [X,]5)) = МЕ we 


= AiE eX). ) = £(h( (x, ]-)2 B 
1 Pp пыры ils , C150) ; 
proving that h is a homomorphism. 
2.6. А/р =A/p,, leL. 


i) $2 (9 (©) 186 We have to prove that h (defined in 2,5.) 
is l-1. By 2.4. we have 
[a]; * Db]; ite  [a]e, * bio 
proving that h satisfies this property. 
A fuzzy relation 5:5%1, is strongly reflexive, if the 
following is satisfied: 


РОУ 1 gfe x = y. 


2.7. A/p = A iff p is a strongly reflexive fuzzy con 


gruence relation on А. 


вх оо =. If A/p = A, then by 2.6. Ар ЕА 


0, is a diagonal. © 
$5 


On the other hand, if p is strongly reflexive, then 0] 
. Я 5 
is а daigonal, and thus lal, =a. Now, by 2.4., a#b implie 
l 


A nism. 
[а]- # [b]- i.e. the mapping h (Һ([а]-) =a) is an isomorp 
E 5 pping B 


[2n 
z(S/? 
3. Consider now the algebras А = (S,F); А/р = й 
and for every peL, A/p = (S/p_ rF) , where p= U Beep = тр 
cong” 
zy congruence relation on A, p (peL) is an ordinary te 
a comple i 


ence relation (as in 1.2.), and L=(L,A,V,0,1) is 


lattice. For each of these algebras one can defin 
hal 


e the corre? 


discus 
ponding fuzzy subalgebras, as in 1.3. Here ме $ и 


the relationship between these fuzzy structures. 
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Зо Let A:S+L be a fuzzy subalgebra of д. Let also 
an ordinary congruence relation on A. Define the mapping 


PE de - 
S/p +l, SO that A/pC[x] p) gef y Aly): Now, ЖЕ L to аз 
ye [x], 


p be 


Мо: 
tributive, then 


a) A/p is a fuzzy subalgebra of A/p, and 


b) f. =kerp is a fuzzy homomorphism from A/p onto A/p. 


оо Е. a) Let fe F(n), xy,...,x eS. Then 


А/р(®([хү],---, [хи] )) = ВИЖ и...) о) = 
5.) V(A(y); уе [Е бери > 


VG, УД); vue 5] jess Уре [x = 


VAGA AA(y,)+ yy e Ds], ovs e gl) = 


VA() As. Л VAY) , 


he 
ye [х1], ОЕ 


where we use the definition of a fuzzy subalgebra, and the fact 
that L is distributive. 


Cons b) Let xeS, and f =kerp. Then 


А/р(Е (x)) = A/e([x],) = V A(x) 2B) , i.e. 


2. a ye [x 
А = A/oof, . bl, р 


The following corollary shows that, in the family of 4 
а r i 
ll fuzzy Subalgebras of A/p, the one defined in 3.1. (and pro- | 
= 
"ded that | is distributive) is the smallest one - as a fuzzy 


Si 5 : 

“Е - satisfying 3.1. (b). 

p 22 тее д/р Бе аз Um Sono TE A /o:S/p+L is any fu- 
Subalgebra of A/p satisfying 3.1. (bj, then 


A/p = Ap 2 


Ex Proof. By the definition of fuzzy homomorphism, 
ec 


E Ay/o( [x] > > A(x). But then for every y € [x]. 
NEBA 2A(y) , and hence 
Ay/o( [x] > у Е A(y) = A/o([x],). - 


уе [х], 
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If we start with a fuzzy subalgebra of А/р, ы 
induces а fuzzy subalgebra of A іп the following wis len it 
11 a 


> 


3.3. Let р Бе a congruence relation оп A 


Y ‚ and А/р . 
S/p >L ап arbitrary fuzzy subalgeba of A/p. Х 


Т! is a Mapping 


from S to L, such that for хеб Aix) 91 x, 3 у 
D ) A/o ( [ху у, then: 


a) A is a fuzzy subalgebra of A, 
and 


b) f = ker pis a fuzzy homomorphism from A onto A/p , 


Р ҮТ ©) © во a) For ху,...,Х € 5, £eF(n) 


, 


А(#(х,,...,х )) = A/p (E(x; re T = 


А/р(#([х\],...,[х] )) È 


A/o( Ba] ) Ke Mss NA/o( [an] 5) 


= A(x)) Л... ЛА(х о), 
since А/р is a fuzzy subalgebra of A/p, by assumption. 
b) For every x€ S, ; 


A (x) ХА/р(Е (х) ), since the equality holds by defini- 


tion. 
3.4. Let A be as in 3.3. If A :S>L is any fuzzy ^ 
subalgebra of A satisfying 3.3. (b), then ASA. i 
Proof, Ву the definition of a fuzzy homomorphism | 


for any A, and xeS 
A, (x) < A/p([x] |) = 69) Чье AY EM o 


As a direct consequenceof tne definition of fuzzy ho 


momorphism, we have the following two lemmas. 


3.5. If f is an isomorphism from algebra А to Ay 


‚1 : the sub" 
and = and г are both fuzzy homomorphism relative to the E 
с: = x 
algebras A and A, of A and A, respectively, then for every 
A(x) =A, (£(x)). 
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3.6. If р and о are two congruences оп А = (S,F) and 


СО, and if the homomorphism h:S/p > S/o is also a fuzzy ho - 


nomorphism from a fuzzy subalgebra A/p of A/p to the fuzzy 


subalgebra В/с Of A/g, then for every xe S,A/o([x] p) < B/p([x]a). 


ider now an arbi 
Consi bitrary fuzzy congruence relation 


5= U p'p on A= (S,F). In part 2 we have proved that there 
peL 


is a homomorphism from A/p to А/рр, for every peL, and that 


Alp = A/p; - If we considered the fuzzy subalgebras of these 


structures, we get the following consequences of the preceding 


propositions. 

eg Let A/p be a fuzzy subalgebra of A/p, and for 
every pe L, take a fuzzy subalgebra Me, of Ав such that 
the homomorphism h:A/o > Ар is preserved under the formation 


of fuzzy subalgebras (i.e. h is the corresponding fuzzy homo- 
morphism), then for every хє 5, A/p [x]; ) < A/p (Edo ), and 
G p 


| Mo([x]=) = A/oi ([x]p,). 


1) 55 (©) (<) tay By 2.5., 2.6.) SPD intel GI NN 
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REZIME 
O RASPLINUTIM FAKTOR ALGEPRAMA 


U vezi sa algebrom A i kompletnom mrežom L, posmat 
a raju 


se rasplinute kongruencije (definisane u RED Uvodi se 
Pojan 


faktor algebre po rasplinutoj kongruenciji: A/p. Kako je Svaka 
rasplinuta kongruencija posebna unija familije običnih kongru- 
encija na istoj algebri, od interesa je posmatrati odnos izme- 
dju A/p i A/p, za proizvoljnu kongruenciju p familije. Dokazano 
je da uvek postoji homomorfizam izmedju A/p i A/p i dati su po- 
trebni i dovoljni uslovi za koje je to izomorfizam. Razmatraju 
se i rasplinute podalgebre (definisane slično kao u [2]) alge- 
bri A i A/p i pretpostavljajući da ta preslikavanja očuvavaju 
homomorfizam, dati su uslovi pod kojima jedno od njih indukuje 
drugo i obrnuto. Takodje je opisana veza izmeđju rasplinutih 

podalgebri od A/p i A/p. 
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ABSTRACT 


In this paper semigroups whose proper (left) ideals are archime- 
dean (left archimedean, t-archimedean, power joined) semigroups are con- 


sidered. 


In [1 0] T.E.Nordahl studied commutative Q-semigroups, 


i.e. commutative semigroups in which every proper ideal is 
Power joined. C.S.H.Nagore, [8] extended Nordahl^s results 
to quasi-commutative semigroups. A.Cherubini and A.Varisco 
in [6] considered Putcha s Q-semigroups. Weakly commutative 
Semigroups in which every proper right ideal is power joined 
are studied by the author in [1]. B.Pond&liéek, [12] consí- 4 
dered uniform semigroups whose proper quasi-ideals are power 
Joined. A characterization of Q-semigroups in the general : 
Case is given by A.Nagy, [9]. | 
In the present paper we shall describe semigroups in 
which €very proper two-sided ideal is an archimedean semigro- 
"P, (Theorem 1.) and in this way a generalization of the pre- 
vious results is giyen. Theorem 1. is also a generalization 


of : 
Some results of [2,3,5]. Also, we shall decribe semigroups inwhich 


AMS 
20M1 


Р + ^ t= 
Эр and phrases: Proper (left) ideals, archímedean sem 


pithematics subject classification (1980): Primary 20M10, 
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every proper left ideal is an archimedean ( 


left archim 
t-archimedean, power joined) semigroup, 


edean 
(Theorems 2.9 i 


4, 
At the end we describe semigroups in whi 3:8 


ch every Proper SU 
semigroup is power joined, (Theorem бс) x 


Throughout this paper let N denote the set 


of all po~ 
sitive integers. = 


A semigroup S is archimedean if for an 


Я Р п Y a,b€S there 
exists néN for which a esbs, [11]. 


S is left archimedean 
if for every a,b еб there exists néN such that a^ e sb [13] 


(see also [14]). S is t-archimedean if for every a,beS there 


exists n€N for which a” e€ bS N sb, [13]. S dis power joined if 


for every a,be S there exist m,néN such that a^ шк [11]. 


S is special power joined if for every а,Ь €S there is an 
n€N such that ай =p", [4]. 


Underfined notions and terminology are as in [7] and 
[ШШЕ 

Let I(S)(L(S)) denote the union of all proper two- 
sided (left) ideals of a semigroup S. 


THEOREM 1. Every proper two-sided ideal of S is an 
archimedean subsemigroup of S if and only if I(S) is an archi- \ 
medean subsemigroup of S. 


0 32 © © Wy If all proper two-sided ideals of S are 
archimedean and a,beI(S), then there is a proper two-sided 


ideal I of S with a,aba e I and there exists neN such that 


a" e rabar S 1 (S)bI (S). 
Thus I(S) is archimedean. 


roper 
Conversely, let I(S) be archimedean and I be a P à 
; uc 
two-sided ideal of S. Then for a,beI there is an neN S 


n+2 where 


that а? = хЬу for some x,y e I(S). Hence a = axbya, 


ax,ya€ I, and therefore I is archimedean. 
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LEMMA 1. Let L be a (proper) Left ideal of S . Then 


ns maximal tf and only if 


(i) S\L= {a}, а? єт, 
or 


(11) SN\LE Sa for every aeS\L. 


Рт oo fe If L is a maximal left ideal of S, then 
ме have the two cases: (i) There is ап aeS\L such that Sa SL. 
In this case LU {a} = S. Hence 5\1 = (a), eU ng. (ii) For ave 
aeS\L, Sa £L. Then LU Sa- S. Hence, S\LSSa for every ае 5\1. 


The converse is obvious. 
LEMMA 2. Let L(S) be as in the case (ii) od Lemma 4; 
then 
S\L(S) = {xeS:S=Sx} 


ia s subsemigroup of S. 


PErSo (©) f For ae SNL(S) we have that S=L(S) U 
U(SNL(S)) =a U Sa, so L(S) SSa. From this and S\L(S) €Sa we 
have that S=Sa for every ae 5\1 (5), Conversely, let 5 = Sa 
for every ae S\L(S), then S\L(S) SSa, ae S\L(S). Therefore 


S\L(S) = {x € S:S = Sx) and it is clear that S\L(S) is a subse- 
Migroup of S. | 


m. LEMMA 3, Every left ideal of an archimedean (left | 
*chimedean, 


5 t-archimedean, power joined, special power joi- | 
| Semigroy 


m P S is an archimedean (left archimedean, t-archi- 
Nedean, 


Power joined, special power joined) suhsemigroup of S. 


atch; BU © Ode, Let L be an arbitrary left ideal of an 
imeđea 
(Yes and n+ 


neN, It follows from this that a : -xbbya and 


Xb 


"Уа e ity, 


n semigroup S and a,b eL. Then a" =xb’y for some 
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= ЕЕ 


THEOREM 2, The following conditions are equivale 
on a semigroup S: nt 
(1) Every proper left ideal of S is arehimeđean; 
(2) L(S) is arehimeđean; 
(3) S satisfies one of the following conditions: 
(i) S ts archtmedean; 
(ii) S has a maximal left ideal M which is an азе. 


medean semigroup and MSMa for апу aeS\M 


PErRORORT XU» (2). rf S is left simple, 
is archimedean. Assume that S is not left simple. 


then S 


If a,beL(g), 
then there is a proper left ideal L of S such that a,baer, 


Hence, 
à" e LbaL SL (S) bL (S) 


for some ne N and therefore L(S) is archimedean. 

(2) => (3). If L(S) #5, then M=L(S) is a maximal 
left ideal of S and by Lemma 1. we have that S\M= (a), EC gr 
or S\MESa for every ae 5\М. If S\M= (a), a^ eM then S is 
archimedean. If SNMCSa for every а є 5\М, then by Lemma 2. 
T=S\M is a subsemigroup of S. From Sa=S (ae Т) we have that I 
5 = Ма U Ta SMa U TSS, i.e. S=MaUT. Hence, M&Ma for every | 
ae SMM. 


(3) —» (1). If (i) holds, then by Lemma 3. eyery left 
ideal of S is archimedean. Let (ii) holds and let L be а ро" 
per left ideal of S. If LSM, then L is archimedean, (Lemma 3): 
If LEM, then LN (S\M) # 4, For aeLN (SAM) we haye MEMaEL, 
which is not possible. 


THEOREM 3. Every proper Left ideal of a semigroup 
S is a left archimedean subsemigroup of S if and only ape 
the following conditions hold: 
av в 18 Left archtmedean; 2 
2? S contains exactly two left ideals Ly and Р) p^. 
Left simple semigroup and S=L UL, ; 
39 5 has a maximal Left ideal M which is left € 
and McMa for everyae S\M. 


ch are 


гећітейёа" 
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РЕТ ОО Б. Let all proper left ideals of S are left 
archimedean. If L(S) #S, then M=L(S) is a maximal left ideal 
of S which is left archimedean. By Lemma 1. we have S\M= {a} 
, 
A In the last case we have 
by Theorem 2. and Lemma 2. that М©ма for every a € S\M 
If L(S) =S and for any two proper left ideals L,,L 
102 
of S we have L) fl Lj,f f, then S is left archimedean. Other- 
left i i 
wise,there are left ideals L,,L, of S with nj Ljff. In this 


26M ог S\M&Sa for every a є 5\м. 


case L, U г =S, since Li U L, is not left archimedean. More- 
over, Ly and 1, аге left simple semigroups and there exists 
no other proper left UU of S than Li and L5. Consequen- 
tly, if every proper left ideal of S is left archimedean, then 
we have one of the conditions 19/28 or 39, 


The converse follows immediately. 


LEMMA 4.[1] S Ze t-arenimedean and Left simple if 
and only tf S is a group. 


THEOREM 4, Let S not be left simple. Then every 
proper left ideal of S is t-archimedean if and only if one of 


the following conditions hold: 


о 
1 5 is t-archimedean; 


22 


S contains exactly two left ideals 61:6, which 
are groups and s =G UG, ; 

о 

3 S has a maximal left ideal M which is a t-ar- 


Chin 4 
edean semigroup and ME Ма for any aéS\M. 


ene 18 (sy (e) fe. Let every proper left ideal of S be t- & 
Gc = Then by Theorem 3. and Lemma 4. we have 2 or 3 
va : eft archimedean. Assume that S is left archimedean. 
awe S, then L(S) is a maximal left ideal of S and it is 
2 dean. By Lemmasl. and 2. we have that S\L(S) = {а}, 


Ve L 
noe (S) or S\L(S) is a subsemigroup of S. The last case is 
U Possible an 


(S) a d in the first case S is t-archimedean. If 


o 
' then we can prove that S is of the type 1°. 
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The converse follows immediately. 
The following theorem will be given without p 
roof, 


THEOREM 5. Let S nat be left simple 


: Then eveny 
proper left ideal of S is power joined tf and on 


Ly if on 
the following conditions hold: A) 

o . A x 

1 S is power joined; 

o 
2 S contains exactly two left i А 
ъи у о left tdeals GiG, which are pe- 
rtodte groups and S=G, UG, ; 

о А : 

3 S has a maximal left ideal M which is power joined 


and Mc Ма for any а є S\M. 


THEOREM 6. Every proper subsemigroup of S £s power 
joined if and only |S| = 2 or S is power joined. 


P r o o f. Let S be not left simple. If any proper 
subsemigroup of S is power joined, then also any proper left 
ideal of S is power joined. Hence, by Theorem 5. we have one 
of the cases 19 299 or 3° of this theorem. But, the cases 24 
and 3° are possible only if |S|=2. Indeed, let S=6G UG), 
where and G, are the disjoint left ideals of S which are peri | 
odic groups. If e and f are the units of б, апа Gor respecti- 
vely, then it is clear that S=<e,f>. Moreoyer, ef еб) and 


n 
fe eG, and there exist m,ne М such that f= (ек) and e= (fe) : 


= Р = If 
so ef-f, fe=e. Therefore S=<e,f>={e,f}, i.e. [БЕР 


we have вой then M=L(S), зо S\M= {a e S:Sa= S} is a subseni- 
group of S (Lemma 2.). From Sa=S (aeT-SVM) we have d 
UTa. If Ma=M, then we have Ta- T. Assume that T is not M 
simple. Then there is an element a e T with тафт. put, із 
case Mma, hence, Ма= S. Let а= ха for some x eM. The? 


(ах) Жа ка) хак о. (ах) едем (n € N) 


and thus 


2 
(ax,a^x,...,a x,...) U ЕСЕК Rees 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


» 
` 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Semigroups whose proper ideals d 


a subsemigroup of S. Since this subsemigroup is not power 
ined it is equal to S and thus 


is 

jo 
2 2 

M= {ах,ах,...} , T-(a,aj^,...) , 


k 
Consequently, x -a x for some Кем. But then 
а = ха = a* (xa) - а 
and T is a group. This isa contradiction. Therefore, T is a 
left simple semigroup and by Lemma 4, T is a subgroup of S. 
Let e be the unity of T. Then by 3° we have M&Me and thus 
for any x €M there is some уем with x- ye. Hence, хе = ye2= 
=ye=x. For such an element x eM we haye (ex)" = ex em 
(ne N)and (ex^ е ooa] U {е} is a subsemigroup of S. This 
subsenigroup is not power joined, and thus it is egual to S 
Conseguently, M = fex?,ex?,...3, Т= {е}. But in this case 


k 
ех = ех = (20) 5 for some К> 1 and M= (ех ех ОИ] is a group. 
For the unity (ех) 71 = exl of this group we have the sub- 
senigroup {exk-1 


Sex e, ives ПЕРЕД, 


,e} of S which is not power joined. Hence, 


Now, let S be left simple. Then we have two cases: 
(i) S is right simple. In this case S is a periodic group. 
(ii) If S is not right simple, then using the dual of Theo- 
rm 5. we have, as in the case that S is not left simple, 
that S is power joined or |S|-2. | 


The converse is obvious. 


COROLLARY 1. [3] Every proper subsemigroup of a | 
8 | 2 
"group S is special power joined if and only if |S|=2 


One Бу А б 
18 special power joined. 
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pravi (levi) ideali arhimedovske (levo arhimedovske: 


medovske, Stepeno vezane) polugrupe. 


PODGRUPE U KOJIMA SU SVI PRAVI IDEALI 
ARHIMEDOVSKE POLUGRUPE 


a su svi 


U ovom radu razmatraju se polugrupe u kojim аі 
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ON BIPARTITE SCORE SETS 
Vojislav Petrović 


Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul. dr Ilije Djuričića br.4, Jugoslavija 


ABSTRACT 


A necessary and sufficient condition for sets of non-negative in- 
tegers A= {a} and B= (b, bo... b), 0<b <b,<... <Ь to be the score 
sets of a bipartite tournament is given. 


A bipartite tournament is a complete asymmetric bipar- 
tite digraph. The number of edges oriented from a vertex is 


called a score. Two sequences a and bi <b < 


SON LOT, 
Eze 21$ $ 


1 24 voc Ep. 


5 SD , Corresponding to the scores of the bipartite sets of 


a bipartite tournament, are called a score sequence. The sets 
А= (а, |1 <1<К} and B= (b,|1«i«2) of elements of the score 


Sequences, are called score sets. 
Throughout the paper we shall denote by A- {а,,а„,.. . 
`.‚а ) an = 
m d B (b, ,b,,.. 


Such that а, <а, < сат апа b,<b,< € ba where а, апа 
b 


.,b_} sets of non-negative integers 
n 


1 are not both zero. 
At the Fourth International Conference on Theory and 
"PPlications of Graphs in Kalamazoo 1981, K.B.Reid raised 


Aus Mathematics subject classification (1980): 05620 


. ; 1 3 et. 
ey words and phrases: Digraph, bipariite tournament, score 8 
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the problem of determining the score sets of bipartite n 
OUrna. 
Ndi tion 
tion (х,у) 


ments. K.Wayland [4] found a necessary and sufficient 

с 
for the existence of а bipartite tournament with biparti: 
and the score sets A and B, if |x| > ba: 


Since some bipartite tournaments exist only for |х| 
=b 


it is very unlikely that a sensible necessary sufficient ES 
tion can be given for general case. 

We present, using a constructive method, a necessary 
and sufficient condition for the existence of a bipartite tour- 


nament with the score sets A- (a) and B- (b, +b mus d. 
n 


THEOREM. The sets of non-negative integers A- (a) 
and B- (b1,b,,.... bi) are the score sets of some bipartite tour- 
nament if and only if one of the following conditions is satis- 
fied: 

(a) bj*bjt...*b. = (n-a-1)b. ; 
(b) bytb t... +b > (п-а-1) (b +1) ; 


(c) Ьу+Ь,+...+% = (n-a-1)b +d ак oar ta 


and there exist positive integers Yi» Y2» = Үр] such that 


ы E М БЕ 
Bene Png Pa) +ү (Б 2) +... Ура Фа 


Й { T 
D i O © fo Necessity. Firstly we prove the inequality 


(1) b, +b, +...+ b, , > (n-a-1)b, . 


7 ets X 
Let T be a bipartite tournament whose bipartite ii 


and Y have the score sequences 


р.) 

(a,a,...,a) апа (b зоо nda 71957 00009) иди" Й 

peda wes VAN шл исе 
а 81 85 n 


by Уи" 
respectively, where a>1 and 8121, ПЕЙ сооро Denote by 211 в 


d 

e b, 9? 

Yi2'***7YiB № i-1,...,n vertices in Y having the sco 
i 
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na~ 
E A their insets, i. 3 ={x|x «+ 
tion by Xil 517 101 e. Xij {х|х Y14)- Since 
X,Y) every vertex of X has a score a, the sets X or а 
=1,..-,В; are a covering of X such that every vertex of X is 
. covered by precisely a insets. Thus, 
эй, 
adi- Ix, = Ix,51 =... = КЕЗЕ fel, 22271 
i Е 
and 
7 п Bi n 
ad - ). 4 Д НЕ В, (a-b, 
Ur- i=1 3=1 1j d at i) 
hold and we have 
ВТБ ВЕБЕ +B b 
| (2) ü =e 22 nn 
OUT- 2 5 
a B +B, +... +В -а 
îs- 
As a > bu; we get from (2) 
(3 b + qe 2 
) 81 à Bob, + + Prag eie (B +B +... +B] a)b, р 
Е i= = £ 
rom 8121, i-1,...,n-l and 0«bi <b, < c o. «ba (1) follows. 
Now we prove that the equality 
( (4) btb +... +b _) = (n-a-l)b, +d, 1<d<n-a-l 
implies = д = 4 E 
ity ab, Yi (by bi) + ү: (bà bo) +... а оа эр for some 
Positive integers Ya? HM no so gite o 
Let Ут’ У2, - --^Уп be vertices in у with the scores bie 
Би and X ,X2,...,X, their insets. Denote by s. the total | 
n 14527 er o 
n 
""ber of vertices in all other insets and by s, the cardina- 
lit ; aie; 
Y of Xi, i-1,...,n. Then the equalities 
b, = a—s, , isl,-.-n 
a 
3 
9 $1 ts, +... +5 +s = аа 


holg and imply 
(5) 


+...48,+8,)/a, УЕ AD 


; + ы 
i (s, ++++58,_ү(1 а)5,+5,\| 
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и 


ты 
Substituting (5) in (4) we get 
= + = 
(n а) 51 Bs cud 
and, since s,» 0 and 1<d<n-a-1 (in particular a< n) Nc. 
в = 
n 
ise: 
Chie 
n 
Hence (3) becomes an equality and hence 
ab, = ву (bab) + 82-6.) + АДЕТ и 
where 8121, Ч Куп. 
Setting eS 81; i-1,...,n, we prove the Statement. 
Sufficiency. The structure of a bipartite tournament | 


with the given bipartite sets X and Y is determined by the out- 
sets of all the vertices of Y. We shall just construct these 


outsets. s 
According to the theorem we have to consider three \ 
cases. 
i 
+ = -a- 
(а) b bot... tb (n-a-1)b. 


Let T be the bipartite tournament with the bipartite sets X = 
i truc- 
= (1,2,..., b.) and Y= yy Yre uy, and the dominance S 


ture 


y, * (by tb +...+b, 


4 { n. 
+ + i=l,..'! 
i-1 1,...,b, bot...+b;_) b), 


3 2.4 с, {=],.,' 
Summarizing is modulo 5. Clearly the score of ae GM 
n 


that 
coo nis s(y,) =b,. From the construction and the fact 


ў п 
Кг (улу = Jj b, = (n-a)b , 
i=l i i= = 2 me 


cisely 
it follows that every vertex of X is dominated by Pre rtice® 


e ve 
(n-a) vertices of Y. As |¥|=n, the scores of all th 


of X are a, and T is required tournament. 
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= 
Е 
(b) b tho+..-tb, 17 (n-a-1) (b +1) паат 
+1 = 
ree x={1,2,++-1bp } and Y САО F, 
a and construct the bipartite tournament T with the bipartite 
sets X and Y as follows: 
У (b, tb,+. с -tb, Ql, Gor. rb, tb, +. n -tbi tb; } 
for i-1,...,n-1 and 
2, * (b,*.. +6 Qt G7 bu H ,... rb +...+b _1*5b,} 
for j=l,...,d. Summarizing is modulo b +1. 
J n 
Now s(y,) =b,, i-1,...,n-l and 5025) = Ба J=. ndi 
The equality 
ment 
atte a ў mt 
| sly.) + ) 5(2.) = } b,+db_ = (n-a-1+d) (b +1) 
25е і=1 = ј=1 J 1=1 2 " a 


imlies that every vertex x of X is dominated by exactly п-а-1+а 


e 
vertices of Y and, therefore, has the score 


[i 


s(x) |Y| - (п-а-1+а) 


(п-1+а) - (n-a-14d) = а 


u 


= This proves the construction. 


(с) ЪЪ +b + = a= + dx n-a- 
1 b, осол) -1 (n-a-l)b +d, 1<а< 1 
and 


aba үу (barb) + y, (bn Pa cei Dr DT а 


poo pahe 


In this case let X= {1,2,+-+-,b,}, 


Y={ 
095957 D eee .. У, УЗЕ ‚У } 
ang n ly; Yo) ГА Dri? r n-1,1 n 1,Yn-1 n 


29 
js jb, +. i ty, 4544 * G-D) byt poto ‚УВ +. . Uy, 4b, 4 5354) 


5 

U 

= 
` 
ы. 
U 


1,...,Үң 


qty; jb tle 22, 1b > DER 
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Summarizing is modulo bh" Similarly as, in (a) Е. 


obtain that SY) = by, LEID» Sy and s(x) i. 


for every xe X. 


This proves the theorem. 


CORROLARY. (Wayland [4]). Any finite nonempty go, 
non-negative integers, except 10}, may be the union of a А 
re sets of some bipartite tournament. 

1) 22 ©) © авс Let а: ,а,,...,а, be a set of nonnegative 
inregers such that O<a, < a, СИ < ал Set A= a) , and B= fa, 
agree era? Since a; > i-l, Ел, particularly а 2n, : 


the following inequality 


a +а+...+а -2 > ((п-1)-а -1) (а 


1 +1) 


п-1 
holds. 

According to the case (b), there exists a bipartite 
tournament with bipartite sets X and Y whose score sets are 
{a} and (a,,a5,...,a 


}, respectively. 
n-1 Y 
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O SKUPOVIMA SKOROVA BIPARTITNOG TURNIRA 


U ovom radu daje se potreban i dovoljan uslov za sku- 


ove nenegativnih celih brojeva, A= {a} i B= {b_,b erba? 


р 2 
0<b, < b, оро e boy da budu skupovi skorova nekog bipartitnog 


turnira. 
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SOME COMBINATORIAL IDENTITIES INSPIRED BY 
THE LAW OF ENERGY 
Rade Doroslovački 
Fakultet tehničkih nauka. Institut za primenjene 
osnovne discipline, 21000 Novi Sad, ul. Veljka 
Vlahovida br. 3, Jugoslavija 


ABSTRACT 


The investigations in paper [1] and the law of energy resulted 
combinatorials identities (1), (4) and (5) the proofs of which were indi- 
spensable for the physical interpretations of qualitative and quantitative 
points of the above mentioned paper. In this paper the identities (1), (4) 


and (5) are proved. 


THEOREM 1. 


5 A i 
GQ) р ont ¢ 2 0778) = o oo oai 
= 1 


р,5,пЕмЦ {0} and O<s<p<n. 


12 $2 (s) ОЕ: Denote the functions on the left and 

right side of identity (1) as follows 

= i - -р+5-1 

Е(р,з,п) = Jj (-1)* (,P, ) (P7$*1) and G(p,s,n) = ( ор y: 

aff s-i i s 

i=o 
The proofs are given by induction according to p. The theorem 
is Obviously true for p=0 and p-1 and for each s and n, 


Uss spn. Suppose that F(p,s,n) =G(p,s,n) is true for some 


P and each s and n, 0<s<p<n. Now, we shall prove that 


E+ ,s,n) =G(ptl,s,n) for each s and n, 0«s«p*l«n. First 


C C C RE RT m 
4 
So Mathematics subject classification (1980): 05419 


v Yords and phrases: The law of energy, combinatorial 
id P 
entities. 
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we shall prove that F(p+l,s,n) =G(ptl,s,n) for each 
0<s<p<n and th = E 
<s<p en for ѕ=р+1. Let us Prove that RU 


(2) Е(р+1,5,п) =F(p,s,n) - F(p,s-1,n) ‚ for each 0 
<8 < 
= 2р <, 


Proof of (2) 


5 1 
F(p,s,n)-F(p,s-1,n) - } (-1) (SE ase 
= s-i 4 73 


n р-$+1+1 
О va ys 


- E (-1)- ( 


1 
О a СС о a "7 а З 
SEO zl s-i i Ln G-r- ИРЕ S 


5-1 n 
= (i n )( p-s )+ E 1+1 n р-5+1+1 
DIS wo! о) 


4+1 n -s-i 
4 -1 p=sti+l cu - 
2! Ета MD eS ОРВИ) 5 
п р+1-5+1+1 Ie 
s-1-i) ( f= O RE С) + 


A, ў (=> ( n ) (Pti-s+i ) 
i=l s-i i 


s 
= үз п +1- 
RA 1) ew C2 deis = F(p+l,s,n) 


We also need to prove that 


(3) G(p+1,s,n) =G(p,s,n) -G(p,s-1,n), for each 0<s<p<™ 


Proof of (3) 


G(p,s,n) -G(p,s-1,n) = (n-P*s-l )-( RE) 
s 5- 


_ ,n-(ptl - 
= ( P Е = С(р+1,ѕ,п) . 


The equality Е(р+1,ѕ,п) =G(ptl,s,n) for each ОЗЕРО 

follows from (2) and (3), bearing in mind that r(p,s;n) © 
п. 

= G(p,s,n) and F(p,s-1,n) =G(p,s-1,n) for each 0<5<Р* 
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The equality F(ptl,p+tl,n) =G(ptl,ptl,n), for each 


1<n is the consequence of the following consideration: 


pt 
on Е КЕ сеа + 
о. 
, ten? CS 4G о 
THEOREM 2. 


р 
a} (P )(1-х)°хР S = p (ЗРЗЕ ув 
в=0 PS s=0 s 


for each p,s,neNU (0), 0 < 5<р<п and x eR. 


РК о ОЕ Let us multiply (1) by x? and perform 
the summation from s=0 to s=p. Hence 


s 
cr wat n pzs-i Ms п-р+5-1 5 
i, 1050 быс ше аы: -f Moos 


By substituting s=k+i we change the order of summation on 
the left side L where it is obvious that the s run from s-k 


to s=p and i from i-0 to i-p-k, for fixed k. Hence 


р pk Р А р p-k : 
is) -1y (л) P-kkri_ nj ^s а 
k=0 а ДБ) т) xo А ibo ace 


=) (Bx (1-x)P™ 
к=о 


f 
Esther, taking p-k- s, we have: 
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THEOREM 3. 
k 
| C3) п-т} v= 
3-9 3 ES k+1 
r-2 k+l j-k y 
l- Li 
1+ J ) TIT -x) x TEL 


for each x,y ER and ге NX(1). 


iP $e © (9 Ec If in (4) we put p=r-k-2 and 


n-r-l, then j-k-1- s and j-k=s change , 


introduced for the left and right side of the identity res- 


pectively, the following result is obtained: 


(6) 


r-l А a nasa A 
| и ее. 
=k = k 
j=k+1 j=k 
because p-s = r-k-2-s=r-l-k-l-s=r-l-j, ( ae 
p- 


j 


a reci dnt п-р+ѕ-1 )=( r-1-r+k+2+s 


s s s 


The identity (6) is multiplied by 


and the summation from k=0 to k=r-2 is performed, one is ad 
ded to the left and right side, and the following equality 


(1-x) k+1 ук 


(К+1) 1! 


is obtained: 


r-2 ук r-1 


(ту ia 
k=0 (к+1) 1 ј= кәр J 
г-2 k+1 r-2 А д 
+} 2 j} D xk 9H 
k-0 (кн)! jk 


Taking k-1 instead of k, we obtain: 
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Some combinatorial identities 


Se 


roD rcl о NER 
(ZO О ) (1-х) 2х зу = 
k=0 j=k i 
r-2 r-2 : r k+l 
ene D I (USE : 
k=0 j=k (k*1)! 
r-l ‚ r-l-j 
r-l 3| = 
because ) (“= у (1-х) 2х 1. 
geo > 
Theorem 3 is obtained by changing the summation order оп 
poth sides of equality (7). 
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REZIME 
NEKI KOMBINATORNI IDENTITETI INSPIRISANI 
d ZAKONOM ENERGIJE 
d- 


Rezultati rada [1] i zakon o održanju energije name- 
ću kombinatorne identitete (1),(4) i (5) čiji dokazi su bili 
neophodni za fizičku interpretaciju kvalitativnih i kvantita- 
tivnih poenti rada [1], a koji su dati u ovom radu. 
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ONE ELEMENT KEY CIPHER 


Mirko Stojaković 
Matematički institut, 


11000 Beograd, Knez Mihajlova 35, Jugoslavija 


ABSTRACT 


From the 26-letter alphabet of the English language 
the letters x and z are dropped and replaced by the combi- 
Nation ks and cs. The remaining 24 letters are taken in some 
order as elements of the symmetric group 5%. An algorithm Is 
described for changing the clear words (of a plain text) into 
the hidden ones. To make such a cipher only one letter as a key 
needs to be memorized (the group 5, being automatically 
constructed starting with 51). The encryption and decryption 
of this cipher is described and the measure of security of 


the Cipher is given. A worked out example is also given. 


1. Cryptography is usually not considered as a 
branch of the theory of formal languages. But there are many 
*easons to do so: There is a finite alphabet А and the set 
ОЁ "clear" words мум). over A is to be transformed 
into the set of "secret" words uUo ree (over the same 
alphabet A) by using some grammar g ("method of ciphering"). 
Usually the clear word w is transformed into the secret 


ies o 


8 Mathematics subject classification (1980): 94B99 


Key words and phrases: Cipher, key, alphabet, symmetric group 


S Г ] ert 
ele encryption, decryption, security measure, plain tert, 


^" words, hidden words. 
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с = 


word u by replacing the letters of w by the lette 
rs 
Starting with some key word u. This means that y s 


н іѕ SOme 
gramatical function of w and of uo? 


(1) u = Е 09.90) > 


The key ч is, in fact, that Part of the gramm 


ar 
which is "invertible" and which means that, given à 


u, u 
o and 
g one can reconstruct w 


(2) м = 909,90) 


2. We shall explain this by develloping an original отор 
theoretic algorithm of ciphering in which the key is a letter 
гас As is always the case, and aS it must be the case, 
deciphering is a very intricate job when the grammar g and 
the key Ч are unknown to the decoder. 


3. We shall take the latin alphabet of 24 letters 
omitting the letters x and z which in the clear text have 
been previously replaced by the combinations "ks" and "cs" 
respectively. 

4. In the symmetric group Sa each element of the 
group is replaced by some letter out of our 24-letter alphabet 
A. We present here the table of composition of this group. 
This table can be automatically constructed by starting with 


S, or even with S, and therefore need not be memorized. 


5. Let the clear word w (we consider the sentence 
a word) be composed of the letters ау,а„,аз,.../ let E 
ескере чо and let the secret word а, corresponding 
the word w, be composed of the letters оул Чо Ози TA 


our ciphering grammar is given by the table 
u; = чау, 
са = MEE 
Ug Mund s 


(3) 
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e 
qike TEC TE Ts T2 Te Ts T8] TERENE 
E сга ie НЕ [ee 
a fer [s |н |o! | vz 
RR ERN EON ee n Ju ERE SERES 
2323: pue 
T 01 E 
= | жїк js s ra for [or [аа [г [ve [ai | 
[eer er fe fev fe [ue [fee [a 
3 g| sje rp ы и а mrzi (eo je | 
Е 5) шу [s pz [n [s pp [e pa pu [e [s [т qs] 
2 8) ufe ja fo fer far је fe fe эг pz [or [9 [or [| 
зра n [u [or [s [e ра (se Gde 
S S RERO ea e le leE vz [9 |& for [zi | 
i P nme or ey foe ја | [аги [в [и 
ша к je v [е [ж [sr [эг [т por 
= © je jo ө, [e jz | є lee ШЕШ ИН Ж ИСЕ 
25 S ә ға а а jer [oz [er [or |, fs | 
E 
E 
3 
5 
a 


e |oz |в |61 jez |2 |91 |ы 
ez |ва | jez jer |0 |n [81 
ve jez | |w |o jer jer fa Ж |] 


угл \EZM Er ka 021 |61S | Sty |/10 | 914 | SLO |LIN | еги | 201 | Lx Jore [61 
Кесу елеу Veevi еее Ма! bevel etvel Lv2el vizel eviel pziel Letz! £lvzl РЕД] vżezl eriz! perzlzevil ezti! zvetl vzel! evzil pezi 


| 


1 group 
ter 

id 

5 

ve 

e 

bet 
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= а 


where ab is the composition of the letters a,b 
ГД 


group S,: Re 
The deciphering is naturally given by the tab) 
e 
СЕ 
отот 
a, = оті 
2 Пао 
— ca 
зке $us, 


ecc о 


Recalling that 54 is а group, we have 


THEOREM 1, The grammar g, defined by (3), is the 
one-to-one mapping м + u (and is therefore invertible), 


6. As an example let us take the clear sentence 
w = "suspe ndthe attac kimme diate lyyyy" 


Let the one letter key be given by the letter E so that 


The first letter uy 
u; = И = ES where S is the first clear letter 5. 
The new key letter is now чу = W and proceeding 45 


formulated in (3) we get the secret word u: 


of the secret word U is 


u = "wnlht jrosn nrooi svswk dccwo rgrgc" 


7. The measure of complexity of this cipher is 
given by 


THEOREM 2. As the measure u of the complestty af 
the cipher described by (3) can be taken the number 


u = 24!-23-2 

s of associati? 
10е 
d as 


P ro o f. There аге 24! combination 
24 letters to the elements of S,- There are 23 possibi 


e 
to select the key (the neutral element of S, #5 oni. 
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the key for evident reasons) and there are 2 possibilities to use 


the key on the left or on the right side in the composition of 
elements of 5л. This measure is valid in the case that the 
grammar 9, using S,, is somehow known to the decoder. In the 
opposite case we do not know how to express the measure of 
complexity of our cipher (the upper limit for the complexity 
being here is 247819380 when g is supposed to be behind 


the cipher). 
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REZIME 


ÉIFRA SA JEDNOELEMENTNIM KLJUCEM 


Iz azbuke od 26 slova engleskog jezika dva slova x 
iz zamenjena su respektivno sa ks i cs. Preostala 24 
Slova uzeta su nekim redom za elemente simetriéne grupe $4. 
Opisan je algoritam za pretvaranje jasnog teksta u skriveni 
Ч koju svrhu treba kao ključ pamtiti samo jedno slovo (dok 
Se tabela za S, automatski dobija iz Sj). Éifrovanje i 
deSi frovanje za ovu šifru je opisano i jedan primer naveden. 


Mera sigurnosti šifre takodje je procenjena. 
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THE INVERSE OF A TR-LATTICE 
NEED NOT BE A TR-LATTICE 


Dragan M. Acketa 
Prirodno-matemattéki fakultet. Institut za matematiku 


21000 Novi Sad,ul.dr Ilije Djuri&ida br. 4, Jugoslavija 


ABSTRACT. 


A Tr-lattice is a finite lattice L with the 
following property: if L is isomorphic to the lattice of 


cyclic flats of a matroid M, then M is transversal. In 
this paper we give an example of a Tr-lattice L, such that 


the inverse lattice Bp is not a Tr-lattice. 


PRELIMINARIES 


An n-set is a set of cardinality n. 
The cardinality of a set X is denoted by "|x|". 
The denotation "К.К" means "К copies of the set К". 
We assume familiarity with the notions "lattice", 
"Inverse lattice", "lattice isomorphism" and "chain" (type 
of lattice) Р 
А matroid M оп а finite set (the ground-set of М) 
3 is an Ordered pair (S,B), where B is a family of subsets 


ANS Mathematics subject classification (1980): er ЕА 
тш, onde and phrases: Matroid, transversal matrovd, су 


> CP-lattice, Tr-lattice. 
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ee ee 


of S, which satisfies the following "exch 
ange" pro 
Perty; 


(BB € B A хе B,\B,) => 
=> (Fy)(y e влв Л (Вх) Uy e gj 


The sets of B are the bases of M. 

Two matroids are isomorphic if there isa bijection 
between their ground-sets, which preserves the bases, 

All (including trivial) subsets of bases are the 
independent sets of M, while the other Subsets of S 
dependent. 

A circuit of M is a minimal dependent set. 


A loop of M is a circuit of cardinality 1. 
If X is a subset of S, then 


are 


rank,(X) = max |х (| B| 
BEB 


We simply write "rank(X)" when the matroid M is 
known. It is obvious that a subset X of S is independent 
if and only if rank(X) = |x|. We define 


d 
rank (M) ef rank (S.) 


and this number is known to be the common carđinality of 
all bases of M. 


REMARK: The proofs of this and further unproved 
Statements can be found in [6], unless another reference 
is cited. 


The rank-function of the matroid M satisfies the 


following ("submodular") inequality for all subsets X and 
Y of S: 
rank(X U У) + rank(x f v) < rank(X) + rank(Y) 
veg 
A subset X of 5 is a flat of Mif it satis® 


rank (Х U y) = rank(X) + 1, zor БШП, y ESA 
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The closure of a subset X of S is the minimal 
flat of M, which contains X. 

A flat X of M is сусїїс ЧЕ additionally it 
satisfies 


rank (Х\у) = rank(X), for all y e x. 


It is well-known ([4]) that all cyclic flats of a 
matroid M .constitute a lattice (ordered by set-inclusion), 
which we call the CF-lattice of М. A matroid is uniquely 
(up to an isomorphism) determined by the family of its cyclic 
flats, accompanied by their ranks. 

It is also known ([5]) that each finite lattice is 
the CF-lattice of a matroid. 

The family (XC S|SVX е B) is known to be the 
family of bases of another, so-called, dual matroid M“ on 
S. It also holds that a set X is a cyclic flat of M if 
and only if the set S\X is a cyclic flat of M cap. A 
consequence of this fact is that the lattice, which is 
isomorphic to the CF-lattice of M, can be obtained by 
inversion of the lattice, which is isomorphic to the CF- 
-lattice of M —— and conversely. 

A coloop of M is a loop of MM 

Let т = Gi... TU be a finite family of finite 
Sets. A set X = {х|,...,х„) is a partial transversal 
(= a system of distinct representatives of the sets) of 1 
if there is an injection m of the set {1,...,j} into 
the set (1,...,r), such that 
l soa 


Xi е Te 7 


I : н 
МЕ г, then X is a transversal of Т. It is well-known 


that the maximal partial transversals of Т are the bases of 
ee M,- The family T is a transversal representa- 
==“ ОЁ th> matroid M.. A matroid is transversal if it has 
i esera representation. Each transversal matroid has 
e so representation in which the bases are 

ersals. 
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A Tr-lattice is a finite lattice L, 
Demy mE ee which Sa 
tisfies, 


If L is isomorphic to the CF-lattice of a 
ma 
M, then M is transversal. коза 
We shall introduce nine special finite latti 
ces 


о.о which are given in the following table; 
INTRODUCTION 
It is proved in paper [2] that all chains (of arbit 


rary length) and the lattice L, are Tr-lattices. We als? 


know that the lattices 1, апа L, are Tr-lattices- 
e. 
However, the very simple lattice L, is nota Tr-lattic 


The matroids with the CF-lattices isomorphic 29 


and 

Lg; 16 and L, are rather numerous in the catalogue B e 

sectur 
all such examples are transversal matroids. We conject also 

are 

for that reason that the lattices Lor Lc and L4 

Tr-lattices. C^ 
atalogue atta 


The following example from the same C 
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ted our particular attention: 


All 37 non-isomorphic matroids on at most 8 elements, 
the CF-lattices of which are isomorphic to L { 


, are 
transversal. However, among the 37 dual met the 
CF-lattices of which are isomorphic to Ly = ie (the 
cr-lattices of mutually dual matroids, when considered in a 
pure lattice - theoretical sense, are mutually inverted), 
——— there are only 14 transversal matroids. This is the 
"smallest" example of this kind that we know and it motivated 
the assertion, which coincides with the title of this paper. 
Such an assertion is closely connected with (but it by no 
means directly follows from) the well-known fact that the 
dual of a transversal matroid need not be a transversal 
matroid. 

In this paper we shall prove that the lattice Lg 
is a Tr-lattice (this is the main difficulty) and we shall 
give an example of a non-transversal matroid with the 


CF-lattice isomorphic to Lg - Tag. 


RESULTS 


We prove two lemmas primarily: 


LEMMA 1. The closure of a cireuit of a matroid is a 
cyclic flat. 


Proof. If we suppose that the closure of a 
circuit C is a non-cyclic flat X, then there exists 
*€ X such that rank(X\e) = rank(X) - 1. 

If е Є С, then 


Tank (X) = rank(C) = rank(C\e) < rank(X\e) = rank (X) - 1 


a Contradiction. 
If e e xc, then we have the same contradiction; 
d difference is in that the inequality 
) < rank(x\e) follows directly. O 
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LEMMA 2. Let M be a matroid on S. A sub 
8et 


X of S 15 independent in M if and only if IX Пе 
< rank(F) for each cyclic flat F of м. 5 


Proo f. Let Е be a cyclic flat of M 
that |X ПЕ| > rank(F). Then we also have Ix в > 
> rank(X f] Е), that is, the set XF is dependent in м, 
It follows that the superset X is also dependent in M. 

Conversely, let X bea subset of S, which is 


dependent in M. Then X contains a circuit Ся The closure 


Such 


of the circuit C is by Lemma 1 a cyclic flat F. Then by 
Ix fir] > [e| > |c| - 1 = rank (C) = rank(F) 


we have that the cyclic flat F of M satisfies 
[КОЕ > rank(F). oO 


We shall proceed with proving the main theorem of 
this paper: 


THEOREM 1. Lg ts a Tr-lattice. 


12 55 (o) ОЕ: Let M (on S) be an arbitrary matroid 
having the CF-lattice isomorphic to Lg- We denote the cyc- у 


lic flats of М and their ranks (in brackets) as follows: 


S(r) 


A(a) D(d) 


9 @(0) 
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REMARK: We may assume that M has no loops or 
coloops, since they do not influence transversality (the 
coloops appear in each base of a matroid and the loops in 
none). It is for this reason that we may assume that the 
minimal element in Lg is the empty set (necessarily of 
rank О), while the maximal element coincides with the ground — 
set S of M. 

We shall prove that the matroid M is transversal, 
by exhibiting its explicit transversal representation. 

Namely, we claim that the family 


Ф = {(r - a)*(S\A), (r - b)*(SVB), 


(а tb = x =- c))*\(S\C) NE а) - (5\0), (c +d - r)-S} 


is a transversal representation of M. (+) 
To prove this, it suffices to prove the following 
two statements: 
(i) each dependent r-subset X of S is not a 
transversal of $ 


(ii) each base of M is a transversal of 9. 


Proof of (i): Following Lemma 2, we conclude 
that |ХПЕ| > rank(F) for som Fe {A,B,C,D}. If F=A, 
then X contains less than r-a elements in the set S\A. 
Thus X does not contain a transversal of the subfamily 
16а) (вА). of o, звіс та 
transversal Of Ф. We apply a very similar reasoning if 


Е = 
B or F=p, ТЕ Е = C, then we observe that 


(r -а) + (r -b)+ (a*tb-r-c)2r-c 


апа 
= that S\AC s\c and S\BC S\C. 

n 

се x contains less than r-c elements in S\C, it does 


tj GR 


tht З 
mee general transversal representation was 
TPerimentally" derived by using [3]. 
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not contain a transversal of the subfamily 
((r-a)*(SVA), (r-b)*(SVB), (atb-r-c) • (5\с) } 


of $. 


Proof of (ii): The set S is Partitioneg 


b 
its subsets A,B,C,D into ten pairwise disjoint Subsets y 
(Д 


which is shown by the following diagram: 


The number i in the diagram corresponds to the 
subset denoted by O1, 1< i « 10. 

Let X be a base of M and let x, = Ix По, |, 
1 < і < 10. We derive and numerate nine inequalities and 
one equality, which are satisfied by the numbers Xj 


(1) 


Бү а» у мул Xs) Xo S (2) 
Xj + Xj, + X4 + x, + X, + Xy <Ь (3) 
x, +x, < с (4) 
c V ky VOS ts ames (5) 
Е УЕ Ао (6) 
ху хз + ха ы (1) 
ххэ ахо < bat ашк (8) 
x сс аст (9) 

хх; са + ыз асыр 

xi + x t... хур = F 
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The first four inequalities, follow from the fact 
that the set X is independent, by the use of Lemma 2 


applied to the cyclic flats A,B,C,D respectively. The next 
four inegualities are derived by means of 


Ixn c G)| < rank(F f] G) < rank(F) + rank(G) - rank(F U G) 


where {F,G} is equal to {A,B}, {A,D}, {B,D}, {C,D} 
respectively. In a similar way (9) is obtained, but the 

last inequality (the submodular law) should be applied twice, 
e.g. separately to the pairs {A,B} and {A f B,D}. 

Finally, (10) is equivalent to |x| = r. 


REMARK: The right-hand sides of the inequalities 
(5) - (9) are non-negative, otherwise the submodular law 
for the rank-function of the matroid M would be violated. 
We point out that this nonnegativity of different coefficients, 
which we adjoin to the sets of 0 іп the course of proving, 
follows either from the relations (1) - (10) or from some 
additional assumptions. 
We are going to show that X is a transversal of 
$. This will be done step-by-step. We shall gradually make 
the sets XN Opr I Sis 10, to be some pairwise disjoint 
| Partial transversals of $. The elements of a set X n 0; 
; can represent only those sets іп $, which are supersets af 


of 0;. We list such supersets for each Ор, 15 i < 10: 
9: $; ©): 'SXD;S 3 105 AEE 


9,3: S\C,S\D,S ; 05: S\B,S\C,S ; 06: S\B,S\C,S\D,S ; 


07:  SVA,SNC,S ; Ор: SVA,SVC,SVD;S 5 


05: ЗА, 5\в,5\ 6,5 в о S\A,S\B,S\C,S\D,S 


РІ 2 " 
We use the abbreviation "Xi is covered" to denote 


that the elements of the set Х 0, are appropriately 
Tepresented by some sets of $ ("appropriately" means: by 


Some sets which have not been already used). Our proof is 


Over at the moment when all x, - 5, < 10, are covered. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


326 Dragan M. Acketa | 


> щш 


x, can be directly covered by (8). 


х, сап be covered by reason of the inequality 
goes Gr -. d) Welten Idi дс x) 


which is equivalent to (3) (in what follows we just put 


down the number of the equivalent inequality). Namely, ¢ 
* Lor 
Sets S\p and 


However, we give 


covering хо we may use only some of т-а 


the remaining ctd-r-x, Sers oF in NO" 


an "advantage" to the sets S\D. We use some ОЕ the sets S 
only if all the sets S\D are exhausted. The reason is that 
the sets 5 are more "universal": they can be used for 
covering all Xi; 3 < i < 10. In what follows, we shall 
always give an adventage in covering to less universal 
sets of 96. 
We observe that the sets S\C can also cover all 

Xi; 3 < i < 10. Therefore we need not make any difference 
between the sets S and S\C in the rest of our proof. 
Let "М" denote "any of the sets S and SXC". Then we 
replace (a+b-r-c)-(S\C) and (c+d-r-x,)-S in Ф by 
(a*b*d-2r-x,)-W, while the new families of supersets for 
Oi; Эа < 10, are: 

03: W; 04: S\D,W; Og: S\B,W; Oc: S\B,S\D,W; 

07: S\A,W; Og: S\A,S\D,W; Og: SVA,SVB,W; 

Oio? S\A,S\B,S\D,W 


It should be stressed that the rest of our proof 
will include a kind of branching process. The first 
branching depends on whether the sets S\D are 
while covering x, Ox not. We denote the first Ш. 
by <1> and the second one by <2>. We shall also 199 
denotations "1" апа "2" іп further branchings, 
on whether the less universal sets are exhausted Or 16% 


depending 


i i be 
Thus each particular branch of the branching will pracket? 
in 
denoted by a binary vector (with components 1,2) 


ition 
"< >". This vector will be followed by the condi 
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(an inequality in the brackets "( )"), which corresponds to 
the last branching. After that the remaining subfamily of 
6 will be listed and one or more relations (equivalent to 
some of the relations (1)-(10)), which correspond to the 
coverings on that branch. 
Or 
d «1» s (x4 2 r а) 
After covering Xj: the following subfamily remains 
: from Ф for further coverings: 
shat 
{(r-a)+(S\A), (r-b)*(SVB), (atb-xr-x,-x,) “wh 
We observe that after eliminating the sets S\D, 
some families of supersets coincide as follows: 
| o, U O,:W ; 0; U Oc :S\B,W ; 
0; U Og:S\A,W ; Og U O, 9:9 A, SV B,W 
We cover together the corresponding X, - 5: 
А -r-x.- 5 
Xj*x, < atb-r-x,-x, 2799) 
) The next remaining subfamily is: 
((r-a)*(SVA), (r-b)*(SVB), (a*b-r-xj-X7X4-X4) “wh 
Х5+х6 < (r-b) + (a*b-r-X,-X4-X4-X4) go MG) 
The next branching depends on the way of covering 
Хх and : 
5 хб: 
«ib в (x5 *Xc > r-b) 
ty | Р 
The remaining subfamily is: 
2 
J ‘ f (x-a) - (5\А), (a-x,-x57X4-X47X57 Xg) Wh 
We should further cover x,, 7 $ і < 10, by using, 
5 R 
{5 (у; the sets S\A and W. This is possible on the 
asis of 
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= = + = =a - 
Xj *Xg*X9 X09 (r-a) (a Xi X) X4 X47 X.-x 


31.2? В (x, *xc < r-b) 


6) (10) 


The remaining subfamily is: 


((r-a)*(SVA), (x-b-x5-xc)* (SNB), (а+ы-сг=ху-хо-хо-/) и} 


We further have 
-xX 


X4*Xg < (r-a) + (atb-r-x =X 


7 i %27X37%) , (2) 


and regardless of the way of covering X4 and x,: 


X9 tXo = ((r-a) + (a*b-r-X,-X4-X4-X,) = (x4 +x.) ) + 


+ (к-Ь-х-х) Г (10) 


covers x and x 


9 10° 


«2» : (х, ста) 


The covering x) does not exhaust the sets S\D and 
after covering X3 with the sets W (it is possible 


because of 


х. < atbtd-2r-x (9) ), 


3 1 


the remaining subfamily is: 
((r-a)*(SVA), (x-b)+(S\B), (r-d-x,)+(S\D) ; 
(a*b*d-2r-x,-x4)*W) 


We cover primarily хд: 


5) 
x < (r-d-x,) * (a*b4d-2r-x,-X4) Г 


the 
ing on 
We have the following branching, depending 


way of covering хд: 
<2,1> : (x, > r-d-x, ) 


The remaining subfamily is: 
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na een 
)) | ((r-a)* (SVA) , (r-b)+(S\B), (a*b-r-x,-x,-x4-x,) *W) 


This is the same family as in case <l> and we can 
cover Xj 5 «i < 10, in the same way as before (the only 
difference between cases <l> and «2,1» is in the way of 
covering хд: іп the first case only the sets И are used, 
while in the second one the sets S\D are primarily 


exhaus ted) . 


£2,22 = (< ха) 


4 2 

Тре remaining subfamily after covering 
Sed < Чч. < 4, 13 
i SNS 

{(x-a)*(S\A), (r-b)-(S\B), (rtd-x-x,)* (5\0), 


(atb+d-2r-x)-x,) “wi 


We can cover х5 on the basis of 


я Xs < (r-b) + (atbt*d-2r-x,-x4) r (6) 


The way of covering this determines the next 
branching: 


«27271» (с 


5 2 r-b) 


The remaining subfamily is: 
{ (г-а) • (S\A) A (r-d-x,7x4) *(S\D), (а+а-г-ху-х.-х.) “wh 


Since the sets S\B are exhausted, the scheme of 


Supersets for further coverings is: 


O; : S\D,W ; MO U Og : S\A,W 


6 
03 U O19 : S\A,S\D,W 


We proceed with covering Хр: 


хє & (r-d-x,-x,) * (a*d-r-x,-X4-X4) j (1) 
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The next branching depends on whether the s 
et 
are exhausted or not: 8 Sp 


SZ ZIMI USNM (x6 > r-d-x,-x,) 


The following Subfamily remains from 6 for fu " 
rt 
coverings: М 


{ (с-а) • (5\А), (a-X,7Xj-X47X,-X,-x.) еи) 


Since the sets S\A and w are the Supersets og 


all sets O;, 7 <i < 10, it follows that the equality; 


XQ XQ *Xo +x, p = (r-a) + (a-Xi7X,-X4-X,-X,-X.) 2 (10) 


completes the necessary coverings in this case. 


<2,2,1,2> : (x. < r-d-x 


6 mut 
After covering Xi; 1 < i < 6, the following 
Subfamily remains from $: 


((r-a)-(SVA), (r-d-x,-x,-xc) • (5\0), (а+а-г-ху-х.-х,)*) 


Simultaneously we cover х. and xg with 


7 


X7 +X, £ (r-a) + (a*d-r-x,-x4-x,) D (4) 


Without regard to the way of this covering, the 
coverings are completed by 


Xg*Xjg = ((r-a) + (atd-xr-x-x5-x, ) = Esty) t 
+ (r*d-X,-x,-x.) А (10) 
for any of the sets S\A,S\D and W can be used for 
covering Xg and Xig- | 


«2,2,2» : (х. < r-b) 


The remaining subfamily after covering X;' 
Л в S05. d$ 
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D ((r-a)* (SNAP (r-b-x, ) * (SNB), (r-d-x,-x,) *(S\D), 


(a*b*td-2r-x,7x4) “wh 


We cover primarily x (before х6), for it can be 


covered only by two kinds of sets, S\A and W: 


her 
x < (а (a*b*d-2r-x,-x.) , (7) 
А Б (х7 > сеа) 
The following subfamily remains: 
((x-b-x5) * (5\8), (r-d-x5-x,)* (5\0), (b*d-r-x,-x47x7) "W} 
0) 


The corresponding scheme of supersets is: 
On s б\р, ; 09 = ЗУБОВ: 95 U 919 : S\B,S\D,W 
The next covering and branching are related to ха: 
Xg < (x-d-x5-x,) * (b*d-r-x -x4-x.) 7 (2) 
И В (xg z r-d-x-x,) 
It remains 
{ (r-b-xg) =(S\B), (box) -X,-X$-X,-X77Xg) eW} 


Since хє, Xg and X19 can be covered by any of 
the sets S\B and W, the covering is completed by 


UE -Xx.-X.-X4-X,-X4- 0 
XgtXgtx, 9 = (r-b-x,) + (b-xjcx)cXj x ox xg) , (10) 


S212 2 TIPOS (хр < r-d-x4-x,) 
The remaining subfamily is 
{(r-b-x,) - (5\В), (x-d-x,-x,7xg) * (5\0), (b*d-r-x,-x47xj) *W) 


We cover Xo with 


Хо < (т=р=хр et (b*d-r-x,-X47X4) Г (4) 
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Disregarding the relation between x 
о and 


х and x can be covered on the basis of 5! 


6 10 


х6+Х10 = ((r-b-x, ) + Че) = 
+ (r-d-x,-x,-x,) 7 
29945 8 (10) 


for all three kinds of sets: SNB, S\D and и 


‚ Can be Used 
for their covering. 


622020220202 Ө (x7 < т-а) 


The following subfamily remains from ф: 


{ (г-а-х.) * (5\А), (x-b-x,) • (5\В), (r-d-x,-x,) + (5\0), 


(a*b*d-2r-x -X4):W) 


H 


We recall that the corresponding scheme of supersets 
is: 


06 SESNBP,SVD,W 5 03 : S\A,S\D,W 
о 


О : S\A,S\B,W ; 


9 S\A,S\B,S\D,W 


10 


that is, each of can be covered by using 


"150. DF “0 10 
three (respectively four) different kinds of sets. We cover 


primarily X6 by use of 


хє < (r-b-x;) + (r-d-x,-x,) + (a*b*d-2r-x-X4) : (1) 


2 


This time our branching is somewhat different: it 


depends on whether the BOTH less universal kinds of sets, 


S\B and S\D, are exhausted or not. 


<2,2,2,2,1> : (x, > (x-b-x, ) + (к-а-х)-х„)) 


6 


The. remaining subfamily is 


{(r-a-x,)+(S\A), (a-x,-X,-X -ху-хь=х) W} 


2S 


d by both 


Since be covere 
хы, Xg and X10 can 


S\A and W, it follows that the equality 


5900 
Xg*X9g*Xjg = (r-a-x,) + (a-xj-X5-X3 X4-X5 ^6 


completes the coverings. 
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m a_r 
We give a diagram of the "branching part" of our 
proof: 
) 
ed 
BEGIN 
Xi (8) 
2 
Q 
3 x 
" 3 
Sets 22 
OQ O 
x X 
= 5 
(6) 222 
11 © (1) 5 12 2210 C) 
| x 
g (2) 0 
yer @) 
u 22110 22120 (2221 2222 
ay в "8 % 
X 7 (4) (2) (1) 
2 
10 8 222140 222125 (22221 D A 
10 хо 
/ 
X X X 
10 8 А 6 9 | (4) СОМТТМОЕ 
9 O 
10 X X 
0 4 8 
6 Хо 
X 
10,7 Хто 
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The coverings are denoted by the coresponding 
х,- 

„е 

ingle 


rs 
(without brackets and commas) follow the correspondin 


Each non-denoted vertex corresponds to a realized s 


covering step. The vertices denoted by binary vecto 


9 branc- 
nings. In both cases the inequalities used for the co à 


Verings 
are denoted. The "double" vertex 21 can be reached in two ‘ 


ways. The vertex "END" can be reached from seven different 


vertices, always by an application of (10). It denotes the 


end of the proof on each of the corresponding seven branch- 
eg). However, such an end is reached from the vertex 


22222 in a special and more elastic "parametric" way: 


«2,2,2,2,2» : (x, < 2r-b-d-x,-x,-x 
6 = 2 


47 X3) 


We do not give an adventage, in covering Xen to 
any of the "less universal" sets S\B and S\D. Let 
Gj (< е X) sets S\B and Xo-g sets S\D be used 
for covering Хр - The value of the parameter g will be 
determined after taking into account some inequalities 
Satisfied by Xg and Xg- 
We need not make any difference between S\A and 


W in the course of covering and so we 


"Xs 90 ND) 
introduce the denotation "Y" to mean "any of the sets 


S\A and W". 


The further scheme of supersets is: 


© в (9) : S\D,S\B,Y 


; OG BMBF Ory 8 


9 


The remaining subfamily from Ф after covering 


X. teal < Th. dig 


219 
-X47X yn 
-xQ*g)* (5\0), (brd- rox 


{ (r-b-x,-g) *(SVB), (r-d-x,-x 
emainind 


4 


in the Е 
We underline that the number of sets in 


i 
д henever a 


We observe that (10) completes the proof v sed fom aaa 
kinds of the remaining sets in Ф can be и 
rematning coverings. 
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I A а 


s, subfamily is egual to the number of still uncovered 
elements in X, that is, Xg txotx g. The sets S\B cannot 
pe used for covering xg and the same holds for the sets 
anc- s\D and xg. Since the sets S\D, respectively the sets 
ngs s\B, have an advantage in covering Хз, respectively хо’ 
we conclude that there cannot he а "deficiency" of the sets 

t y. Thus the only further conditions, necessary and sufficient 


e for a full covering, are 


^ 


хр < (r-d-x,-x,-xc*g) * (btd-r-x,-x4-x4) (Т) 


апа хә ES (r-b-x5-g) + (b*d-r-x,-x4-x.) (II) 


In order to complete the proof of our Theorem, we 
should establish the existence of an integer g, which 
fulfils conditions (I), (II) and 0 srg к simultaneously. 

We observe that the conjunction of inequalities (I) 
and (II) is equivalent to 


XQ XXX x PX tx -b саба d-x,-x ых 


ЗӘЙ ЛА НӘ, 


Denote the left bound for g, contained in this 
inequality, by Г, and the right one by R. We claim that 
the interval [L,R] is non-empty, that is, that L < В. 
Since by (10) 


В = d-r+x,+x,+x *xg*x 


24% 26] 10 


it follows that L « R is equivalent to 


x 1+Х3+х7 < btd- г+х уу 


This last inequality is necessarily true, for it 
By = (because of X_g > 0) weaker than (7). Hence our claim 
"5 proved and all the integers g in the interval [L,R] 
ing Satisfy the conditions (I) and (II). 
We should only prove that at least one of these g 


b 
“longs to the interval [0,x], that is, that 


alo 
Го, х1 N [LR] 7 d 
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a 


To prove this, it suffices to show that O<R 
i iatel i = 
and Г < xg. We see immediately that the first of the last 
two inequalities is equivalent to (4), while the second + 
is 


equivalent to (2). Thus the proof of Theorem 1 is completed 
ed.n 


THEOREM 2. There exists a non-transversal matroid 
with the CF-lattice tsomorphte to Lg. 

P r o o f. Let M be a rank 3 matroid on the set 
(A,B,C,D,E,F,G) with the following CF-lattice: 


ABCDEFG(3) 


P 


ABCD(2) EFG(2) 


ZEN 


AB(1) CD(1) 


EX. 


(0) 


The cyclic flats of M are denoted without brackets 
and commas; we shall adopt this convention for all sets in 
the rest of our proof. The numbers in brackets denote the 
ranks of the corresponding cyclic flats; the submodular Јан 
for the rank-function is not violated. 

It is obvious that the CF-lattice of M 
phic to Lg. We are going to prove that M is no 


9 
versal matroid. 


is isomor- 


t a trans- 


sversal 
Suppose, on the contrary, that M has a tran 


= k(B) = 
representation т = (T, ,T,T4). Since rank(A) = ran 
ile 
= rank(C) = rank(D) = rank(AB) = rank(CD) = 1, dic , 
rank (ABCD) = 2, it follows that the elements А ап S. 


m 
appear (together) in only one of the sets Tj,;T2:^3' 


1l 
um e that ? 
so do the elements C and D, but it is not tru M 
- set 9 
the four elements A,B,C,D appear in the same tee 
tha 


We may assume, without any loss of generality, 
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A,B € TN (7, U т) апа 


C,D € TA (T, U T4) 


Let  (W,,W,W4) be an arbitrary permutation of 
(T,,75,743)- Since rank(EF) = 2, it follows that the set EF 
is a partial transversal of т. We may assume that E € W 


and F € W,- We claim that  EFG Пи, = 9. 


1 


The fact that  rank(EFG) = 2 implies that G # [А 
and this gives G € Wy U Wo (because of rank(G) = 1). If 
сє Wye then rank(EFG) = 2 implies ЕЯ Wa. It follows 
that the rank 2 set EG is a transversal of Qn Wo}, 
which implies that F ¢ м. - If се Wo, then the proof of 
the claim is analogously completed. 

If ГА = ту, then the set Т is empty, which is 


3 
a contradiction with  rank(M) = 3. Now suppose that W3 = Ti- 
Then Ti = AB and the base CEF is not a transversal of 
т, a contradiction. The assumption W, = T and the base 


3 2 
AEF lead to a similar contradiction. We conclude that T 


cannot exist.O 
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REZIME 


INVERZNA MREZA TR-MREZE 
NE MORA BITI TR-MREZA 


Tr-mreZa je konačna mreža L, koja ima sledeće 
svojstvo: Ako je L izomorfna mreži cikliékih potprostora 
nekog matroida М, onda je matroid М  transverzalan. U 
ovom radu dajemo primer Tr-mreZe L, takve da inverzna mre- 


Za 171 nije Tr-mreZa. 
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NOTE ON THE STANDARD MATRIX REPRESENTATION 
OF A MATROID 
Danut Marcu 
Faculty of Mathematics, University of Bucharest 


Academiez, 14370109 Bueharest, Romania 


ABSTRACT 


The main result of this paper is: If ГА] is the SMR of а та- 
troid with respect to a base B, then rank (А) >C(B), where C(B) denotes 
the maximal number of pairwise disjoint fundamental circuits with res- 


pect to B. 


INTRODUCTION. 


The matroid theory terminology and results used in 
this paper conform to standard literature (see for example 
(3,41). 

Let E be a finite set, and M:=M(E,r) a matroid on E 
with r as the rank function (r: 2E N, where 2 is the po- 
wer set of E, and N the set of non-negative integers). A 
Subset SSE is called independent if г(5) = |S|, where !S! 
denotes the cardinality of S. Let F(M) be the family of in- 
dependent Sets of M. A basis of M is a maximal independent 


Subset of Е. A subset of E which is not independent is cal- 
чы dependent, and a minimal dependent subset of E is a 


AMS 2 

а Mathematics subject classification (1980): 05B35 Е 
Yords amd phrases: Matroid, standard matris representation 

а matroid (with respect to a base), fundamental etrcutt. 
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circuit. We shall denote by C(M) the family of cir 
bintni tekaa c 


А ці 
М. A circuit of cardinality 1 is а loop of M ran ts or 
O e 


= : = Very gc 
S denotes the span of S, i.e. S={eeE: r(SU (е}) =; =E, 
и i ~TAS)}, 
If M is а matroid with k=r(E), let B= {e 
1'8951«..e 


| 
be a basis of M and E- B- (£,,£,,...,£ ). k 
за m 


If M is represen- 
table over a field T (see [1]), 


it will have a Standard ma- 
trix representation (see also [2]), with respect to the) 

a= 
sis B, of the of the form R= E унеш 


y is the identi- 
ty matrix of order k and A is a kxm matrix with entries be- 


longing to Е. If Е. ,E,;-- GE РЕ. Е denote the со- 
lumn vectors of R, and the map o, defined by 9 (e,) =E,, i=l 
i 1 


Капа e (£i) UM i-1,2,...,m, is a representation of N 


over Е, in the sense that a subset S of E belongs to F(M)if 
and only if the corresponding vectors of o(S) are linearly 
independent over F (see BIDE 

If B is any basis of M and оо) ЕДЕ 


there exists а unique Cie C(M), containing f; and, otherwise, 
elements of B only. This circuit Ci is called fundamental 
with respect to f, and B and will be denoted by C(£,,B- 


а b 
a fixed basis B of a representable matroid M, we denote | 
tal ci 


For 


c(B) the maximal number of pairwise disjoint fundamen 


A this 
cuits with respect to E- B and B. The main result of 


paper is the following: 


т repre” 
THEOREM. — If R= (m A] 28 the standard к 
В). 
‘sentatton with respect to В, then rank rank(A) »c( 
де 
к of M an 
The key lemma. Let B be a fixed basis consider the 


= n 
arbitrarily chosen. Obviously, e€ B. Then we са 


family of sets р(е,В) = (SC B: еє 5). ео. 
We shall denote by B(e) а minimal (pn that 


inclusion of sets) element of D(e,B). It ca 


if  r((e)) = 0, then B(e) = f: 


" = {е}. 
їе eB, then B(e) 
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Suppose that еў B, and let C(e,B) be the fundamental 
circuit with respect to e and B. Obviously, by definition, 
в(е) И (e) is a circuit of M contained in BU {е}, and there- 
fore B(e) U (e) =C(e,B). Thus, B(e) is uniquely defined.Thro- 
ughout, we shall make use of the following fundamental pro- 
perties of the matroids: 


(P1) If C,,C, € C(M) such that C,EC,, then © Ge 


(P2) If C,,C, are two distinct circuits of M such that 
eec) n со, then there exists C,,€ C(M) with ISP (c, U C) - fe). 
(P3) A subset of E is independent if and only if it does 


not contain a circuit. 


(P4) A subset of E is independent if and only if it is con- 
tained in a basis. 


LEMMA. Let B be a fixed basis of M and FSE., If F 
does not contain any loop and B(e) NB(f£) = # for every dis- 
tinet e,f EF, then Fé F(M). 


РОТ ОО “ЕС Let F= (ер,е,,...,е,}. If FOB, then 
the theorem is trivial, by (P4). Thus, two cases must be 
Considered: 


(a) ЕПВ = 6, 

(b) Е = HUG, HN B=, GSB and GFP. 
We prove now the lemma in case (a). Let us denote В(е;) = В;. 
We have seen above that B, U (ei) = C(e, ,B) - 


Suppose that F #Е(М). By (РЗ), there exists C e C(M) 
Such that CSF. without loss of generality, we can consider 
C of the form C- {еу,е,„,...,е }. By (Р2), there exists а cir- 
5 
cui = 
Mt CS (CU C(e,,B)) - (ej). If Сү<С(е,,В), then C, C(e, ,B) 
bY (Pl), and this is impossible. Thus, c, = (в, UC) ead 


с : = 
ifc. Similarly, there exists С, e C(M) with с,= (B4 U C) (ej) 


2 
By (P2), there exists C e C(M) 


an 
a С #C. Suppose that ee C,- 
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М 


such that CS (CU с) - fei), C#C.. Since Bi fl B 


= ja = 9 
thesis), we then have C#C). TE е, ЕСП cu 2 (by hypo. 


then, by (pa) 


there exists Ce C(M) with Cc (CUE ys fie e.) 
= reo}. Th 
1 1 2 €refore, there 


exists C €C(M) such that C S 
о o= (Ву UB UC) јеси 
On the other hand, с. = B4 U {e,} isa Circuit of i 


and £47 Co: If e3 € Co; then, by (P2), there exists Co e с(м) 


1 2 = = 
with Co = (c_ U C3) {e,,e5,e,}. Thus, there exists Cy (if 


e} € Со, we take Со : = со ) іп C(M) such that C= (Bi UB U BU 
Uc)- tej rezz}. Repeating the above a finite number of ti- 


mes (s-3 times), thus, gives rise to a circuit C_ with 
о 


CoS B, U Bo U... U В, i.e. a subset of B contains a circuit, 


contradicting (РЗ) and (P4). Hence, Fe F(M). 

Now, we shall prove the lemma in case (b). Suppose 
that Fg F(M), i.e. by (РЗ), there exists CE C(M) such that 
CSF. Obviously, C must contain at least an element of H as 
otherwise G¢F(M), which is in contradiction with (P4). 
Considering C of the form C = {e,,€5, Boe е.) UT with {ере 


:. ге) SH and TSG, and repeating the above judgement (as 


in case (a)) for the set (e,,e,,...,e,), we obtain a similar 


2 
contradiction: a subset of B contains a circuit. Therefore, 


the lemma is entirely proved. (QED). 


COROLLARY. Let B be a fixed basis of M, and (fi! 
int. 


fi». -»fi,}SE-B such that C (£15, B) are patruise die 
Then (£1,,fi15,..., fip} e F(M). 


rm tha lemma (QED): 
к e ma- 


E 


1) 42 © © 384 It readily follows fo 
Proof of the theorem. Let M be a representab! 
troid over the field F, B a fixed basis of M and R^ E 
the standard matrix representation with respect to P n 
the above corollary, it follows that the column vec 
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O~ 

| 2, А К аге linearly independent over Е, i.e. 
here rank(A) 2 Ё (QED). 
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NOTA O STANDARDNOJ MATRICNOJ REPREZENTACIJI 
MATROIDA 


Osnovni rezultat ovog rada je: Ako je [I rA] SMR ma- 
troida u odnosu na bazu В, tada je rank(A) >C(B), gde je C(B) 
maksimalan broj. 
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ях 
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ABSTRACT 


We extend the definition of the non-complete extended 
p-sum (NEPS) of graphs to digraphs (digraphs can have multiple 
arcs and/ or loops). Using the spectral method we prove a 
theorem giving the necessary and sufficient condition for a 
NEPS of strongly connected digraphs to be strongly connected. 


Some related results are obtained. 


Let B be a set of n-tuples f = (81,855. В) и of 
Symbols 0 and 1, which does not contain an n-tuple 


(0,0,...,0). 


DEFINITION. The non-complete extended p-sum (NEPS) 
uith a basis B of digraphs Gy 1Gor--+ 1G is the digraph 
S whose set of vertices ts the Cartestan product of the sets 


ERE Т 
AMS Mathematics subject classification (1980): Primary 05040, 


Secondary 05620 v 
ФУ words and phrases:  Connectedness, p-sum of digraphs. 
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of vertices of digraphs G,1621+++1G,. For tvo vertices 


(рихои) and (Y,+Y2+1+++7Y;) construct ату the pos 


sible are selections of the following type. Fon each в 
Єв 


and for any i (i = 1,2,...,n) select an are from x 
i to 
; я = s = 5 1 
Y, in б, оар 81 l and suppose X; = Y, 12$ B, 5g. 
The number of ares going from (x "Хәр... ) to ( 
152 n Үр, у) 
ts equal to the number of such selections. n 


If B consists of all the Possible n-tuples (of 
course, without the n-tuple (0,075 MO) Ehe operation is am 
led a strong product. The incomplete p-sum (complete P-sun, 
or briefly, p-sum) is obtained if B consists of (all the 
possible) n-tuples with exactly p 1'5. r£ P = п, the p-sun 
is called a product. 

Some special cases of this definition have already 
appeared in literature (see, for example [17p:308]M [6], p. 

Let A&B denote the Kronecker product of matrices 
A and B. Let EI a be the element of the matrix A from 
the row corresponding to vertex x and the colum cerrespon- 
ding to vertex y of a graph which corresponds to A. 


THEOREM 1. The WEPS G with the basis B of digraphs 
Gir Gare- G whose adjacency matrices are A rAgr= ers fae 


the following adjacency matriz 


В В 
ле Xx дол 8... ЯА o 
BEB 


G let 
P roo f. In each of the digraphs 617625 n 


the vertices be ordered (labelled). We shall order, тес 
graphically, the vertices of G (which represent the в 
n-tuples of the vertices of digraphs 6,65, . -- бо) ang 
the adjacency matrix A according to this ordering. 

By virtue of the properties of the Kronecker PI 
of matrices, the entries of A are 


oduct 


B 


By б Йез 
DONE AS = дш) poo tir 
29) Е о) sea Гоа 
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By virtue of the lexicographic orderíng, 


(1) holds if 
and only if for each 


B = 6,/85,..., 81) € B there exist 


і ху, arcs leading from X, to Y; in G, if 84 = 1, 


ах, р БЕ Bi - 0. 
This completes the Proof of the Theorem. 


The results in [6] are a Special case of this theorem. 


THEOREM 2. For i = 1,2,...,n let С be a digraph 


i 
vith n, vertices, and let Mie ОЯ be the spectrum 


of бу. Then the speetrum of NEPS with the basis B 


of dig- 
raphs ЧОЛ conststs of all the possible values of 
ү Р wh 
Ир пете 
B B 
1 n 
A, = J XS (a =1,...,n,; k=1,...,n) . 
i... rin BEB li, ni k k' 2 А 


The proof coincides with the proof in the case of 
undirect graphs (c.f.Theorem 2.23 in [3]). 

It is obvious that NEPS G is not strongly connected 
if any one of digraphs G,1621+++1G, is not strongly connected 
or if B has not the property (D) that for every j € {1,2,...,n} 
there exists in B at least one n-tuple (81,85, - , 8.) with 


в = 1. (This condition implies that the NEPS, effectively, 


depends on each Gi -) 

Let h be the greatest common divisor of the lengths 
9f all the cycles in a digraph G. The digraph is called primi- 
tive if it is strongly connected and h = 1 [5,p.210], and 
inprimitive if it is strongly connected and h > 1. In the 
Second case h is called the index of imprimitivity (h is 
the index Of imprimitivity of the adjacency matrix of 
the digraph G аз well [2,р.183]). 


THEOREM 3. Let СС) е-и Ье strongly connected 
digraphs 


s each containing at least two vertices. Suppose also 
at с 


Не GE ((i,,i5,...,i1,) C (1,2,...,n)) are 
5 
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imprimitive with the imprimitivity indices h h 
17. 
i "sgh 


о 1 
respectively. The NEPS with the basis B 2 GT 


satisfying So 
5 a Lu 
(D), of digraphs G1,G5,---,G. ts a strongly сопла о 


digraph tf and only tf for every non-empty subset 
31:35 5-3) of {ij ,in,---,ig} and for every choice 


воен №5 pits (1 Sore sehr 
51 232 Jk t J 


1 di 
© 7 t= 1,2,...,k), 


there exists В € B such that 93:357. 3, Gg. Sit} c 
PETERE # Ø and 
i А А 
1 2 m 
hy d hy Pu: d hy 
1 2 m 


ts not an tnteger. 

Moreover, the number of strong components of NEPS is equal 
to the number of solutions in integers Xi (0 « Xi < hj-1),x, 
of the folloving system of eguations 


LH oer ae MAE nom. 
Dx hui is a SUC NÉ 
1 2 5 


P roo f. According to Theorem 0.4 and 0.5 from 
(31 a digraph G, with an adjacency matrix A, is strongly 
connected if and only if its index г is a simple eigenvalw 


and if the positive eigenvectors belong to r both in А 
and AT. However, if the index г has a multiplicity Py 
other conditions being the same, then G has exactly P 


the 


strong components. 


Gi 
Garesen 
Let кү,к),...,к be indices of digraphs бу’ 2 ite 
. e 
respectively, and let ujus- -U (vjr Va и) beig 


1 to 
eigenvectors [3,р. 18] (Theorem of Frobenius ae от. 
; { 0 00 геѕрес 
с|,у,..., іп A, AD, 557-9 (A4,A5 5. *- Аһ), £ 
Then, from Theorem 1, it immediately follows tha 


u = up, a u, a... au (v= v av, аш... S Vp) B Ba 


tive eigenvector belonging to the index A = 
г т 
dine ASA) 
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By Theorem 2 the index A of NEPS can be obtained 
1110 only from those eigenvalues of the digraphs G, (i = 172, 50034) 


which have a mođulus eguals to гү. All these eigenvalues of 


. can be written in the form г. e 2. 2n < < =, 
6) уе Aj S 4-1, 


(exp(t) = е, i = - 1) (Theorem of Frobenius). 
By Theorem 2 we have 


fi f, 
(о Y NE С «Le, EC )2m) . 
BEB i, zq i, 15 ps is 


From (2), it follows that the multiplicity of the index A 
is equal to the number of solutions in integers ху, 
0 < X; < В; -1 of the system of equations given above. Further- 


) more, A is a simple eigenvalue if for each choise 
iX ki ph, (2... , 0 € 2, Sh, = (Ж = SEU ЕН КАЕ 
b 2172 is le cg 
least one Zi > 0, at least one sumand in A is different 
ewige s Te 
1. 52 n 


from rjr eie (i.e. the argument of the operator exp is 


different FPE kr k € Z). 
From these facts, the statement of the theorem follows. 
The strong components of NEPS in this theorem are its 
components also, i.e. there are no arcs between different 


Strong components (Theorem 7'from [4,p.376]). 


lue | 
The following theorem is а specialization of the 
Precedin O 
the g one 
THEOREM 4. Let Gir Greer Gh be strongly connected 
digraphs each containing at least tuo vertices and let 
„б! а ((i,i5,-...,ig) C (1,2,...,n)) be imprimitive 
ei) | uith imprimitivity indices h; ,hi r---hj , respectively. 
T 2 s 
Then the p-sum of G „бо, --- „бл ts а strongly connected 
P 1 digraph tf and only if one of the following conditton holds: 
Жа 22. пе Sy = LE 
i 2? e cede. 
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and for = non-empty subset G3, 3 oF 
{iyrige--- rig) (п-р+2 <К £ s) and for each choise of inte 


gers Ё. A r a р LEX Ch. -1 (t= 1,2 
J 32 Jk Jc Jt RED us 
exists a non-empty subset {v._,v.,... hr. 
i i ior e d 10300000 
(ptk-n < m < min(k,p)) such that k 
Жу у. "s 
C MEE: 
1 2 Ma 


ts not an integer. 
The number of strong components in the p-sum is egual to the 


number of solution in integers x; (0 < X, € h,-1), x. 


Iyooo 
of the following system of equations 122 u) 
х. ur X4 
== os ep M eS e 
hy hs h. J132*-:35 
1 2 Jp 


where 91:357 39) runs over ali p-subsets of оо 


For р = п, from this theorem, it follows that the 
product of digraphs G,,G,,...,G, is strongly connected if 
and only if В, „В, ,...,h, are the relative prime in pairs 

i, 15 m 


(which is well known [7]) and have as many strong component 


Я -1) 
as is the number of solutions in integers x, (0 < % ве 
x of the equation 


Xi Xi Xi 

1 2 s 
= — — =xX'. 
hy ER ite ts kim 

1 2 s 


1) 


It can be easily shown that this equation has exactly 


ie Ss 
l.c.m.(h hese ho ®) 
i,’ i,’ ГА is 


Soluitons, which implies the result from [7]. 


s esis denotes the Lowest common multiple 
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Finally, we shall prove a simple result concerning 
regularity properties. A digraph is caled a regular of degree 
r if each indegree and each outdegree equals r. It is easy 
to see that a digraph is regular if the eigenvector Cl Li pawn 
belongs to its index both in the adjacency matrix and its 


transpose. 


THEOREM 5. The NEPS of regular digraphs ie a regular 
digraph. 


Proof. The vector u, A u, я... ац, where 
n 


urur se Uy are eigenvectors of indices of 61,85, . 4G 


is an eigenvector belonging to the index of NEPS. 
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POVEZANOST NEPOTPUNE PROSIRENE 
p-SUME GRAFOVA 


U radu je proširena definicija nepotpune proši 
; rene 


p-sume (NEPS) grafova na digrafove. KoriSéenjem spektraln 
09 


metoda dokazana je teorema (Theorem 3) koja daje potrebne { 
dovoljne uslove da NEPS jako povezanih digrafova bude jako 


povezan digraf. 
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ne 
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ko Studentski trg 16a, 11000 Beograd, Jugoslavija 


ABSTRACT 


In this paper, we determine all the finite connected 
graphs, whose energy (i.e. the sum of all positive eigenva- 
lues) does not exceed 3. To do this, we consistently apply 


the method of forbidden subgraphs. 


INTRODUCTION 


Throughout the paper, we shall consider only finite 4 
connected graphs, having no loop or multiple edges. The spec- 
trum of such a graph G is the set of eigenvalues of its 
0-1 adjacency matrix A(G). The sum of all its positive eigen- 
values is denoted by $(G), and called the energy of б. 

For any real a > 1, we consider the class of graphs 


P(a) = {G|S(G) <a}, 


and,in this paper, we shall completely describe the class P(3). 


Briefly, any graph G € P(3) is here called - admis- 


Sible, and any other graph - impossible. 


mn ed = MT —_ 
AMS Mathematics subject elasstf 
Key words and phrases: Finite connec 


ication (1980): 05640 
ted graphs, the energy. 
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Let next G’ be any connected (induced) Subgr, 
aph of 


a graph G, which is denoted by ССС С. Since by th 
e kno 


interlacing theorem [1, p.19] s(G’) < S (G) 


connected subgraph of an admissible graph is admissib) 
е, too, 


This implies that the method of forbidden subgraphs c 
an be 


consistently applied. 


Throughout the paper, Kn: Ра, Ch will be the complete 


graph, the path and the cycle with n vertices, respective] 
: : : ; Y 
while Kom is the complete bipartite graph with A 


tices. 


n+m Ver- 


In this paper, without special mention, we shall often 
use the lists of spectra of all connected graphs with Br 9, l 
or 5 vertices (see [1]), or соппес+еа graphs with 6 vertices 
(112 graphs; an internal publication). So, using these lists, 
for each particular graph with this number of vertices, we 


Shall determine whether it is admissible or not. 


RES UL TS 


Denote by a circle any set of isolated vertices, and 
by the line between two circles the fact that there are all 
edges between these circles. 

Then, by the direct inspection of the spectra of all 
the connected graphs with 2, 3, 4, 5 or 6 vertices, we have 
that all the admissible graphs with at most 6 vertices, 
belong to one of the following classes of graphs: 


2 
R 
К; K, 
n m n m 
O— O iom (n,mz1) 
K(n,m) A(n,m) 
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n m 
(>>>) (n,m>1) Ca, | (n>2) 
C(n) 


n n 
(n>1) (n, m>1) 
D(n) m 


E(n,m) 


Now, we shall determine the exact values of parameters 
for which the above graphs are admissible. 


LEMMA 1. The graph K(n,m) (1 <n < м) tis admissible 
exactly in the following cases: 
ath п = 1, ш ео; 


2) n=2, m= 2,3,4; 


Proof. As is easily seen, this graph is admis- 
Sible if and only if nm < 9 holds, whence the statement is 
immediate. O 


LEMMA 2. The graph A(n,m) (1 < п < ш) zs admissible 
exactly in the following cases: 


1) з=, ши 


Proof. Immediately, this graph is admissible if 
and only if ут + /m < 2/2, whence the statement is obvious. O 


LEMMA 3. The graph B(n,m) (1 < п < m) їз admissible 
e б 
“actly in the following cases: 

1) “n= а ОВИ: 


2) n=m= 2. 
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А 


Proof. As is easily seen, the graph B( 
n 


an admissible graph if and only if n + m+ 2/035 mM) ig 


< 9 
whence the statement. U — 70 
LEMMA 4. The graph C(n) (п > 2) {s ао 

е 

Фир m ES puc 
Pry oo Е. Indeed, since it is а complete а 

e 

graph, it has exactly one positive eigenvalue 


En = r(C(n)), 
and) к = (1 +1 + 8n)/2 <3 iff n 22,3. 0 


LEMMA 5. The graph D(n) (n MR 
Capp. = 172, 


ts admissible 


Proof. The graphs D(1), D(2) are admissible, 
and D(3) is not so. Whence, all р(п) (n > 3) are non-adnis- 
sible, also. O 


"LEMMA 6. The graph E(n,m) (n,m > 1) їз admissible 
Tff n=m= 1. 


P ro o f. Indeed, since E(1,1) is admissible, and 
E(1,2) is an impossible graph, we have that E(n,m) for 


n>2 or m 2 2, are impossible graphs. U 
Now, we shall prove the main result of the paper. 
а he 
THEOREM 1. Each admissible graph G ів one oft 
graphs displayed in Figure 1. 


s: 
P г о о f. We distinguish the next three casê 


I. There is no C Ge (€ in G as a subgraphi 


3 4 
II. There isa C in G; 
3 ГА raph in n 
III. There is C, but no C3 as an induced subg A 
raph 0 
CASE I. Since C (n > 5) cannot be 4 subg 20 
п A there 25 


admissible С, we conclude that, in this case: 
contour in G; thus G is a tree. Since, next: 


ne of 2 
pe о 
Pg or el Я in G, we have that G must 


there is 10 
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= - 
is graphs К(1,п) (n > 1), A(n,m) (n,m » 1), B(n,m) (n,m » 1). 
CASE II: Denote the vertices of the I scc in G 
3 
by 1,2,3. Next, denote by Т, (1-2 1,2,3) the vertices of 
G which are (with respect to L) adjacent exactly to the 
vertex i; The denotations т), т\з, T33 and T123 have 
a similar meaning. Put 
ite 
n Е. 
Next, denote by Ti the vertices of G (non-adjacent 
to L), which are (with respect to T), adjacent exactly to 
some vertices of Ti; the denotations UT (i # j) and 23 
have a similar meaning. 
20 Now, ме are interested to determine the edge struc- 
ir ture of each particular subset between Ti, Tij and T,23' 
as well as the edge structure between these subsets. 
Me For any two subsets A,B, we use the denotation 
А/А = 0 if А consists of the isolated vertices only, 
A/A= 1 if it is complete, А/В = 0 or 1 or Ø or я, if 
and there is no edge between A and B, or there are all such 


edges, or A and B are not consistent, or we cannot deter- 
mine this Structure, respectively. 

All the above information is obtained by choosing 
two arbitrary vertices a € A, b € B, then testing the sub- 

D Sraph 123ab in the two possible cases - whether a,b are 

adjacent or not. 

So, by the impossible graphs or order 5, we obtain 
the following relations easily: 


T/T, =10) (а= 1.273) me 1/715 =0 (i $j), 


jn © 17125] <i, 7,/7; 20 (i£j), 7,/715 =f, 


D. 
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ee 


Next, testing the graph  123abc (a € T 


i 1’ Бет 
cue T3), we also obtain that the 3-tuple т 


T en 
iy (T $ 
consistent in С. 2' "3 İS not d 


Similarly, we obtain that 


da 9. SS eal туз = 2% 
whence follows that each admissible G, in case II consi 
0 ists 
of L= C3 and eventually of the classes т. T T 
it i308: 
In view of all the above results, excluding the Syn- 


metric cases, we have that G, in case II, consists Of one of 


the following subsets: only L = C3, L + Ti; L + Pipo Le. 


123! 
+ + А 
L Ti T 


Consequently, G is one of the following graphs: C 
Kj, C(n) (п > 2), D(n) (n > 1), E(n,m) (n,m > 1). 


CASE III.  Denote the vertices of L- Cy in G by 
1,2. 3, 4 


Then, similarly as in the previous case, we have the 
subsets Ti, ЕЕГ Tijk and T1234 in G. 

By assumption, or by forbidden subgraphs, we conclude 
easily that 


f. 


Bio = Pog = Taq. = Туу = #„ тү = 9 ел ШЫ 


ijk 
so in T there remain only the subsets Т; (i = 1,2,3,4) 
and 


"aso "240 
By the impossible graphs of order 6 (and 


assumption), we conclude that T, =ø and 1,3 = ТЫ 
i y of the 


by the 


U 


thus, in this case, each admissible G consists onl 
subsets 

Po "uo Too Bao Ta Sig 
As in case II, we conclude that 


and T24" 


= = 0 
EA € i, 1,3/1,3 = T24/T54 D 
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Hence, excluding the symmetric cases, we have that 


G consists of one of the following subsets: L = Cyr L + т, 
аз H e E n 

Consequently, in case III, G must be one of the 
following graphs: K(2,2), R, K(2,n) (n > 3), K(n,m) (n,m > 3), 
which completes the proof. O 

Note that Theorem 1 and Lemma 1-6 describe the class 
P(3) completely. 

Note, still, that the previous results imply that 


we shall prove this for any a 


class P(a) is finite if a= 3. In the following theorem, 
> 


THEOREM 2. The class P(a) te finite, for any а> I. 


Р г o o f. Choose ап arbitrary graph С € P(a) and 
any (not necessarily induced) subgraph K(1,n). Then, since 
а > S(G) > r(G) > Уп = r(K(1,n)), where r(G) is the spectral 
radius of G (see Theorem 0.9 [1, p.15] for the last inequa- 
lity), we conclude that K(1,n) € P(a), thus that all such 
n's are uniformly bounded by b = ce. Hence, the degrees of 


all the vertices in G cannot exceed the constant b. 

Next, choose any path Pat Since, for an arbitrary 
ЧЕМ, its q-th positive eigenvalue tends to 2 as п +? =, 
we get that S (Ph? + © as n> e, Consequently, for any path 
Pa 8 P(a) we have that all n's are uniformly bounded by 
a constant k = f(a). 

Now, assume, contrarily to the statement, that the set 
P(a) is finite for an а > 1. Then, it is seen easily that 
either there is a Seque cca the complete bipartite graphs 
(inj) € P(a) (n, < nj < ...), or there is a sequence of paths 
Pn) (n, <n, < ...), and both these cases give the contra- 


This proves the theorem. O 
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REZIME 


GRAFOVI CIJA ENERGIJA NE PRELAZI 3 


U ovom radu su odredjeni svi konaéni povezani grafovi, 


čija energija (zbir svih pozitivnih svojstvenih vrednosti) ne 
prelazi 3. 
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ABSTRACT 
We consider the problem of ascertaining the minimum number of 
weighings which suffice to determine all counterfeit (heavier) coins in 
а set of n coins of the same appearance, given a balance scale and the 
ovi, information that there are exactly three heavier coins present. A pro- 
ne 


cedure which is either optimal or suboptimal is constructed for infinitely 
many n^s, i.e., for all ed 8) оа) 


1, INTRODUCTION 


Consider the following problem. Let X= {Cc, 1027 ... ren} 


be a set of n coins indistinguishable except that exactly m 
(m<n) of them are slightly heavier than the rest (in the 

Sense specified below). Given a balance scale, we want to 

find an optimal weighing procedure, i.e., a procedure which 
minimizes the maximum number of steps (weighings) which are 
required to identify all heavier coins. For some discussion 
9f these matters in greater detail, see [1], [2], [3], [4] ana 


[5]. 


ть eer OE Ee 


SS 
eo Mathematics subject classification (1980): Primary 90840; 
3 econdary 94450 


ey words and phrases: Counterfeit coins, optimal weighing 
Procedure. 
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— 
We suppose that all heavier coins are Of equal 
a ме}. 
ght, 
a light 
it) coin ig 
A , so that the larger of the bo numerical) 
Y Une- 


and so are all light coins. If A is the weight of 
(good) coin, then the weight of a heavy (counterfe 


+ 
less than uns 


qual subsets of X is always the heavier, This means that 

No in- 

formation is gained by balancing two numerically unequal in 

Sets, 

if either, of 
two subsets of X is heavier but not by how much. 


We also suppose that the scale reveals which, 


Consider a pair (A,B)of numerically equal disjoint 
subsets of X. Step (A,B) will mean. the balancing of a against 
B. The following outcomes are possible: 


(a) The sets balance, symbolized by A=B, 

(b) The sets do not balance, symbolized by A#B. We use 
the notation, if necessary, A>B, Ax B, where >and < between 
two sets means "is heavier than" and "is lighter than" respec- 
tively. 

Let Pr (4) denote any procedure which enables us to 
identify all heavier coins, if there are exactly m of themin 
the set of n coins, 2 being the maximum number of weighings to 
be required. Pats 2) will mean a procedure for which the ma- 


ximum number of steps to be required is not greater than й. A 
procedure Pr (2) is said to be optimal if no one procedure 


m 
Р(х) exists for some rx 2. We write uy, 0) = % if there is an 


А 1 
optimal procedure P^) . A procedure is said to be в 
1£ ид (п) = $-l. It follows by information-theoretical reason 
ngs that 


n, (п) > [1og, (0)] 


where [x] denotes the least integer »x. It is well known 
that u (п) -|log4n]. In [6] it is proved that 
Поз; Cnn) <1+ Гоч; Coll 
e the № 


a 
and a corresponding procedure is construced such th 


wer bound is reached for an infinite set of n's- 
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rc 


In this paper, a procedure for three counterfeit co- 
ins problem is constructed, which is either optimal or sub- 
optimal for infinitely many n^s, i.e., for all n= 3^ (k=1,2 
ооо) 


2. RESULTS 
k 
THEOREM. If п= 3° (k-1,2,3,...), then 
n n 
[1993 (3)] < ы, (п) «1 flog, ( 3l 
3k 3k 
P r О ОКЕ? It is easy to check that 3 TE ) £ 
k 
3k-1 , 3 
<3 „шеш; [1og4 ( 3 )] = 3k-1, for k» 2. Now, the sta- 


tement will ke proved bythe inductive construction of a procedu- 
re 2 (< ЗК), ТЕО Е 
3 = = 


For k=1, we have the trivial (empty) strategy P3 (0) 
which satisfies the statement. 


Suppose that a procedure РЗ, ( < ЗК) is constructed. 
3 S 


Then, a procedure p? (« 3k+3) can be constructed as follows. 
3k+1 E 


Let A erp EE B={c k ОЗ, , 


ЗЕ 


С = {с HAS. ). 
2:3503 КІ 


Step 1. (A,B). 
беери 5 (Be) 


ТЕ is sufficient to analyse four cases ((a)-(d) be- 
low); any other possible case is quite analogots to one of these 
four. 

(a) A=B, B-C. It is clear that each of the sets A,B,C, 
contains exactly one heavier coin. We continue by successive 
applications of the procedure P A. three times, to the sets 


А,В and c independently. It ities that all heavier coins 


Will be found after 3k+2 steps. 
(b) A=B, В<С. Now, all heavier coins are in the set c. 
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— 
We apply а procedure P ( < 3k), which 

ER сап be cong 
structed by the induction hypothesis, to the Set C. д 


ll 
vier coins will be found after at most 3k+2 steps hea- 


(c) A«B, B«C. We conclude that one heavier © 
oin 
in the set B and two of them are in the set с They all is 
can be found by applying two independent procedures pl (k) 
, 
k 
and P PIS , to the sets B and C respectively. The construc- 


tion a a procedure P ox (24) is given in [6] . So, all heavier 


coins will be found Е Сс. 3k+2 steps. 


(а) АЗВ, В>С. Go to Step 3. 
Step 3. (A,C). 


There are three possible cases. 
(da) A=C. We conclude that all heavier coins are in 
the set B, and continue by the application of a procedure 7 
3 


to the set В. All heavier coins will be found after at most 
3k+3 steps. 


(db) A«C. Now, one heavier coin is in the set C and 
two of them are in the set B. We continue гак as inthe 
case (c), by applying two procedure, pl, (К) and P^,(2K); 2 

3 


the sets C and B respectively. 211 theheavier coins will be d 
und after 3k*3 steps. 


lar to the case (db); 


(dc) A>C. This case is quite simi ia 
e 


ar 

now, one heayier coin is in the set A and two of them 
the set B, so, 3k*3 steps will suffice. if 
Е 


а the 
А procedure SU (< 3k+3) is constructed an 


: 3 
orem is proved. 


3, the e 
only for 
we nav? 


REMARK. It is easy to see that, for ki 
structed procedure is in fact a p>, (3k) procedure: 
= 

k=1 and k=2, it is ар ET « 3k) procedure. For кы! 


js we 
2 (2k) which 
the triyial procedure РЗ (0); for k=2, Pac 
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Ne 


in (db) and (dc) become P 


wN 


(2) and can be replaced by a P 


Ww ON 


procedure, while P',( <3k) used in (da) become P2(0). So, 

3 
з 

for k= 2, we obtain a procedure Pg (5), wnich is optimal sin- 


ce the information-theoretical lower bound is reached. 
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REZIME 


JEDAN PROBLEM O NEISPRAVNIM NOVČIĆIMA 


Posmatra se problem odredjivanja minimalnog broja mere- 
nja dovoljnih za identifikaciju svih neispravnih (težih) nov- 
Sica u skupu od n novčića, uz pretpostavku da se u tom skupu 
nalaze tačno tri neispravna novčića. Jedna procedura koja je 
optimalna ili suboptimalna, konstruisana je za jedan beskona- 


č 
an skup vrednosti parametra n. 
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ПЕРЕЧИСЛЕНИЕ МОНОТОННЫХ СИММЕТРИЧЕСНИХ 
ФУННЦИЙ ТРЕХЗНАЧНОЙ ЛОГИНИ 


Стойменович И., Тошич Р, 
Природно-математични фанултет. Институт за математику, 


21000 Нови Сад, ул. др Илије Ђуричића бр.4, Југославија 


РЕЗЮМЕ 


В работе доказано что число п-местных монотонных 


21+3), 


симметричесних фуннций трехзначной логини равно ( +1 
п | 


1. ВВЕДЕНИЕ 
Пусть =; = {0,1,2} и PE) множество всех фуннций : 
fg mes | 
ЕЗ > E3- | 
| 
| 


ОПРЕДЕЛЕНИЕ 1. Фуннция  f(x,,..., X.) € p. 


монотонной относительно порядка 0 < 1 < 2, если для любых 
H = = 

боров а = (а.а РАР 
Имеет место соотношение f(a) < f(b) где a $ Ь если ау > bí 


(1*i«n). 


называется 


.,b.), таних что а € b, 
n 


Обозначим через M множество всех монотонных фуннций 


Трехзначной логини. 


n 
ОПРЕДЕЛЕНИЕ 2. Фуннция #(ху,...,хр) € P} называ- 
+}. = EG cee NM 


о 
ыбой перестановни (Yeu) переменных (хуу) + 


er x 
CA симметрической если f(x 


В настоящей работе определяется число симметрических 


n- р E 
"eCTHux фуннций трехзначной логини. 


Primary 03850; 


COE HP 
Aus Mathematics subject classification (1980): 
ey "dary 05415 2 omplete 
CU words and phrases: Three-valued logic algebra, precomp 


e В Lon. 
ts, symmetric monotone functions, enumeration 
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Пусть Sh обозначает множество всех сим 
" : ge MEGA aay 
п-местных функции трехзначной логиңи и k(x) SCHy 


Нардина 
число множества X. ЗЛЬнов 


2. ТЕОРЕМА 


_ ,2n+3 
ПЕРЕМ. Км) = (m) 


Доказательство. Изобразим все наборы (0, 0,1 
v OO 


Wares, 


(х,у). Число 
X, число двоең через у 


71,2,...,2) в координатной плоскости точнами 
нулей в наборе обозначим через 
(тогда число единиц 2 = п - x - у). На рисунке представлени 
наборы для п = 4. 
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а 
M(x! wl) < F(x" у" ле 227 , 
Fx ‚у )-< PUC,Y"), где (х,у D ы А x" A 
Pc" a kim = 
NY nme к(м П $ ) равно числ MOHOTO * 
i +) i D | 4 числу монотонних Фуннций 
“n+] 737 
dU в. (1 а 2 мнонест E 
yc A, (i 0192» множество точен (x,y) € (2) 
для ноторих F(x,y) = i É f 2 
ДЛЯ í IPH r(X,y = 1. Этими множествами Фуннция F опоеде- 
лена однозначно, 
ANA монотонной фуннции F, множества А, монно 
выделит двумя ломан линиями C началом B точне (-À 1 
= ГА 2 , 


састоящим oT n+l отрезнов. Нандий отрезан соединяет точну 
(u,v) с одной из точен (ц,у+1) или (u+l,v). Отрезоч 
концы которого (u,v) и (u,vtl), обозначим через 1 
отрезон, нонцы ноторого точни (u,v) и (u+l,v) - через 0, На 
рисунне, например, двумя ломаными представлены последователь- 
ности 10110 и 01100 
ледовательности ajaàj...a p, и 5152. bus 
16; € (0,1), 1 < i < n+l, определьют множества A 
монотонной функции тогда и только тогда, noraa для нандого К 
Q <k < n+1) в последовательности ауар...а‚ число единиц 
He меньше числа единиц в последовательности 5152 ---В;. Это 
льно 


им z 
"SET место тогда и тольно тогда, ногда B последовательности 


чи 
Сло двоен в последовательности €,€5...Cy HE меньше числа 
единиц. 


Пренде чем продолнить доказательство, дадим следующие 
Определения : 


ОПРЕДЕЛЕНИЕ 3. Последовательность €195- ++, 


(с. д 
i Є (0,1,2,3), 1 <i < п) называется харантеристичесной 
Gc mr i 
Ли для нандого К, 1 < К «n, число двоек B последователь- 
Ност; sa xs 
PA ©лед зс не меньше числа единиц B той me последова- 


Тельнос ru. 
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ОПРЕДЕЛЕНИЕ 4. Разность числа двоек И числ 

ae 

последовательности с.Сс....с_ называется m- ANNES 
152 п ——чнело ЭТО 

довательности. cne; 


Ясно что последовательность с.с....с 
A (Ле 05i à ede nl Определяет 
множества i = ри некоторой монотонной функции 


(2) 
y B Loe Z E3 тогда M тольно тогда, 


когда эта ПОС ледоваталь- 
ность является характеристичесной. 


Из этого утверждения вытекает следующая лемма: 


ЛЕММА 1, Число монотонных симметрических п- местных 


функций трехзначной логики равно числу харантеристичесних 
последовательностей с.с.... 3 
д бт 
Пусть t(n) обозначает число характеристических послед 
ват Й 
ельностей сус)... - Из лемми 1, следует что км5) = 


= t(nrl). 
Пусть t, (п) обзначает число харантеристических последо- 
вательностей са м-числом i. Из определения характеристической 
последовательности следует что 
t_, (1+1) Е 


(п) = + (2) = 0. 


n+l n+2 


ЛЕММА 2. Є; (п+1) = t, ,(n) + 2t, (n) + t,,, (n), @ 
0 <i < n+l. 


я: 
Доназательство. Вытекает из следующего утверждений 


ш-число характеристичесной последовательности 


HO 
о лнено од 
€192--.€44,;, равно i тогда и тольно тогда, когда выпо 


из следующих трех условий: 
с 
C,C,'''N 

(1) м-число характеристичесной последовательности "172 

Goan = 28 " 
(2) м-число характеристичесной последователь 
= 0 или Cyl 
ельности 


равно і-1 и 
ости 


3; 


(© обо@ i 
172 n PaBHO 1 и Cn+1 


(3) ш-число характеристической последоват 


192" 5-С равно itl и Coen T 1. 
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2727 2n 
ЛЕММА 3. t; (n) - ens = 9) 7 0$ fem 
Доказазельство. Для п = 1, легно проверяется что 
600) = 2 (последователности 0 и 3), Е. (1) = 1 (последова- 


тельность 2). 
Пусть утверждение теоремы верно для п = к. Донажем, 
что тогда оно верно и для n = k+l. 


Из лемми 2 следует: 


t; (k+1) =t (k) + 2t, (k) + ti 47 (К) = 


i-1 
T 2k 2 2k 2k 2k 
(к+ї-1/ 7 (кн-192) + 20659) = бо 
2k » 2k Е; 2k 2k 2k 
(kiti) 7 бык) = бау) S2 END 
2k E 2k * 2k _ ,2k+1 2k+1 
(k-1-3) T 26.4442) = (кат Е 
(2+1 у - (2+1) = (202 ака ) 
k+i+3 k+it2 — ‘k+i+1 k+i+3’ * 
Лемма доказана. 
ЛЕММА 4. Число характеристических последовательностей 
сус... равно Quare 


Доказательство. 


п п 
tin) = реа) у (C2 Е 


HC i1 i=0 nti n+i+2 
2n 2n — 2n: 
и S (€ Je 


Из лемм 1 и 4 непосредственно следует утверждение 
Теоремы. 


3. НЕКОТОРЫЕ СЛЕДСТВИЯ ТЕОРЕМЫ 


n 
Следствие 1. ) gn-r (DONEC = Coes 
r=0 r ( | 
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([x| обозначает наибольшее целое число, He право 

F XO DAW 
t ве 
Следствие доказывается пользуясь двумя следующими 


Nemmanmu; 
eif ý r r 
ЛЕММА 5. ([1]) Существует (T) - (Г) 
3 d 1-1 Харантеристџ. 
чесних последовательностеи C^ cro © таних, 


4TO 
cj : {12}, 


l1<j <г и что число единиц в nbHOCTH naan i 


последовате 


= П 
ЛЕММА 6. Существует \ ) харантеристичесних после- 
=|/ 


e ü ас TAHHX, т ‚ € : 
довательностей сус, a 4TO GE Е {1,2 l o 


Доказательство. Следует из равенства 


Ш 


Следствие 1 доназывается вычислением числа харантерических 


Wea) UEM о 


i=0 р 


NIK K 


последовательностей €1€59---CQ; в ноторых имеется г единиц 
и двоен, суммированием по r и пользованием леммы 4. 
В статьи [3] доназывается следствие 1 другим образом и опре 


деляется число k(M (| Spa? пользуясь этим следствием. 


Следствие 2. | 
21120), 
у) = (ук) Їп? 


Доказательство. Вытекает из nemm З и 5. 
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REZIME 
Car ^ 
PREBROJAVANJE MONOTONIH SIMETRI@NIH 
FUNKCIJA TROZNACNE LOGIKE 
U radu je dokazano da je broj n-arnih simetričnih 
monotonih funkcija troznačne logike 
x 
ниц 2n + 3 
n +1 = 

ре- 
кю!" 
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zbornik radova Prirodno-matematitkog fakulteta-Univerzitet u Novom Sadu 
knjiga 13 (1983) 
Review of Research Faculty of Seience-Univeraity of Novi Sad, Volume 13(1983) 


ПЕРЕЧИСЛЕНИЕ СИММЕТРИЧЕСНИХ ФУННЦИЙ 
ПРЕДПОЛНЫХ НЛАССОВ ТРЕХЗНАЧНОЙ ЛОГИКИ 


Стойменович Иван 
Природно-математични факултет. Институт за математину 


21000 Нови Сад, ул.др Илије Ђуричића 6p.4, Југославија 


РЕЗЮМЕ 
Целью настоящей работы является перечисление симметри- 


ческих функций предполных нлассов трехзначной логини, 


1. ВВЕДЕНИЕ 


Пусть -Pk обозначает множество всех фуннций 


f(x,1+++/X,), аргументы которых определены на множестве 


Е = {0,1,...,К-1},и таких, что £(a,...,0 ) є Ex; ногда 
kr n 
О. Ө Ep (СЕ 1». жуй 
Мы говорим, что фуннция #(х\,...,ху,...,Х ) сущест- 

венно зависит от. аргумента х, если найдутся два набора 
а = P 

(815... 505. 160 и aque erg a’ = СЕОСКО 
тона), где a, # af, таних что f(a) # fla’). 
Все аргументы, от которых фуннция f(x,,-..,X,) существенно 
He зависит, называются финтивными. 


Функция является вырожденной, если имеет фиктивные аргументы. 


ОПРЕДЕЛЕНИЕ 1. Суперпозицией фуннций системы 
(61,2 )c P, называется: 


a) 


2'°-+,%®,... 


любая фуннция, ноторая получается из функций системы путем 


замены переменных . 


ce UM j 0 
AMS Mathematics subject classification (1980): Primary 03850, 


Secondar 
y 05415 . t 
°y words and phrases: Three-valued logic algebra, precomplete 


8e . . . 
ts, symmetric functions, enumeration. 
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| 


б) любая функция, ноторая получается путем замены 


перемен, 

и добавления любого конечного числа фиңтивныҳ аргуме X 
HTOB 4 

функций 3 


KEA (у | po oO Ds ЖЕЛЕ (у. ase apa DE у> 
nel Im, ppl pm, (VALE DAE 


суперпозиция фуннций системы и либо Е. у Р 
y p y 3 (У; 1, УТО) Является 
i 


зицией HHUHH системы, либо F, 
суперпозиц фуннц i (Узре) воть 
1 


У; (i = 1,2,...,p) (здесь не предполагается, что все функции 
Е, 9109003. различные). 

ОПРЕДЕЛЕНИЕ 2. Система фуннций из Py называется 
полной в Py; если каждая фуннция из Py является суперпози- 


цией фуннций этой системы, 


ОПРЕДЕЛЕНИЕ 3. Нласс фуннций N СР, называется 
предполным в PX если М представляет неполную B Py систе: 
му, но присоединение любой фуннци ЕС PLAN обращает N в 


полную в Py систему. 


ТЕОРЕМА 1. В P4 существует в точности следующих 


18 предполных классов ([8]): 


1. Нласс L линейных фуннций. f(x их) e L <> хи 


yrs 


= ‚Е (0,1,2), 
x) ag + ах +... + a,x, (mod 3), aj 020 


ON can Mant 


2. Нласс V самодвойственных фуннций. 


Hu 
= ооо 
f(x. X) € V <=> f(x, t lo... (X +1) ye 80% js 
aH? 
uo те oY 
3. Нласс фуннций Т. Этот класс содержит Te M ТОЛЬ apnea 
ественно 
UHH, которые либо являются функциями, СУШ ающими 


ыпуск 

ими от одного переменного, либо фуннциями, выпу 
хоть одно значение. 

4. Нласс фуннций Т 

5. Нласс фуннций Т 


B. Нласс фуннций T 


£x... x) e T, <=> (direi) 
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Перечисление симметричесних функций 
een eee EE EE 


Hnacc функций 
B. Нласс фуннций То. 
9, Нласс функций Tio: 


(хуг) Є Tij тогда и тольно тогда, если для любого 


набора a = С состоящего из i и j, #(а) 


равно либо 1, либо j. (i,j Є (0,1,2), i 7 3). 
10. Нласс фуннций 001° 
11. Hnacc функций 002: 


12. Нласс фуннций Uiz: 


la 
б 
ri 
лы 
ko) 
> 
^ 
^ 


только тогда, если для любых чисел 


< p, $n на всех наборах (B5. -- ВД) где 


то 
U) 


# m в остальных случаях, 


функция £(x,,.- X) либо принимает только значения 
i и j, либо = m. 
13. Нласс M, монотонных фуннций относительно порядна 
0 < 1 < 2. фуннция E (xyr er Xp) является монотонной, 
i < 
если из x, « yy, 15+ < п следует (хрен) < 
ES f. для любых наборов (хри) и 
(уре Уд) - 
14. Нласс M монотонных фуннций относительно порядна 
3-2 Ay 
15. Нлассе M MOHOTOHHEIX фуннций относительно порядна 


2 «0E 
16. Hnace функций Во 


- Пусть {i,j,m} = {0,1,2}. #(ху,...,х) € U,. тогда и 
4 


17. Hnace фуннций By 


Hnacc функций в, 
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Пусть {i,j,m} = COWL 2 fO... ux) ев 


и только тогда, если для любых чисел 


j и m, функция f(x... xL) 


i Тогда 4 
[itso 


Ha BCex Набора 


a 
n Равныу 


AR 
TaHMX, что 8. # a. (Su 1,...,n), принимает 3Haugy SOM 
HA, ke 
er Xr Sep где ae: 
paBH (a1, ro), гд с (ар,...,а ) = J WEM 


2. ПЕРЕЧИСЛЕНИЕ СИММЕТРИЧЕСНИХ ФУННЦИЙ В P. 


ОПРЕДЕЛЕНИЕ 4. п-местная фуннция #(х\,...‚х ) єр 
п 


называется симметричесной если #(х)\,...,‚х ) = и, 
где (rre eoa) - любая перестановка (х\,...,х ). 
Симметрические фуннции находят приложения 
контактных схем ( [1], [2], Ср 
Из определения вытенает, что значение симметричесной 
п-местной функции одинаково для всех наборов, имеющих одинано- 


вое число 0, одинаковое число 1,..., одинаковое число К-1. 


в теории 


Поэтому можно писать 


f[mo,m,...,m. j] - #(0,...,0,1,...,1‚,...,к-1,...,‚к-1), Bae 
mo "б Tk-1 
mtm +... +m) = п. 


= x 
Пусть k(x) (n) обозначает число симметрических п-местны 


фуннций множества X. 
n+k-1 


ет 2 
ТЕОРЕМА 2. k(P.) (п) = к (n> 0). 


Доказательство: Число различных наборов 
равно числу 


eee = n 
(mp, ‚ш Qj) таких, что M +... t oj андый набор 


сочетаний с повторениями п злементов класса К. К 
г тов 
Может иметь К значений (0,1,...,К-1). Из этих фан 


вытекает результат. 


ическими D 
TEOPEMA 3. Вырожденными п-местными CHMMETP 


k-l. 
coer 
фуннциями B Py. являются только HOHCTaHTH 0,1, 


мент 


й аргу 
Доказательство: Пусть х финтивный ар 


функции #(х\,...,х), т.е. 


1 
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£(0,x,,-..,x) = #(1,х),...,х ) =... = f(k-1,x 


от). 


Из этого равенства и определения симметрической фуннции 
вытекает 


#(0,...,0,1,...,1.,,,) = £(1,0,...,0,1,...,1,...) - 
mo mi mo ту-1 


СОЕ оо о. - 


my +1 m,-1 


f[mp,m,,...,m. 4] = f[my*l,m-1,...,m. j]. d 


Пользуясь 3THM равенством, мы получаем 


Нм ум] = f[mp*l,m -1,...,m. j] =... = Е my +m 0, 


1” 


- Tree Hm. 1] =... = £[ mp + m, ал осо +м,_1,0,...,0] = 


2 ба росой с 


Отсюда следует, что фуннция является нонстантой. 


3. ПЕРЕЧИСЛЕНИЕ СИММЕТРИЧЕСНИХ ФУННЦИЙ ПРЕДПОЛНЫХ НЛАССОВ В Р 


Целью статьи является нахождение чисел k (X), (n) Ana 


всех предполных классов трехзначной логини. 


U) 
o 


3 для n 
TEOPEMA 4. к (т). (n) = 


У 
- 
* 


9 для n» 


И Доказательство. Пусть f (xjr eX) = ау + a,x, +... + 
E ah (mod 3). Hs f[1,n-1,0] = ар + а, = ooo = ag + an 
Ледует, что a, = a, (1 <i, j < п). Этому нлассу принадле- 

" 5 = 

S симметричесние функции 0,1,2, Xi PI ate wets хр, 


1+ 
md +... c x), 24 +... tox), 2(x +... 0 
i), ооо 5 xj. 2+2(х, +... + x,)- 
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ТЕОРЕМА 5. 
| 
0 Ana n=3m 
= 1,п+2 
k (V), (n) 302 ) 
3 для  n-3m*l и nega | 
| 
Доказательство. Рассмотрим две возможности, | 
1. n = 3m. Пусть f[m,m,m] = а. Поснольну фуннция f 
самодвойственна, из f[my,m,,mj] = а следует Fimm m] = ан. 
Позтому из Ем, м, м = а следует f[m,m,m] = a + 1. 3ro 
противоречие. 
2. п # 3m. Из £[ my ,m, ,mj] = а следует 
f[m,m,m] =а +1 и fimm] = а +2. Утверндение p 
следует из того, что наборы [mg ,m, , m] á [m] m mg] H & 
[m5 отит] попарно различнье. n 
2 
ОПРЕДЕЛЕНИЕ 5. Пусть {i,j,m} = {0,1,2}. Обозначим 
а н 
через D(i,j) множество функций Е, которых  f(xi,...,X.) zm si 
для всех наборов (x,,...,x ) 
1 mn 
TEOPEMA 6. 
27 для п = 1 
k(T) (n) = + 
S (275 
3.2 =) NG) Кп Mo 
Ha 
| wo Класса T следует T = р(0,1) U D(0,2) U D(1,2) 
n > 5 z 
> 2). Число n местных симметрических фуннций множества 
92) 
D(i,j 
‚)) равно 2 - Утверждение следует из того, что nepe- = 
сечение D(i,j) и D(j j i] 
jim) содержит только нонстанту J. 
ТЕОРЕМА 7, 
n+2 
k(T = ба 
oa э зд у = Ae) (п) © : 
Доназательтво, Следует из Изо 
f b 
e To <=> f{n,0,0] =0. a’? 
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| Перечисление симметричесних фуннций s.. 
ТЕОРЕМА 8. 
+ 
п+1 (7? )-n-1 
k (101) 5 (п) = k (762) 5 (п) = КОТ), (п) = 2 23 
| Доказательство. Следует из 
! 
fe To) <=> Е mp ,m,,0] € (0,1) (m, + m, =n). 
TEOPEMA 9. 
n+l i 
k (Ugi) s(n) = К (002) (n) = k(U,,), (n) = ү un 
Доказательство. Для фиксированного m, существует 
n-mjtl наборов [mp ,m, ,m,] (mp +m, = n-m,). Из определения U); 
следует, что значение фуннции для каждого из этих наборов 


принедлежит множеству {0,1}, или 
n-mjtl 
2 +1 возможностей для значений Е m),m,,m,] 


фиксированом 


=2. Позтому существует 


при 
mj. Утверждение теоремы следует из независимости 


значений фуннции для различных m,. 


ТЕОРЕМА 10. ([4], [5]) 
A = — ,2n+3 
KM) ln) = КМ0) (n) = k (MQ) (n) = ( 


TEOPEMA 11. 


k (B3) (п) - k (Bg) (п) = k (B) (n) = 
n+l 
SUA S ў ( п (2 2.7/9 x9) 
n+l = 
ntl n C] s=1 
1< ] se <п+1 Е S 
gem 9 я 
е->0 
Доказательство. Определим k(Bi)s (n). 5 
И 
Зобразим неориентированый граф наборов [2,х,у] a системе 
K 
°ординат. Соединим только те наборы a! = (ai... аи) и 
LN 


MOE ау для которых существует набор (a1,..., m), 
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a, € {0,2}, такой что ay я а; Oy" # a, (1*1 «my» ipe i 
соединенных наборов a’ и a f(a’) #0 или fla) 42 
На рисунке представлен граф для n= 3. | С 
4 
фу | 
222 | n 
n 
| 0 
1 
2 
fZ 
3) 
Из опре 
[z? d АИ В, Следует, что наборы [2’х’у’] и 
' Xr Y"] соединенны тогда и только тогда, когда .y''« x! * Y' 
и у’ < x'' x y". 2 E 
Граф (n + 1) - членных наборов получается из п-членных 
наборов следующим образом: 
1) п-членн 
ому набору [z,x,y] отвечает п+1-членный набор Чи 
[z+1,x,y] б [ 
2) Граф 
дополняется вершинамы 10,x,y1, х+у = ntl. 
(1) 


3) Вершина 
[0,x,y] (x+y = n+1) соединяется C вершинами 


[2,х/у’] , 

2 0 
U ( + x + y' 
T.e ntl < x 4 уг 


u 


n + 1) для ноторых 2’ < Xr 

+ y’ 

Пусть k 
наиманьшее * 

0 Число нулей, 


набо 
а (2+х+у = п) таной, что f[z,x,yl = 0- 


ko = min (ffiz = р 
о 2 Izr Eo) Bon f[z,x,y] #0 для всех наборов 


для ноторого существует 
T.8* 


пусть К = n +l. 
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п ИИ 
| : 
Подобным образом пусть к, = min (f[z,x,y] = 2). 
2 
| обозначим через MS (п) число симметричесних п-местных 


фуннций f для ноторых min (f[z,x,y] = 0) =k. u 
0 


р 2 
min(f[z,x,y] = 2) = k, -Hamgan фуннция f из (п) 
: AA hs 2 
| переходом с графа п-членных наборов к графе п+1-членных наборов 


определяет: 
1) одну функцию Е’ 
у из Sky +1 ,k +141) если f'[O,x,y] = 1 


для всех  X,y,Xty = n+l. 


, 
2) фуннции Е из Jk +1, ON ANA ноторых 


1 для y < n-k 


0 
f'[0,x,y] = 
€ (1,2) для у > п-к 
И для которых существует набор [0,x,y] такой, что 
к + 
f'[O,x,y] = 2. Число таних функций Е’ равно 2 © E -1 


3 
) функции Е’ из So x, «1 (+1), для ноторых 


1 для У < n-k, 
f'[0,x,y] = 
е То лия sy e n-k, 
И для HOTODHX существует набор [0,х,у] таной, что 
f'[0,x,y] = 0. k 
y +1 
Исло таких фуннций Е’ равно 2 E ales 
Из этого замечания вытенают следующие равенства. 


(1) 
9; = 
ko tik, 41 010 pou С р ЕО 
= Г kg +1 net 
k +1,0 ntl = (2 = 1) (п) 
0 k,=0 ky Ко : 


9 = 
Ко ,ko (n) - Esse (Uu 


S9 o (n) = 0, Jp „о (0) = 0, 51,10) =i, 31,9 (0 ST, 
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Из зтой системы для ko > к, получаем 


(2) 9 (п) Ng — a(n) =. = 9, _ (п-к 
КОК; ama daar irr UMS 2) | 
| 
Из определения 9, ү (n) следует | 
0'^2 | ( 
(3) k(B,)_(n) = ў g (n) (п> 0 
MS O«k,,k,«n*l Ко’К2 2916 | 
a Uoc ys | ( 
B таблице представлены числа k (Bi) 5 (n) для n « 4, | 
H 
с 
k(B,),(n) 3 17 155 2409 72721 ( 
Пусть h(k,n) = % 0 (n). 
Из (1), (2) и (3) следует Ш" 
| 
(4) (By) (п+1) = у | 
9 (ntl) = | 
0sko,k,«ns2 Кок H 
= 9 (n+1) +2 = 
0,0 9 (п+1) + 9, (п+1)= 
1<0.<п+2 4090 1< = Коко 
0’ 2— 
= 2) sono) e у 
g (n) 
1<К<п+2 O<ky ,k, <n+1 kok, (t 
22 J h(k,n4 
1<К<п+2 дм К(В\) (п) Ny 
Ha (1) u (2) nonydaem u 
| 
h(k,n) = gx y(n) = (2Кр P bo 
7 куу ru) Е | 
k5-0 "53 
k n h 
= (2 -1)(g (n- 
k-1,0 п-1) + ) 9 2 (п-1 = 
Ко=1 k-1 к )) h 
— Debs 
= (27 = 1)(h(k=1,n-1) + } S E , 2 
kj-1 k-2 к/-1 (п-2)) = 
h 


= (28 - 1)(h(k-1,n-1) + Bkini) _ 
tT 
25 
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— aaa 


k 
eee 12 l3k-1 2° pe 
212 — ln(k-r,n-1) = = у=. 2* ^h(k-2,n-2) = 
2571-1 DESIT 25520 | p 
NE aen E ES 2 
шү, = i 1)2 -2 ec —y—:h(l,n-k+1). 
| 22-1 
Отсюда получаем 
| k+l k 
| 2 (2) 
(5) h(k,n) = (2 = 2 ) h(1,n-k+1). 
H h(l,n) = (n) = Е j ў 
з п) = 9, (= СЕЕ Jo к (n-1) = J h(k,n-1) 
k,=0 a? k=1 


следует, пользуясь (4), 
(6) К(В.)_(п-1) = k(B,),(m-2) + 2h(1,n) , (n > 2) 


n А (Kl (К) 
(D hü,n)- Jh(k,n-1)- J (2 ^ 2 nene ео 


k 


Из (6) следует 


n 1 n n 
wth Bis 09) =2 J n(1,i+1) + EGO D, т.е. 


1=0 
(8) k(B.) у 
B (n) = 142 h(1,k) . 
2s k=1 ^ 
+1 к | 
( ) (5) 
Пусть ak = 2 2 - 2 2 " 


Ana определения h(l,n) пользуемся равенством (7). 


n 
h(1,n) = l ah (1,n-k) 
k=1 


h(1,1) = a, 
| h(1,2) = aya, + a, = a? * a, 
Г B3) = (а? *aj)a, + aja, +a, = a? + 2aja, +a, 
h(1,4) = (a3 + 2a,a, * a3)-a, + (a? T a,)-a, + ауа; + a, = 


4 2 2 
a. + 
1 Заза, + 2а |а- + a) БЫ а,. 


(1 
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===" ee 


Индунцией легко можно доказать, что h(1,n) содержит ade 
ния а, а, «ee а, 
возможные произведе 10 і ANA которых 


i, + i, d CORDES ij =n, Utva TOU > na 
Инденси То отвечают разбиениям числа My Fo. 


представлениям числа n в виде суммы целых положительных 


чисел с существенным порядном. 


Обозначим через e, число is в разбиении числа п 
Наждом разбиении ij ti, t... + 1i =n Ana koroporo 
М (е, БО, oF ev) 
< thn КС. < й 
1512 < iS is отвечает разбиений c 


Siva =e! 


Учетом порядна слагаемых. Из этих замечаний следует 


(e +...+е_)! 
(9) h(1,n) = kuk"! ат = 
e,+2e, +... me =0 e;!...e |! p s a 
e.»0 
з= 


Утверждение Teopemu 11 следует из (8) и (9) 


Число с 
имметричесңих невырожденных фуннций каждого предполного 


Класса 
А можно легно определить пользуясь теоремой 3 и теоремамы 
c gis 
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REZIME 


PREBROJAVANJE SIMETRICNIH FUNKCIJA SKORO 
KOMPLETNIH SKUPOVA TROZNAÓNE LOGIKE 


U radu je odredjen broj n-arnih simetriénih funkcija 
za svaki od 18 skoro kompletnih skupova troznačne logike. 
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AN EXTENSION OF THE LISPKIT LISP-L ANGUAGE VERSION 
| ARL BY THE GENERALIZED FUNCTIONS OF SOME 
| PRIMITIVE FUNCTIONS AND THEIR | MP LEMENTATI ON 


Ljubomir Jerinić, Vojislav Stojković 
Prirodno-matematički fakultet. Institut za matematiku 


21000 Novi Sad, ul.dr Ilije Djuričića br. 4, Jugoslavija 


ABSTRACT 


The paper presents the implementation of an extension 
| of the LISPKIT LISP-language version ARL by the following 
Primitive generalized functions of the standard LISP 


-language: 
| (PLUS GI oao MA k>=1 
| (TIMES i1 ... ik) 
(OR 21 ... £k) 
(AND 21 ... gk) Z 
(COND (21 e1) ... (gk ek) E: 


ШЖК К are integer well-formed expressions, 


АТ... are logical well-formed expressions, 
els... ek are arbitrary well-formed expressions, 


ле - 0 9. 


The Same paper, but under the title: 


"An extension of LISPKIT IISP-language and its tmp Lementation" 
Шав reported at the Seventh Congress of Balkan Mathematicians 
tn Athens, 1983. 


4 

me Mathematics subject classification (1980): 68405 à 

fun Yords and Phrases: LISP-language, primitive generalized 
Ctions, well-formed expressions. 
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cum JJ AA A ————_ 


and their degenerated cases: 


(PLUS) 
(TIMES) 
(OR) 
(AND) 
(COND) 


in an indirect and direct way. 
The implementation was performed in the LISPKIT LISP- 


-language version ARL. 
INTRODUCTION 


P. Henderson [1] has described LISPKIT LISP-language 
and the principles of design of the LISPKIT LISP-system. 

The Group for Functional Programming of the Institute 
of Mathematics, Faculty of Science University of Novi Sad [2], 
[3], [4], [5], [6] using the results of p. Henderson, and at 
the same time giving a number of its own solutions has cons- 
tructed a LISPKIT LISP-system in FORTRAN-language and insta- 
lled it in a DELTA 11/340 Computer System. 


During work on Solving various problems of symbolic 
data processing, for example: 


= Symbolic differation of functions, 


= Simulating of finite-state and pushdown automata, 
= Match-functions ес. p 


the need for the introduction of: 


A) new primitive: 

= Arithmetic functions: Exp 

= Relational functions: 
The generalized functi 
functions: ADD, MUL, 


LT, NE, GE, GT, 
ons of the following primitive 
DIS, CON, IF. 


B) 


is appeared. 
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THE CENERALI ZED FUNCTIONS 


Let us generalize the following primitive functions 
of the LISPKIT LISP-language version ARL: 


(ADD il i2) 
СМЕЛ S2) 
(DIS 21 22) 
(CON 21 22 

(IF 2 el e2) 


The generalization consists of taking an arbitrary 
number of arguments of function, К>=0. 


For k = 05 
(ADD) 
(MUL) 
(DIS) 
(CON) 
(IIFF) 


Eor OM nue 


(ADDIEN 

(MUL И ЖС) 

(DESH OWS. =) 

(CON 91... Be) 

(IIFF (21 el) ... (£1 ek)) 


For k = 0 the presented generalized functions are * 


the following constants: P 


ZO 


is an arbitable, usually NIL ' 


the memory space for a 
In the case of IF-functi: 


eee 
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NE 


ee 


was changed. Because of that, the new name of the function; 


IIFF was introduced. 


The given generalized functions are not the functions 


in the usual mathematical sense. In mathematics it is usual 


that a function has a fixed number of arguments. 
For k>= 1, the given generalized functions are 


sequentially identical with the following primitive generali- 


zed functions of the standard LISP-language: 


(PLUS il ... ik) 

(TIMES 11 ... ik) 

(OR #1... £k) 

(AND £1 ... 2k) 

(COND (£1 el) ... (£k ek)) 


The presented primitive generalized functions of the 


р 
Standard LISP-language can be defined in the following non- : 
formal way by means of corresponding primitive functions of S 
the LISPKIT LISP-language version ARL: 
(PLUS il ... ik) = (ADD.il ( ... (ADD ik (QUOTE 0)) ... )). P f 
(TIMES 11... ik) = (MUL il ( ... (MUL ik (QUOTE 1)) ... )) | 
(OR £1 ... 2k) = (DIS 21 (... (DIS 2k (QUOTE F)) ... )) | 
= (СОМ а... (сом £k (QUOTE T)) ... )) Ж 
(COND (21 el) ... (2k ek)- (IF 21e1 ( ... (IF £k ek ) ... )) 
THE I MP LE MENTATION OF GENERALIZED FUNCTIONS 
А The generalized functions cannot be implemented as | 
e user functions. The definitional expression: | Е 
(LAMBDA(x1 ... xk)e) | ca 
Of the LISPK = poda 
NN IT LISP language requires, known beforehand, the | 
п 2 
m of arguments of functions which is to be defined: TH 
A m E AE CAU, functions can be implemented exci 
c A А :]1t-i 
iz MM d mitive functions, that is, they must be built à 
5 о i 
ystem. Each building-in of functions into the syste ti 
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requires the modification of the system. 

The implementation of the generalized functions 
requires only the modification of the translator, that is, 
the part of the LISPKIT LISP-system which executes the trans- 
lation of the program from the LISPKIT LISP-language in the 
machine language of the SECD-machine. The modification of the 
program simulator of the SECD-machine is not necessary. 


There are two methods of implementation of the gene- 
ralized functions: 


- indirect and 
- direct. 


In the case of indirect implementation the generalized func- 
tion is translated in the composition of the corresponding 
primitive function and this composition is further translated 
into machine language of the SECD-machine by means of the 
Same translator. 

In the case of direct implementation, the generalized 


function is translated straight into the machine language of 
the SECD-machine. 


The indirect implementation does not require a know- 
ledge of: 

- the machine language of the SECD-machine and 4 

- the code of translation. 


Indirect implementation is: 1 


- more simple and 
7 Slower than 


direct implementation. 


The indirect translation of the generalized functions 


can also be realized in the form of the special pre-trans- 
lator. 


THE | MPLEMENTATI ON OF PLUS-FUNCTION 


The part of the translator which serves for transla- 


tion Of the ADD-function is: 
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Оло (IF (EQ (CAR Е) ( 
(QUOTE ADD) 


) 
(COMP (CAR (CDR E)) 


N 
(COMP (CAR (CDR (CDR E))) 
N | 
(CONS (QUOTE ADD) | 
(© 
) 
WT i 


A) Indirect implementation 
The degenerated PLUS-function is translated in: 


(PLUS) —> (QUOTE 0) 


The non-degenerated PLUS-function is translated in the 
composition of ADD-functions: 


(PLUS il ... ik) + (ADD il( ... (ADD ik(QUOTE 0))...)) 


The obtained translations are further translated in the It 
machine language of the SECD-machine by means of the same B) 
translator. 


The translator is extended with: 


(aoa (Cuy (EQ (CAR E) 


(QUOTE PLUS) 
) 


(COMP (PLUSFUN (CDR E)) 
N 


© | (27 
| 


where is: 
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(3)...  (PLUSFUN LAMBDA (E) 
(IF (EQ E 
(QUOTE NIL) 
) 
(QUOTE (QUOTE 0)) 
(SPOJ3 (QUOTE ADD) 
(CAR E) 
(PLUSFUN (CDR E)) 


) 
eos 


(Moe (SPOJ3 LAMBDA (A B C) 
(CONS A 
(CONS B 
(CONS C 
(QUOTE NIL) 


) 
Nooo 


It is necessary that the translator still contains (1). 


А 


Е 


Direct implementation 


The degenerated PLUS-functions is translated in: 
(PLUS) + (LDC 0.c) 


The non-degenerated PLUS-function is translated in: 


(PLUS il ... ik) + (LD il ... LD ik LOC O ADD сос ADD. 


The translator is extended with: 


*** (IF (EQ (CAR E) 
(QUOTE PLUS) 
) 
(PLUSFUN (CDR E) 
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where is: 
(BNA) соб (PLUSFUN LAMBDA (E N C) 
(IF (EQ E 
(QUOTE NIL) 


) 
(CONS (QUOTE LOC) 


(CONS (QUOTE 0) 
© 


) 
(COMP (CAR E) 
N 
(PLUSFUN (CDR E) 
N 
(CONS (QUOTE ADD) 
С))) ))... 


The translator can, but need not, contain (1), depending on 
whether one wishes or not to keep ADD-function. 


The implementation of TIMES, OR and AND function 


The given functions are completely implemented in a 
similar way as the PLUS-function. 


The analogous expressi 
| ons of (1 s 
(37) are the following: Mnt Ios а 
(1")... (IF (EQ (CAR E) 


(QUOTE MUL) 
) 


(COMP (CAR (CDR E)) 


N 
(COMP (CAR (CDR (CDR E))) 
N 
(CONS (QUOTE MUL) 


c 
) 
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| (IF (EQ (CAR E) 
(QUOTE DIS) 
| ) 
(COMP (CAR (CDR E)) 


N 
(COMP (CAR (CDR (CDR E))) 
N 
(CONS (QUOTE DIS) 


(c 


) 
(IF (EQ (CAR E) 
(QUOTE CON) 
) 
(COMP, (CAR (CDR E)) 
N 
(COMP (CAR (CDR (CDR E))) 
N 
(CONS (QUOTE CON) 
c 


ous 


(2")... (IF (EQ (CAR E)(QUOTE TIMES)) 
(COMP (TIMESFUN (CDR E)) N C) 
(IF (EQ (CAR Е) (QUOTE OR) ) 
(COMP (ORFUN (CDR E)) N C) 
(IF (EQ (CAR Е) (QUOTE AND) ) 
(COMP (ANDFUN (CDR Е) м с). 


(3")... (TIMESFUN LAMBDA (E) 
(IF (EQ E (QUOTE NIL)) 
(QUOTE (QUOTE 1)) 
(SPOJ3 (QUOTE MUL)(CAR E)(TIMESFUN (CDR E))) )) 
(ORFUN LAMBDA (E) 
(IF (EQ E (QUOTE NIL)) 
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(QUOTE (QUOTE F)) 
(SPOJ3 (QUOTE OR) (CAR Е) (ORFUN (CDR E))) ) 
(ANDFUN LAMBDA (E) 
(IF (EQ E (QUOTE NIL)) 
(QUOTE (QUOTE T)) 
(SPOJ3 (QUOTE AND) (САВ E)(ANDFUN (CDR E))) Jus, 


уба (IF (EQ (CAR Е) (QUOTE TIMES) ) 
(TIMESFUN (CDR E) N C) 
(IF (EQ (CAR E) (QUOTE OR) ) 
(ORFUN (CDR E) N C) 
(IF (EQ (CAR Е) (QUOTE AND)) | 
(ANDFUN (СОВ E) N C)... 


(3")...  (TIMESFUN LAMBDA (E N C) lm: 
(IF (EQ E (QUOTE NIL)) | 

(CONS (QUOTE LDC)(CONS (QUOTE 1) C )) The 

(COMP (CAR E) N (TIMESFUN (CDR E) | of 

N (1) 
(CONS (OUOTE MUL) | 
C | 


) 

(ORFUN LAMBDA (E N C) | 
(IF (EQ E (QUOTE NIL) ) 

(CONS (QUOTE LDC) (cons (QUOTE F) C )) 

(COMP (CAR E) N (ORFUN (CDR E) | 

[ 


N 
(CONS (QUOTE OR) 
С 
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(ANDFUN LAMBDA (Е М €) 
(IF (EQ E (QUOTE NIL)) 
(CONS (QUOTE LDC) (CONS (QUOTE T) C )) 
(COMP (CAR E) N (ANDFUN (CDR E) 


| N 
(CONS (QUOTE AND) 
с 
) 
) 
) 
) 
Joc 
Implementation of COND-function 
The part of the translator which serves for the translation 


of the IF-function is: 


(1)... (IF (EQ (CAR E) 
(QUOTE IF) 
) 
(COMP (CAR (CDR E)) 
N 
(CONS (OUOTE SEL) 
(CONS (COMP (CAR (CDR (CDR E))) 
N 


(QUOTE (JOIN)) 

) 

(CONS (COMP (CAR (CDR (CDR (CDR E))) _ 
N Nt 
(QUOTE (JOIN)) 


> р 
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A) Indirect implementation 


The degenerated COND-function is translated in: 
(COND) + (QUOTE 9) 


The non-degenerated COND-function is translated in the compo 


sition of the IF-function: 


(COND (21 el) ...(2k ek)) + (IF 21 el( ... (ТЕ 2k ek Q) )) 


The obtained translations are further translated in the | 
machine language of the SECD-machine by means the same trans- | 
lator. The translator is extended with: 


(2)... (IF (EQ (CAR E) 
(QUOTE COND) 
) 
(COMP (CONDFUN (CDR E)) | 
N 
C | 


where is: 


(3)...  (CONDFUN LAMBDA (Е) | 
(IF (EQ E 

(QUOTE NIL) | 
| | 

(QUOTE (QUOTE Q)) 

(SPOJ4 (QUOTE IF)) 

(CAR (CAR E)) 

(CAR (CAR (CDR E))) 
(CONDFUN (CDR E)) | 


) 

howe 

(4)... (SPOJA LAMBDA (A B C D) | 
(CONS A | 


(CONS B | 
(CONS C 
(CONS D 
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... 


(QUOTE NIL) 


re 
It is necessary that the translator still contains (1). 

| B) Direct implementation 
The generated COND-function is translated in: 

(COND) + (LDC Q.c) 
The non-degenerated COND-function is translated in: 

(COND (21 el) ...(£k ek)) + 
| (LD 21 SEL (LD el JOIN) (...(LD 2k SEL(LD ek JOIN) (LDC Q 
JOIN) JOIN)...)) 
The translator is extended with: 


| (2”) (IF (EQ (CAR Е) 
(QUOTE COND) 
| ) 

(CONDFUN (CDR Е) 


| where is: 


| (3”)... (CONDFUN LAMBDA (E N C) 
| (IF (EQ E 
| (OUOTE NIL) 
| (CONS (OUOTE LDC) 
(CONS (QUOTE 2) 
| ) p 
; ) 
(IF (EQ (CDR Е) 
(QUOTE NIL) 
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(COMP (CAR (CDR (CAR E))) 
N 
С 
) 
(СОМР (САЕ (САК Е)) 
N 
(CONS (QUOTE SEL) 
(CONS (COMP (CAR (CDR (CAR E))) 
N 
(QUOTE (JOIN)) 


(CONS (CONDFUN (CDR E) 
N 
(QUOTE (JOIN)) 
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REZIME 


O PROSIRENJU LISPKIT LISP-JEZIKA VERZIJE ARL 
POMOCU UOPÉTENIH FUNKCIJA NEKIH PRIMITIVNIH 
FUNKCIJA I NJIHOVA IMPLEMENTACIJA 


U radu je izvršeno uopStavanje sledećih primitivnih 
| funkcija LISPKIT LISP-jezika verzije ARL: 
| (ADD il i2) 
| (MUL il i2) 
| (DIS £1 22) 
(CON 21 22) 
| (IF 2 ei e2) 


| 711,12 su celobrojni valjani izrazi, 
| 70,41,22 su logički valjani izrazi i 
| 761,е2 su proizvoljni valjani izrazi. 


UopStavanje se Sastoji u tome da se dozvoli proizvo- 


’ ljan broj k,k>=0, argumenta funkcije: 
| 
| Za k-0: za К>=1 
| (Арр) (DD 5 сло ik) 
| (MUL) (MUL il ... ik) 
| (DIS) (DIS 91 а gk) 
(CON) (GON: т £k) 
(IIFF) (IIFF (21 el) ... ($k...ek)) 
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Tr —— | | 
-il,...,ik su celobrojni valjani izrazi fi 
-21,...,2k su logički valjani izrazi i 

-el,...,ek su proizvoljni valjani izrazi. 

Za К>=1, navedene uopštene funkcije su redom identične 
sa sledećim primitivnim uopštenim funkcijama standardnog 
LISP-jezika: 

(PLUS il ... ik) | 

(TIMES il ... ik) | 

(OR 21 ... £k) | 

(AND 21 ... 2k) | 

(COND (21 el) ... (2k ek)). 

Navedene primitivne uopStene funkcije standardnog | 
LISP-jezika, zajedno sa njihovim degenerisanim slučajem | 
(PLUS), (TIMES), (OR), (AND) i (COND), implementirane su na | c 
indirektan i direktan naéin na LISPKIT LISP-jeziku verzija | o 
ARL. UNES 

и 
| 1 
| wi 
| 
IN 
| 
s 
E 
| 0 
| pr 
| by 
| on 
| the 
| wh: 
| fo; 
1 — 
4 
AM 
Ke 
со 
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ABSTRACT 


The main result of this Paper is that n-finite forcing 
companion (of a given theory) can be obtained by an application 
| of (Robinson’s) finite forcina (Corollary 3,3). Hence, in par- 
ticular, it follows: for any theory T defined tn a language 
L there exists its extension defined in a sui table expanded 


language L', the finite and n-finite forcing companions of 
Which coincide (Theorem 3.8). 


INTRODUCTION 


In [2] we concluded that the main properties of Robin- 
Son's finite forcing are naturally transmitted (in the sense 
9f their "translation for n") to n-finite forcina . (We did 
not, completely justified make an efort to give the comolete 
Proofs for all of them, down to the last one, were inspired | 
| by the corresponding ones for finite forcing). Since, however, 
| on that occasion we used, without additional explanation, also 
| the result from [4] (1,5 in [2]) (of a more general character), 
| Which is not directly applicable with regard to the fact that 
| for Condition we took subsets of the set (C,) of all senten- 
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ces which are equivalent to sentences in prenex normal form With 
at most n blocks of quantifiers (it is not fulfilled: фес} 
+ 55 ($) C C.) this time we shall deal with this more thoroughly, 
Simultaneously we shall point out the part of the "assortment", 
elements of which сап be taken equally for a set of the Condi tion, 
as well as the possible simplifications and improvements Of some 


proofs and propositions. We shall also correct two results from [2], 


n-finite forcing itself, for n > 0, beina considered 
from a purely "technical" aspect does not offer much new, na- 
mely, n-finite forcing companion can be obtained by an appli- 
cation of Robinson's finite forcing as well. We are of the 
opinion howeover, that doing research on its properties and 
particularly on properties of the corresponding forcing compa- 
nion is useful because of many reasons (and from almost all 
other points of view). 


$0. Throughout this paper T is a fixed (but other- 
wise arbitrary) theory defined in a finite languace of first 
order L. L(A) is a normal extension of the language L 
(i.e. L(A) =LUA where a is an infinite set (according 
to the need of sufficiently large cardinality) of new constants 


and Lf) A = 0). Of course аз long as we are in the sphere of 


Syntax we can assume that A is countable infinite. 

For the basic logical Symbols we take ^ (negation), 
A (conjuction) and d(existential quantifier) (the others are 
defined by the basic ones in the standard way). FORM (L), 
шт AT(L) аге, successively, the Sets of all formulas, 
omic sentences of the language L. Naturally 
Ti T ^ a Set of formulas, SENT(F) will be the set 

Fi¢ is a Sentence). ф (p (д i 
{$ €-FORM(L) (FORM(L(A)))| } po a qs eee 
y equivalent to 

mula of the language L(L(A)) in prenex normal form with at 


most n blocks of quantifiers}, and c = {plp is a finite 
n 1 


Subset of the s i i 
et SENT(® (A) ) which is consistent with Т}. 


Of the theory T and 
ni hy, segment оғ т) is {¢e SENT(à )|T | $}. 


u(T) is the Class of all models 
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We shall assume a knowledge of the definitions of 
"forcing notions" (forcing system, forcing relation and so on) 
as well as of their basic general properties (see fi], [5]). 
Yet, for the coherence of the text we shall quote (for us this 
time, most relevant) results (more about them as well as about 
their more complete version can be found in (31, [5]) remarking 
that in both cases we assume the Standard set of logical axioms 
(for instance the one given in [5]), 


THEOREM 0.1. “Det СЛЕ > рад forcing system where 
L is a finite Language of arbitrary cardinality (i.e. the set 
of nonlogical symbols is of arbitrary cardinality). Then for 
each р Є C itt holds that: 


(1) т pl = {фе SENT(L)|p IF 776} is а consistent and 
deductively closed set (т РЕ ó implies ф є т р 


(2) вия $ (Vort Уд) ts a logically valid formula (that 
DM AAA )) then for any closed terms tortet rt 
$ ltor rtn) (Sj ae 5 


THEOREM 0.2. Let T bea theory of a finite Language 
L, А an infinite set of new constants and let Е C FORM(L(A)) 


Satisfy the following conditions: 


и 
(1) ФЕЕ implies sub(¢) CF; 
(2) фе F implies 1¢EF 
and (3) If ф(у) ЕЕ and t is a closed term of the 
language  L(A) then, also, (t) ЕЕ. 
If C is the set (p C SENT(F)| Ip] «X and TUp 
1S consistent) partially ordered by inclusion and the relation k 
Ра сх сууны} ds dott CPC NIE $ € AT(L(A)) by £ 
Pl ф if and only if фер | 


and otherwise is defined with regard to the basic logic sym- 
bols as a forcing relation, then for each p € C and each 
Ф € SENT(F) it holds that: 
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I (a) From фер follows p|]13é ; (b) p 1 3136 
implies ТОРИ 1$; (c) if TUp¥1¢ then there exists | 
an element q € C such that p U (4) C а. 

(REMARK: | can, but does not have to be a forcing 
relation; of course, a sufficient condition for l to be 5 
forcing relation is that F contains all atomic formulas); 

II р! 11$ if and only if TUpt 4. 


n-finite forcing is a triple «Cn rl Fa L(A) > where the | 
forcing relation is determined (with regard to the basic 1o 
gical symbols) by: 


P» if and only if 6 € p for $ € AT(L(A)) 


Let M be a model of the language L and + a 


mapping of A into M. We shall Say that <A,f> is an assign- ( 
пе 
‘ ii of constants to M if f(A) is a generative set for | à 
(i.e. no proper substructure of M contains f(A)) (0J) 
Therefore if <A,f> i i | 
7 +S ап assignment of constants to M and 5 


each 1 n 
aci а € A is interpreted in M by f(a) then each element | 


Of М 15, 1 
rei „ let us say, denoted рУ (at Teast) one closca tecn Я 
е оос tion it is) of the language L(A). Hence 

П ; 

n«1) if and only if each finite subset of n-elemen- т 


tary diagram of the т 
odel M D (M) = 
is a condition. By F п | ad и.” PR | 


ive <a,£>'M) we denote the set a 


reseyV, ) € FORM 
1, ik (L)| for any closed terms torti 1h | 


of the language L(A 
) Mt Olt ores e ty) iff for some 


(trt) * The well-known theorem says that 
nstants to M «A,f»,«A, , fi? 


F (M) =F 
<A, f> (M At 1 
е аки lr Thus ме can write only F(M). M is, | he 
at too - TR. A 
is satisfied: un рсету generic model if dt ГО 
3 n 
(1) Me (TOD ) 

sna (2) SU Te 
F(M) = FORM (L) Е 
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SETS For n-finite forcing, let us say this immediately 


(the proof will be given in the next paragraph), assertions 
analogous to I and II from 0.2 hold: 


THEOREM 1.1. Let pe C and фе 5ЕМТ(Ф (A)). Then 
(1) фер; (2) p IH, 11%; (Эй Пур comment WO 2. 
exists a condition q such that PU {4} Са satisfy: 


(а) (туз (2) (b) (2) + (3) and (c) (3) > (4) 


COROLLARY 1.2. For pe Cn and фе SENT ($ (A)) 
holds: p Im 119 tf and only if T UpPt 5. 


In [2] we have used more, in fact, (in truth not quite 
complete) Theorem 1.1 than result 1.5 there mentioned 
(taken over from [4]), which represents its weakened or strength- 
ened - depending on how one looks at it-version, 
The rest of this Paragraph is devoted mainly to the 
correction and improvement of two results from llc 


THEOREM 1.3, Tet Ме а нола of the theory 
T f) n+) ала <A,f> an asstgnment of constants to M. Then 


the set Pea g> (М) contains all basic formulas and is closed 
, 

under conjuction and existential quantifier. | 

In particular for any el, formula о vu) | 

and any closed terms tottttrtg of the language  L(A) 


МЕ Ф (Еол) tf and only if р eo н) 


for some pC р (М). 


Proof. The first part of the theorem obviously 
holds. In the proof of the second part we apply 1.1 and 1.2. 
| m If МЕ Ф Сеин) then by 1.1 (6(t,,..., t0) 
n Ф (Еол. 1). 
| If for some pc D, (М) р 17$ we have with respect 
| ® NEA в Ор Ft $. Let М be a model of T such that М UM 
Then МЕ $ and hence also M Еф. 
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In general Fea, po 00 is not closed under negation 

and disjunction. The difference between the definition oon 


forcing relation given in [1], [6] and ours (which does not | an 
take disjunction as the basic logic symbol), which is other- 3 
wise eliminated by weak forcing, makes (in [1]) FRU OD 
closed under disjunction as well. Qe th 
Keeping in mind the already mentioned theorem that sel 
Fea, go (№ does not depend on <A,f> (the proof of which is | 18 
based оп 1.3) we shall assume in all the following examples | 
that f is a one-to-one and onto mapping, and use the same | ex 
notation for element of M and the constant from А corre- l The 
sponding to it. Also we shall write F(M) more simply. til 
EXAMPLE 1.4, Let T bea theory which "says" that | А 
К is a relation of the (strict) order (i.e. irreflexive, | = 
antisymmetric and transitive relation), <M, R"> its model | nec 
where M= (a, |i ем) and к= («aja») and let 1- be | 
(0-) finite forcing relation. Then jvR(v,a,), 3vR(a; v) € | 
€ F(M) but ИЖЭ vR(v,a,)V Э vR(v,a,) while ' 
p l- JvR(v,a,)V jvR(a,,v) (that is р IH 1(1 AvR(v,a,) | for 
A1J vR(a,,v) ) for any pC D (M). By the way, let us note LG 
that Л AvR(v,a,) # F(M) for no condition pC D (M) forces 
TAvR(v,a,) (as no condition PC Do (M) forces Зул 
In case that V is taken for basic logic symbol (andA 
а 
the above Somes B a vo (pe p t 
out the error cum a Bll, ta M PE the same tins | 
the definition of a for и, орт = DROGE Se е = | 1.3 
next paragraphs we TM papa oven in DT POE | ter 
ine ee e one from [1], [6]. This demands | aa 
n [2] we delete "finite conjunction" along | 
with, oth i а 
a, Ser wrong "countable" which should be replaced | 
by "finite" (disjunction), i 
[2] 
Е лье, as in the previous example! Е 


the the 
ory of (strict) order and «M, RS hes HS Ton 
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M = (a, |i e Z}U {b.|j е z} (z-the set of integers) and 

RO = (база) li < 3 U t ,b)lk < 23 U {(a,,b_)|s > r+1} 
and let 117; be 1-finite forcing relation. Then, obviously, 
jv ¥u (v = uVR(v,u)V (R(u,v)) Е F(M) but, what is less 
obvious, 74v Yu (v = uVR(v,u) У R(u,v)) Я F(M). In fact 
there is no condition pC D, (M) which would force that 
sentence because T U D, (M) U {J v¥u (v = uV R(v,u) У R(u,v)) 
is consistent. 


(b) Let all conditions be as in (a) with the only 
exception that now m" = (ба; ға) 13 < 5000, bj) |i < 33. 
Then, again, Jv X а (у = uV R(v,u)V R(u,v)) € F(M) but this 
time also V4v¥u (v = uVR(v,u)V R(u,v)) € F(M). For 
(ФЕ Эу\ u (у = uV R(v,u)V R(u,v)) where фе Di (M) is a 
=) sentence which "claims" that there is no element which 
is simultaneously in one of the relations =, R, БШ (not 
necessarily the same) with both а, апа b_- 


COROLLARY 1.6. Let М be a model of ТП Tay AE 
an assignment of constants to М and $ (vorte vu) а Lai] 
formula. Then for all closed terms бо’ - -- rtu (of the language 


L(A) it holds that: 


(a) МЕ Ф ltor tu) implies: for some condition 
PC D, (M) p Ir ллф(&,..., 1); 


(b) If for some condition р Сор (M) p E69 Ф (Елени) 
then there exists ап n-elementary extension N of 
М such that N |= TU {$(t,,-.-,t,)} 


P r o o f: (a) is a consequence of theorems 0.1 and 
1.3 and the obvious fact: if p k 119(t) for some closed 


term + (ф(у) is an arbitrary formula) then also р лл Avy (у) 
апа 
(b) is a consequence of Corollary 1.2. 


The next example partially corrects result 3.4 from | 

B (we have just given the right version). Namely, from | 

P n 11%, where p CD (M) and $) за WE sentence, 
n 


M n+l 
РАФ does пос necessarily follow. At the same time this cor- 
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rection leaves in effect the part of the proof of 3.24 (iii) 
(from [2] in which 3.4 is used (clearly we also have at our i 
disposal other possibilities to prove that assertion). 
q' 
EXAMPLE 1.7. Once again T is the theory of (strict) ti 
order. For its model we take <Z,<> while Ir; is 1-finite fre 
forcing relation. Now Z У dv¥u (u = vV R(u,v)) though 
p = (оуу (u = vVR(u,v)V R(v,uD I313vVu (u = vV R(u,v)), q' 
The latter claim holds because if а 2 р апа METU q then AME 
M is linearly ordered whence either it itself has the last | duc 
element or it is existentially complete in some model with the | р’ 
last element. | 
Cu 
$2, Let, for а given n » 0, (А), on (А) and Cr, en т! 
be, respectively, sets {ф е Ф (А) |sub(¢) C $. (А)}, {фе e (А) | tee 
is in prenex normal form}, that is {p’C SENT (Ф, (A)) lp’ is 
a finite subset consistent with T), (p"C SENT (8? (A)) |p" is 
a finite set consistent with T). Further, let Е С ci x о 
* SENT(L(A)), Кес" * SENT(L(A)) be forcing relations defined ae 
in the same way as n-finite forcing relation (conseguently, | a 
" 
the sets ei C, are ordered by inclusion and for $ € AT(L(A)) E. 
ГА " (2 
aa ОСС) ТА Ik $) iff фер). 
| я LEMMA 2.1. For all conditions р = Сфи.) e Cy | ent 
= , , | 
Л EN РШЕ 2. е C" such that suf 
22 Mikena Оло d er Moe are equivalent with regard to T, | 
an 
for each sentence фе SENT(L(A)) тъ holds that: | c 
р IF 11¢ Tff , Е” o " e tff 
n I i UNO в fs) ize Aa) $. | 
P r o o f; | 
shall only pro ; 1 RA etn оп the complexity of ¢. We wh 
: prove, just for ап illustration Eo 
eith 
| PUR UO A а | (the 
| ! 
| If а 
| $ is an atomic formula, we can check directly ve 


| р 11% iff TUPk iff TUp’ Ed iff р” +. 11$. | 
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The case ф is $ A Ф is trivial. 

ТЕ som їз 261, p 71%; and а’ Ор’, а’ е M then 
q' cannot force ф, (9' 23 $1) (for on the contrary, Ьу induc- 
tive assumption, q = P U (q'-p')IE, 11 Ф1) whence p’ iTo. Also, 
from p’ IF’ 16, follows p 1$, - 

Let there now be ф = dv, (v), р 117 37%, (v) апа 
q'2p'. For q = р U (q'-p') there exists a condition re с, 
r2q and a closed term t such that г | $: (t). By the in- 
росе уе hypothesis =ОШ MEE $. (Е). Thus 
р’ E 3ve, (v). Analogously one would prove the opposite, 

£ f. Бп £ Er 
! COROLLARY 2.2. ТП = те тп пре pA gD and 

Dn are forcing companions (of T) corresponding to, reapec- 
tively, the forcing relations =, IF and =. 


Let us remark that with 2.1 we have proved also the 
following result: if p = Фи.) and а = (04... 8) 
are elements of the set Ca Cn Cp?) and if TH $i ++ 81 
Ü= 1,...,k then for any sentence у of the language L(A) 
pay. ttt а DY (р A е2 FU VP 15,119 
BE аклау. 

For given forcing relations there also holds (appar- 
ently stronger) the proposition (because of Dei Me ne 
Sufficient to give the proof for forcing relation Б): 


LEMMA 2.3. Let р and q be conditions (from € 
and THAp ++ Aq. Then for each Ф € SENT(L(A)) p H174 
а Б 2116. In particular Т Щр] = т Ща]. 


Proof. Let us suppose р(с,...,С ) 124 11% (6 rene re ) 


m 
Where с 


о’ * ** Uer are all constants from A which occur in 
Sither the sentences of P or іп $. By the known theorem 
(the Proof of which, among other thing, uses corollary 1.2) 
fs £ 
Муму (A P (Vore Vm) + (vo...) e T" C p Ча] 


an 
Я so q 1 TY (e, исп) > $ (соне. Сп) - Since for 
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each рер туа НУ according to 2.5 а hn Y, whence 
q Imp and consequently д Б V1Ap. It follows that 


q m! ф. 
Still we are obliged to prove theorem 1.1 and corol- 


NC 0 
ary 1.2. But the analogies of these propositions hold for * 
the forcing relations = (and set $ O9) (Theorem 0.2), 
hence the proofs of 1.1 and 1.2 follow from 0.1 and 2.1. Let 
us demostrate it for the case: (for p € Cá and | 
фе 9,(A)) Ф ер implies p I. 71$. | 
let p= ($,,...,€,) and = фу for some i, m 
1<1<К andlet р’ = {Ф],...,Фу} EC where |- ф. =o | 
J = 1,...,Х. By 0.2 p’ {11% and by 0.1 р’ I Tm. | 
Thus р’ [REM and then also (2.1) p +77$, . | 
Clearly the assertions corresponding to 1.1 and 1.2 | th 
hold for forcing relation I (and set Ф"(А)) as well. | ce 
ta 
Let now C, Со, С” and с be, in order, the sets th 
(of conditions) $ 
{р|р` is a finite set of the basic sentences of the 
language L(A), consistent with т} 
(plP is a finite subset оғ ЗЕМТ ($ (A)), consistent | 
with T), E Г 
1 q 
" (p|P is a finite set consistent with T, elements of | 
which are conjunction of basic sentences of the language L(A)} | 
and {РР is a finite set оғ quantifier free sentences of | th 
the language L(A) in disjunctive normal form, consistent 
with T} | 
, f : | 
and let |r, I IF ana F^ and тё, то, "=" and T°? be, | 
DOMO A Corresponding to these sets, forcing relations | 
.e. 
ordi E Ra companions (in any case we recall: the sets are | 
r d by inclusion and in all cases p forces an atomic ES 
sentence | 
aa t Ф if (and only if) $ belongs to р); IF is E 
| 
| nson's finite forcing relation and |= is O-finite for | che 
| cing relation. o : і Se 
| 13 
В 
У Lemma 2.1 it follows immediately that: (lx 
the 
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LEMMA 2.4. T = Т . 


LEMMA 2.5. For р” ес” tet р(ес) ре the set of 
all baste sentences which occur as subformulas of sentences 
of p'. Then it holds that for each p’ € С’ and each 
фе SENT (L(A)) 


p'lF116 if and only if p F 316. 
Proof. By induction on the complexity of 


formula 6. 


, 
COROLLARY 2.6. тё = тё . 


ГЕММА 2.7. If р’ 


{V Sys dos) e CS Cni їв 
the conjunction of basic sentences) and р е C'C CS t8 a 
condition, elements of which are arbitrarily chosen "represen- 
tative" disjuncts from each sentence of p' (£t can happen 
that some "representatives" coincide) then for any sentence 

ф Є SENT(L(A)) 


Г , А : , 
p колл? tmpltes р 11$. 


Proof. Obviously, for if pCq’ @ со then 
q'U p’ is a condition, too. 


COROLLARY 2.8. inp je) (3 GY ec and $4 € SENT(L(A)) 
у , 
then p |-77ф if and only if p колло. 


, £x 
COROLLARY 2.9. Tf =7°, 
f 
T 


THEOREM 2.10. I RO 


Therefore if we look at the (finite) forcing relation, 
before all, as a tool for obtaining the forcing companion and 
other, for this theory, relevant results, we are free in the 
Choice of any of the four given sets (C, Cor ©”, cS) for the 
Set of conditions, that is when an n-finite forcing relation 
їз in question, n > 0, we can choose between C С^ and с" 
(оғ Course in both cases we could enlarge the assortment of 
the sets of conditions). 
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I aaa 
$ 3. For obtaining n-finite forcing companion (n > 0) 

we do not need more than a finite forcing relation, Moreover 
each theory T of a language L is contained in (some) thee 
ory defined in (an appropriate) expansion of L for which L 
the finite forcing and n-finite forcing companions coincide F 
There follow the proofs of these assertions. ( 
Let us join to each formula г ) from 6 n 


im n’ 


where fv($) = м. апа coni 3 is uniquely 
determined (for instance, by a sequence of free occurences of 
variables v, ‚1 <К < ш in $), a new relation symbol в . | 
k Ory | 

of length т (Ry gt; ree rt ) is then always interpreted as 
a result of substituting in R, ~ yeee,V, ) the terms t.,... Е 
ф, A ij im 1' "т 

for occurences of Vi petas Eun. in case ф is 
1 m | 
a sentence its correspondina relation Symbol (now in notation | 


just Ry) is of length one. In the language L’ obtained by 


eS ie iO ee o OA ТЫЫ 


i R 
extension of the language L by the set of these new relation 

symbols let T' be the following set of sentences: f 
TU{Vv,, ‚Зу, (ф(у | А 

Qu coo py ОБЕ [R2 mee : | 

ii i, i,' 9 in Аа ivy) | 

|6 € & = SENT(9_ )) U {(ф = | 
A m ($ МУВА (Yo?) A (V v R Gv) V. M vs 2 Ry (90))1 T 

[фе ЅЕМТ(Ф )}. | 
LEMMA 3.1, T^ tg consistent., | Е 

| 

Р 
ин M clesrlysEAnvEmodal "M of т сап ре ех | 
as ed to a model М’ (with the same domain) for T’ by in- | 
; rpreting the № relation symbols R . by В“. where 

& pieles sa - e RM у ‚Ў | 
a 7 $,y if and only if ир’ Magram ], while E. 

О Вьенн Ry z fj | 

| 

Ме immediately notice the following | 

| ( 
| T' куук : | ; 
М5 $e + JvoR, (у) é 
| hence also : 
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T H V. VoRa (Yo?) ++ в, (t) for any closed term t. 


Let us note that for any basic sentence of the language 
L'(A) there exists an atomic sentence of the form 
Ry lEn etm) or к (t) equivalent to it with regard to T" 
(this is implied by the fact that the set os is closed under 
negation). 

Let C’ be the set of conditions of Robinson’s finite 
forcing relation (17) for the theory Т” and language UL’ (А) 
and let C" = {p’ € C'| the elements of р’ are sentences 
of the form Ry y ero ost) or Ry (С) where ©, аге 
(closed) terms of L’(A) апа с is a fixed, but otherwise, 
arbitrarily chosen constant from L(A) e and Ch will remain 
the signs of n-finite forcing and its set of conditions for the 
theory T and language L(A). For p' = ka С, 

yt 


R oat e Ry (e) ree 55, (суйе со ке 
$ Vv 1 


у 
Б k 


f(p') = СИРР ИС ВАС С). Obviously f is 

a surjective mapping of C" onto C, (in case L is a language 
without constants f is injective as well). q' € £ (р) 

means that f(q’) = p. Clearly for pijq’ є flp) 

Tales NED 5 Мак: 


THEOREM 3.2. For each ф Є SENT(L(A)) and each 
p’ € С" it holds that 


£(p’) k 77$ Ў and only if р! Е 176. 


Р т o o f. By induction, on the complexity of $. 


If ф is an atomic sentence then TU f(p')- Ф iff 
T'U р’ à, hence also Е(р’) Ir 116 iff р” IF’ 1796. 

The case ф is $1 A 62 is trivial. 

Let us suppose now that ф = 16, and f(p') IF, 16, but 
P' b 3$.. According to the already concluded facts (and Lemma 
2.3) there exists q’ € C" such that q'2 p' and а’ IF! 171 Ф. 
It follows by the inductive assumption f(a’) Iv 0164; which 


| 
H 
1 
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is, however, in contradiction with f(p’) I 7$. - On the other 
hand, if p' Ф but not f(p’) E 7$, then for some 
чес, q2f(p' ) q Б их Let q’ € С’ be such a Condition 
that q'€ ғ 1 (9) PES P'C ч”. Then (again we keep in ming 
2.3 and the above remarks) а’ |+ ’77 фу and there is a contra- 
diction. 

The proof for case $ = Э уф (у) is only technically 
Somewhat more complicated. Let us suppose f(p') IH, 12 Jvo (v) 5 
and let p'C q" € C'. Let us obtain a condition (рс )а’е | ( 
€ C" by substituting the basic sentences of І (А) and nega- | 
tions of the atomic. sentences of L'(A) in q" by the equi- | 
valent to them (with regard to T’) atomic sentences of the | 
form Roy ~(t), that is, Ry (¢) and by substituting c for 
t in sentences of the form Ro (БУУ ТЕ ге Ch and (a closed | | 
term) t are such that E С г ж r I $(r) and r’ is a condition 
such that q'Cr'er 1t), then r' 774, (t) whence 
r" = q" U (r'-q') Ig (t) and so р’ 94, (v). finali | 
let р’ "лл дуў, (у) nae Ч 2f(p'. If p’'C qi er (а) 
there exists a Sana r" € C' and a closed term t sich | 
that q'C г" and ү" p $1(t). Then (q' C )r' |! 126, (t) | 
where the condition r’ € с’ is obtained (from г") in one i 


same n 
aM Eromi dy) in the previous case and thus by | 


the inductive hypothesis as well (а C)£(r’) IF, 77$, (=). | 
Consequently, f(p') | п 1195$. (v). | 
| 


£ 
COROLLARY 3.3, T? (mryf п SENT (L) 


Let us d 
efine, recursively (and simultaneously), the 


sequences of languages 1, k | a 
following SES and theories т ‚Кеш in the | Е 
| Ё 
о | a: 

L = L, T9 = T | 

k+1 k | 
L = (Ту? +1 | | 
(к), апа (тк), А E (К), (where it is assumed that | s 
DS chat is ke being formed by extension of the language | * 
L' and T’ (in iE в ' in the way analogous to obtaining | я 
е previous Proposition) from L and Т). | à 
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let itc (у ТЕ аа 10% О т. 


LEMMA 37 me es consistent. 


LEMMA 3.5. Let CÜ and ck k ew, be, respectively, 
the sets of conditions of Robinson’s finite forcing relatione 


for theory T° and language Lin (Aye that ts, for theory тк 


k ш _ U 
and language L (A). Then C = key 


Pro О f. Clearly. Any model of theory т^ сап Бе 
expanded to a model of theory T”. 


Surely the following holds as well 


LEMMA 3.6. Let ca and Ce, ке ш be, one after 


another, the sets of conditions of n-finite forcing relations for 
theory T” M Language be (A), that i8, for theory тк and 


ш _ k 
language is (A). Then CS MU CES 


LEMMA 3.7. For each ф Є SENT(LÜ(A)) and each 


pec? 


р IH 116 tf and only if р Ik, 126 


where |+ and I are fintte, that ts, n-finite forcing 
relation for theory ТХ and language L(A). 


The cases: ф is an atomic sentence and () = $1 A $5 
are trivial. The case where @ is 16, is sliahtly more dif- 
ficult, and the case where ф is 3ve, (v) demands (as well 
as in 3.2) a litlle more patience, eic we shall show адап; 

Let р I-T13ve, (v) and эса, e c? = ИЧ = pU ER (el Jn 
red GS), k » 0. ere let $. (ei и ) be а 
Sentences such that TË H vi (Ё) = A či), i = 1,...,k 
(obviously we have at our disposal a wide choice of such sen- 
tences, but any choice is equally good for this proof), and t 
let rec" be a condition and t a closed term such that i 


Proof. By induction on the complexity of formula $. 
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UA — — — usse MM ст 
=- ‚7 xk 
DIU ith, (Segoe Ve (Е )}Cr and ri- $. (Е). By the inductive RI 
hypothesis r |. 114, (+), whence, according to 2.3, 
st zk - 
qUr- (y, (Е reve A(t )} IK, 11$, (Е). Accordingly 
j w 
р Ro а But if p In 3ve, (у) and pCqec eM 
for some ге ea and some closed term t,qCr and 
r Б + (Е). Let r' be a condition made by substituting sen- 
tences from r-q by atomic sentences, which are equivalent 


fc 
to them with regard to T, Then r’ zen + (t) and also (by se 
the inductive assumption) r' IF17, (=). We conclude ' "m 
р IFm3vé, (v). | ti 
(Mase n W fn | ге 
THEOREM 3,8. (Т) = (T^) 
| di 
Proof. An immediate consequence of Lemmas 2.3 po 
and 3.7. 
| рт 
(t 
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REZIME 
O n-KONAČNOM FORSINGU 


U [2] smo manje-više samo konstatovali da se (osnovna) 
svojstva Robinsonovog forsinga prirodno prenose na n-konačni 
forsing (u smislu njihovog "transliranja za n") (oko dokaza 
se sasvim prirodno nismo mogo trudili jer su do poslednjeg 
inspirisani odgovarajućim za konačni forsing). Kako smo, medju- 
tim, tom prilikom, bez posebnog objašnjenja koristili i (jeđan) 
rezultat iz [4] (1.5 u (21) (opšteg karaktera) koji, pak, nije 
direktno primenljiv, s obzirom da smo za uslove uzimali podsku- 
pove skupa svih rečenica koje su ekvivalentne rečenicama u 
preneks normalnoj formi sa najviše n blokova kvantifikatora 
(takav skup (C) ne ispunjava: фе €, > sub($) C Ch? ovde ćemo 
se time podrobnije pozabaviti. Ukazaćemo ujedno na deo "asorti- 
mana" čiji elementi nam se (ravnopravno) nude za skup uslova kao 
i moguću simplifikaciju i poboljšanje pojedinih dokaza i stavo- 
va, ali i delom korigovati dva rezultata iz [2]. 

Sam n-konaéni forsing za п > 0, gledano sa čisto "teh- 
ničkog" aspekta ne nudi nam mnogo novog, naime n-konačno for- 
Sing pridruženje (date teorije) se može dobiti i primenom Ro- 
binsonovog konačnog forsinga. Posledica toga je i da za svaku 
teoriju T definisanu u jeziku L postoji proširenje т’ 
definisano и adekvatnom proSirenju jezika L(L’) za koju se 
konačno i n-konačno forsing pridruženje podudaraju. No mišlje- 
nja smo, izučavanje njegovih svojstava i posebno svojstava 
korespodentnog forsing pridruženja korisno je iz viSe razloga 
(i iz gotovo svih ostalih aspekata). 
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